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1 Introduction

This dissertation investigates problems arising in identification and control of stochastic
systems, in which random noise corrupts the observations of the system. The focus is on de-
veloping methods that are adaptive in nature; that is, methods which can respond to changes
in the dynamics of the underlying systems. Adaptive filtering algorithms use feedback (usu-
ally in the form of error) to iteratively adjust its estimates of the system parameters. Because
of their recursive form and ability to track time-varying parameters, adaptive filters have
been an important tool in many recent technologies and applications. Examples include
tuning of manufacturing systems, navigation and target tracking in autonomous vehicles,
financial modeling across switching market dynamics, and data shuffling in communication
networks. Adaptive filtering has been especially effective in CDMA (code-division multiple
access) wireless communication networks [17] for filtering a given user’s signal from the other
signals being concurrently transmitted as well as ambient noise across the communication
channel.

We begin by considering linear systems whose coefficients evolve as a slowly-varying
Markov Chain. These slow Markov models are useful for modeling systems whose dynamics
change infrequently (in relation to the signal/sampling rate), yet whose parameters ‘jump’
large distances whenever a transition occurs. Again, communication networks are a natural
candidate for such models because of switching network topologies resulting from channel
connections, signal interruptions, transmission queueing and routing dynamics.

We analyze families of constant step-size (or gain size) algorithms for estimating and
tracking the coefficient parameter in the Markovian setting: the Least-Mean Squares (LMS),
Sign-Regressor (SR), and Sign-Error (SE) algorithms. While the LMS algorithm was studied
in [29], we consider analysis of its (faster) variants the SR algorithm in Chapter 2 and the SE
algorithm in Chapter 3. The analysis is carried out in a multi-scale framework considering
the relative size of the gain (rate of adaptation) to the transition rate of the Markovian system

parameter. Mean-square error bounds are established, and weak convergence methods are



employed to show the convergence of suitably interpolated sequences of estimates to solutions
of systems of ordinary and stochastic differential equations with regime switching. Simulation
studies are presented to display the tracking properties corresponding to the relationship
between the adaptation rate of the algorithm and the transition rate of the underlying
Markov chain.

Next, in Chapter 4 we consider problems in noise attenuation in systems with unmodeled
dynamics and stochastic signal measurement errors. Unmodeled dynamics must be consid-
ered when the modeled system order does not account for the full system dynamics. A
robust two-phase design procedure of the stochastic approximation type is developed which
first estimates the signal in a simplified form, and then applies a control to tune out the noise.
Worst-case error bounds are derived in terms of the unmodeled dynamics and variances of
the disturbance and measurement errors. Simulation studies are then given to display the
noise attenuation performance of the algorithm.

Finally, in Chapter 5, we summarize the theme of this work with some further remarks

and present some directions for future work.

2 Sign-Regressor Algorithms for Markovian Parame-

ters

2.1 Motivation and Formulation

Consider the multiple input, single output adaptive filtering problem for the system of signals

given by

Yn = @pan +e,,  nEN (2.1)



where ¢, € R" is the sequence of input regression vectors (possibly stochastic), y, € R
are the corresponding observation signals, e,, € R is a sequence of zero-mean error signals
(noise), and «, is the time-varying parameter process.

Linear systems with a constant parameter a,, = a* are very well known in classical statis-
tics and signal processing, and copious amounts of results are available for efficient estimation
and identification. Time-varying systems such as (2.1) have also been extensively studied
(see [4,12,19,22]), but the usual approach assumes the parameter process evolves either
deterministic continuously or stochastically due to some zero mean Guassian disturbance.
These models assume that parameter changes are small when they occur, which allows for
more tractability in establishing convergence or error bounds.

In contrast, we analyze the behavior of systems where the parameter process «,, acts
as a “slow” Markov chain, meaning that the parameter randomly “jumps” large distances
between many possible states in the state space (albeit infrequently). More precisely, the
Markov chain «,, has a near-identity transition matrix P* = I 4+ () for some jump frequency
parameter € and a matrix () which is a generator of a continuous-time Markov chain. The
smaller ¢ is, the closer the transition matrix P is to the identity matrix I, implying o, jumps
between states less frequently. Conversely, the larger the value of € is the more frequently «,,
can jump. Hence the parameter € shall be referred to as the transition rate of the Markov
chain «,.

Many stochastic systems have randomly time-varying parameters can be best described
by this slow Markov chain model. For example, networked systems include communication
channels as part of the system topology. Channel connections, interruptions, data transmis-
sion queuing and routing, packet delays and losses, are always random. Markov chain models
become a natural choice for such systems. In [29] the problem of the adaptive multiuser de-
tector is considered for a synchronous CDMA-DS system with a maximum of N users. The
optimal multiuser detector is dependent on the current active user set and hence can be

modeled as a Markov chain with 2V~1 states; see [27,34] for further examples of Markov



chain system models. For control strategy adaptation and performance optimization, it is
essential to capture time-varying system parameters during their operations, which leads to
the problems of identifying Markovian regime-switching systems pursued here.

For the adaptive filtering problem, the goal is to use known input values of ¢,, (e.g. from a
training sequence) and observed output values y,, to estimate and track the underlying system
parameter «,,. Stochastic approximation algorithms of the Robbins-Monro type [21] have
been widely used to generate recursive estimates 6, for systems such as (2.1). A traditional
RM algorithm known as the Least Mean Squares algorithm minimizes the expected norm-

squared error between the actual and predicted signals El|y,, — ¢/,0,,|* is given as follows.

Algorithm 1 (Least Mean Squares). The Least Mean Squares (LMS) algorithm for the

adaptive filtering problem given by (2.1) recursively generates estimates 0, of c, by

Oni1 = Op + 1100 (Yn — 00 (2.2)

The parameter p in (2.2) is the step-size (gain) of the the algorithm which controls the
magnitude of the change between the iterates 6, and 6,,1. It scales the current prediction
error (y, — ¢, 6,) to determine how much to adjust for the next estimate. We henceforth refer
to u as the adaptation rate of the algorithm. An important consideration for the adaptive
filtering problem is the interplay between the transition rate ¢ of how fast the true system
parameter «,, jumps and the adaptation rate pu of how quickly the estimates #,, can adjust.

In [29], the LMS algorithm (2.2) was analyzed for the Markovian adaptive filtering prob-
lem 2.1 under the assumption that ¢ = O(u); i.e. the adaptation rate of the estimates is
nearly the same as the transition rate of the Markov chain.

In this chapter, we analyze the so-called Sign-Regressor algorithm for estimating the
time-varying system parameter «,, which evolves as a Markov chain. In what follows, denote
sgn(y) = Lyy>0y — Lyy<oy for a scalar y € R, where Zy is the indicator function of a set. For

a vector ¢ = [N, ¢ ... ¢(] € R", denote Sgn(¢) = [sgn(oM), ..., sgn(op™)].



Algorithm 2. The Sign-Regressor (SR) algorithm generates estimates 0,, recursively by the

scheme

Ops1 = 0n + 1Sgn(0n) (Yn — ©L,0n)- (2.3)

In many of the applications of adaptive filtering it is desirable to speed computations in
order to effectively track the parameter. This is especially true in communication networks,
when computations have to be carried out on-line with high dimensional data, frequent data
shuffling, and limited resources. One method of speeding computations is to reduce the
complexity of the data in the estimation scheme. In [11] a variant of the LMS algorithm
(2.2), was proposed which uses only the sign of the residuals (y, — ¢/,0,) to update the
algorithm, i.e. 0,11 = 0, + pusgn(y, — ¢,0,). This algorithm is now often referred to as the
Sign-Error (SE) algorithm. Because of the sgn(-) operator on the residuals, computations
are reduced to simple bit shifts and the speed is substantially improved from the LMS
algorithm. However, the highly non-linear operator sgn(-) on the residuals makes analysis of
the Sign-Error algorithm very difficult (this will be considered in Chapter 3). In addition, by
‘throwing away’ much of the information in the residuals, estimates from the SE algorithm
tend to converge more slowly than the LMS algorithm.

The Sign-Regressor algorithm given in (2.3) can be thought of as a compromise between
the LMS algorithm and the SE algorithm. By keeping the entirety of the information of the
residuals y, — ¢! 6, the SR modulates its adaptation by the magnitude of the current error
(and not just the direction) and tends to converge at similar rates to the LMS algorithm.
Instead the SR algorithm ‘clips’ the direction information from the regression vectors ¢,
with the Sgn(-) operator and still shows improved computation speed compared the the
LMS algorithm (especially with large r for high-dimensional models). In addition, the linear
form of the algorithm on the residuals makes the analysis much simpler from what we shall

see in Chapter 3.



In what follows we shall analyze the properties of the Sign-Regressor algorithm for the
Markovian adaptive filtering problem modeled by (2.1). We shall make use of the following

assumptions for the analysis.

A 2.1. The system parameter process «, is a discrete-time homogeneous Markov chain with
state space M = {ay,aa,...,am,},a; € R". In addition, there exists a small € > 0 such that

the transition probability matriz of o, is given by

Pf=T1+4¢eQ (2.4)

where I is the mo-dimensional identity matriz and Q = (g; ;) € R™*™0 is an irreducible gen-
erator of a continuous-time Markov chain, meaning that g; ; > 0 for ¢ # j and Z;n:ol gi; =0
for alli. Furthermore, assume the initial distribution 7o = [P{a = a1}, P{ag = as}, ..., P{ag = am, }]

is independent of €.

A 2.2. The sequences {p,},{en} are independent of the parameter process {c,}. Let F,, be
the o-algebra generated by {y;,ej, a; 1 j < n;a,} and let E, be the conditional expectation
with respect to F,,. The sequence of signals {(n, €,)} is bounded. In addition there ezists a

stable matriz H € R™" and a constant K > 0 such that for alln

> E, [Sen(p;)¢; — H]| < K

J=n

) (2.5)
> E.[Sgn(ej)e]| < K

Jj=n

A 2.3. For the matriz H as in A2.1 and for each m € N, as n — o0

m+n
— Z Sgngrp, — H
n

k=m
S (2.6)

— Z Segnprer — 0
n

k=m



Remark 2.1. We pause here to discuss the practicality of the assumptions. Assumption
A2.1 formally defines the transition properties of the slow Markov chain «,. We assume for
simplicity that the underlying generator () is a constant matrix, but time-varying Q(¢) can
be treated as in [31]. We point out that for implementation of the algorithm neither @ nor
the transition rate € need be known.

Assumptions A2.2 and A2.3 on the signals {(¢,,e,)} are quite broad. The conditions
given in (2.5) and (2.6) characterize the signals as mixing processes and allow us to work
with correlated signals whose distant future and distant past are asymptotically independent.
The matrix H is then asymptotic covariance of the matrix Sgn(y,)y.,. By H is stable we
mean the its eigenvalues have negative real parts (H is a Hurwitz matrix).

The boundedness assumption of the signals is taken for simplicity of notation and can
be removed in several ways. For example, one can use a truncation device on the estimates
0, [19, Section 5.1] with randomly increasing bound as in [5]. Given a sequence of increasing
truncation bounds, at any time instance, we compare the iterate computed with the trunca-
tion bound. If the iterate is larger than the bound, the truncation device forces the iterate to
return to a bounded region, and the truncation bound is also updated; otherwise, the iterate
is as without truncations. suppose. More explicitly, let {M,} be a monotone increasing
sequence of positive real numbers such that M, — oo as n — oo. Define a sequence of

nonnegative random variables {z, } and the truncation algorithm as

n—1
Wn = ;Z{Gﬂrusgn(%)(yi5029i|>Mw¢}’ (2.7)

Ons1 = [0 + 11980(2n) (Un — ©10n)1Z110,+1Sen(on) (yn -ty 0n)| <My } -

Using the methods in [5], it can be shown that the above expanding random truncations are
only executed a finite number of times, so eventually the algorithm will be bounded with
probability one. With Markovian parameters, we can use the above truncations together

with the methods to be used in this work to carry out the analysis. However, to ease the



already complex notation we shall assume regressors ¢,, and errors e,, are bounded.

In practice, one chooses an appropriate adaptation rate p without knowledge of the

underlying transition rate €. Depending on the relationship of € to u, one will see very

different behavior in the limit system. We shall break down the limit analysis into three

cases as follows.

(1)

(ii)

(iii)

2.2

e = O(p) “On-Line” : The transition rate ¢ is on par with the adaptation rate p, so
the parameter a can jump about as quickly as # can track it. The limit dynamics have

occasional jumps in «,, but the estimates #,, are still able to track it closely.

e < p “Slower Markov Chain” : The transition rate for «,, is much slower than the
adaptation rate for §,,. More precisely, we shall assume e = O(u!*) for some 0 < n < 1.
In this case since the parameter a,, jumps so infrequently it is much as though «,, were

constant, and the limit behavior is largely determined by the initial distribution.

e > p “Fast Markov Chain” : The transition rate for «, is much faster than the
adaptation rate for the estimates 6#,,. More precisely, ¢ = O(u?) for some 1/2 <
v < 1. In this case the parameter «, jumps too quickly for the estimate to track
it. However, the frequent jumping of o means that it quickly comes to the stationary
distribution v = [vy, ..., 14y,,] associated with the continuous-time generator @, as does

the distribution of the estimates.

Mean Squares Error Bounds

Let gn 2 0, — a,, be the sequence of tracking errors for the estimates. We begin our analysis

by establishing expected error bounds on IEJ|§n|2 in terms of the adaptation rate p of the

algorithm and the transition rate € of the Markov chain.

Theorem 2.2. Under assumptions A2.1 and A2.2, there exists N, > 0 such that for all



n > N, . we have
E|0n> =E |0, — a,* = O (u+e+*/p). (2.8)

Proof. Note that 0,1 = 0, 4+ uSgn(,)(—0, + €,). Define a Liapunov function V(z) =
(2'x)/2. Then consider

Env(9n+1) - V<5n) = Engé[—usgn(%)%gn + ngn<90n)en + (O‘n - O4n+1)] (2.9)

+ E,| — 1Sgn(pn)¢h0n + uSgn(vn)en + (an — angr)|*

We note that Zy,,—q; is F,, measurable. In addition, because the Markov chain {an} is
independent of the signals {(y,, e,)} and has transition matrix of the form given in (2.4) we

can write

mo mo

En(om — i) = Y [ai = > 400 + 24i5) | Zan=a} = O(e). (2.10)
i=1 j=1
Similar estimates also yield
Ep|atn — ani1]> = O(e). (2.11)

Since|6,| = [6,] - 1 < (|6,]2 + 1)/2, we have

0()[6,] < O(e)(V(6,) + 1). (2.12)
Using that the signals {(p,, e,)} are bounded, we obtain

Eo| — 1Sgn(¢n) 0 0n + 1Sgn(9n)en + (0t — g

= En|an - an+1|2 + O(:U’2 + :ug)(v(en) + 1)

(2.13)
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Then by applying (2.11), (2.12), and (2.13) we have

EnV (Bnir) = V(0,) = Enb,[—uSen(p,)¢0n + uSen(pn)en + (ay — ani1)] (214

+ Eylay, — apr [P+ O + pe) (V(6,) + 1)

We now use a perturbed Liapunov function approach (see [19]) to derive estimates for

the terms in (2.14). Define perturbations of the Liapunov function by

V(0. n) ——MZE 0'(Sgu(ey)e; = H)0, V3'(0.n) = ) 0'E,Sgn(p;)e;

Jj=n j=n
‘/3 9 n ZQ, OZJ_H ZE —Oén+1 ( ‘—(Ij+1).

(2.15)
By A2.2 we can obtain LL’ > e n EnSen(p;)e) — H]‘|§|2 < O(u)(V(0) + 1), so we have
VE(0,n)] < O(w)(V(8) +1). (2.16)
Using similar methods we also obtain
VE'(0,n)] < O(u)(V(0) +1). (2.17)

We note that for small € the transition matrix P* = I 4 () is irreducible with a stationary
distribution v, so there exists a N, such that |([4+eQ)"—1v.| < Ke forn > N.p. Telescoping

with the above gives 372 [(I +Q)'*' ™" — (I +£Q)’™"| = O(¢) and so

V5(0,n)| < O)(V(0) + 1), [Vi(n)] = O(e): (2.18)



11
Going back to V#(6,n), we note

E .V Opi1,n+1) = VIO, n) = EV(Opi1,n+ 1) — B,V O, n + 1)

- - (2.19)
+ E VI (0,,n+1) = VH0,,n).
Applying A2.2 to the first difference with ] fixed, we obtain
Envl#(gna n+1)— Vlﬂ(gna n) = :uEngiz(Sgn((Pn)SD;m - H)an (2.20)

For the second term with the index fixed we have

Envlu(gn—i-h n+1) - Envlu(gmn +1)=-n Z En(ng-l - gn)/[En—l-ngn(SDj)SO; — H]0p+1

j=n+1
—H Z Engalm[En—&-ngn(‘Pj)@;‘ - H](gn-&-l - an)
j=n+1
(2.21)
In the same manner as (2.11) we obtain
EplOn 1 = 0n] < pEw|Sen(00) @, 10n] + 1Ew|Sgn(on)en] + O(c) 022
= O0()(V(0,) +1) + O(e).
Moreover,
10> BaB(EniSen(e))¢ — H)(Busr — 0)| < O + ) (V (@) + 1),
g (2.23)
1Y BulOun = 8 [BuiiSen(93)¢; = Hlnr | < O + ) (V@) + 1),
j=n—+1

Putting the above together we arrive at

Envl#(gn-&-b n+ 1) - Vlu(am n) = :LLEn@L(SgH(‘Pn)‘P;L - H)gn + O(U2 + ,us) (2'24>
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Using methods similar to the estimate for E, V" (f41) — V{(6,,n), we also obtain

EnVY (Onsr,n+ 1) = Vi (0n, 1) = —pEn0,Sgn(n)en + O(u® + ) (V(0,) + 1),
E'n[‘/gf(anﬂ,n +1) — V?f(am n)] = —Eﬁ;(an - O‘n+1> + 0(52 + N2)<v(§n) + 1)7 (2'25)

Eq[Vi(n+1) = Vi(n)] = —Enlan — o] + O(e?)

The above estimates lead us to define

W (0,n) = V(0) + V*(@,n) + VIO, n) + Vi@, n) + Vi(n). (2.26)

The condition in A2.2 that H is a stable matrix gives the existence of a A > 0 such that
0'HO > A\V(0) and so —puf/ HO — nO(F) < —pAV(6). With the above, we apply (2.14) to

(2.26) with estimates (2.24)—(2.25) and arrive at

E W (6ns1,n+ 1) — W(l,,n) < —publ HO, + O(1 + £2)
< AV (0,) + 02 +)(V(6,) +1) (2.27)

MW (0, 0) + O(p? + €2) (W (6, 1) + 1).

IN

We note that replacing V (6,n) by W (6, n) simply results in another O(ue) = O(u® + £2)
term by the estimates given in (2.16) —(2.18).

Take sufficiently small y and e such that there exists 0 < Ao < X with —Ap + O(p?) +
O(£2) < —Aop. We then have the recursive inequality E, W (6,1, n-+1) < (1=Aop)W (6, n)+

O(p? + €%) and so by taking expectation we obtain

EW (B 1,m 4 1) < (1= Aop)" MEW (On., No) + O (1 + €2/ 1) (2.28)

One can now see that there exists N, . such that for n > N, . we have (1 —\op)" ™ < O(u)

and so EW (6,.1,n + 1) < O(u + €*/p). To translate back to V(6,.1) we again apply

(2.16)—(2.18) and finally obtain EV (0,41) < O(p+ e +¢&%/u) for n > N, .. O
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2.3 Convergence Properties

We now consider the limit behavior of the sequence of estimates and true parameters
{(0n,,)}. The analysis is carried out by examining a continuous-time interpolation of

the discrete sequence. Define the p-interpolated processes as

0(t) £ 0,, o (t) 2 q,  for t € [np,nu+ p). (2.29)

We examine the limit behavior at the infinitesimal level when @ — 0 by using weak con-
vergence methods on the continuous-time interpolations 6#(t) and a*(t). Because we are
interpolating the parameter process a at increments of p while it in fact changes at rate ¢,
we shall see different limit behavior corresponding to the cases (i) € = O(u), (ii) € < pu, or
(iii) e > p.

For the cases ¢ < p and € > pu, care must be taken since we are interpolating «,, by
p-increments while it changes at a rate of €. This results in a two-time-scale Markov chain

as in [31]. We will make use of the following calculation for the « limit behavior.

Remark 2.3. Define a probability vector by n5 = (P(a, = ay), ..., P(ay, = ay,,)) € RP>*™o,
Note that 7§ = (T01,- .., Tom,) (independent of €). Because the Markov chain is time ho-
mogeneous, (P%)" is the n-step transition probability matriz with P = I + Q. Then, for
some 0 < A\ < 1,

m, =m(en) + 0+ A"), 0<n<0O(1/e), (2.30)

where m(t) = (m1(t), ..., Tm,(t)) is the probability vector of the continuous Markov chain with

generator () which satisfies the Chapman-Kolmogorov equation
—7(t) =7(t)Q, w(0)= mo. (2.31)

We also obtain

(P°)"™ = E(eng, en) + O + A, "), (2.32)
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where with ty = eng and t = en, Z(ty,t) satisfies

(1]
—
~

<
~

SN—
I

Consider the continuous-time interpolation of oy, by e-increments (as opposed to p in (2.29))
given as

a(t) ==y, for t € [ne,ne+e). (2.34)

Then o (+) converges weakly to «(-), which is a continuous-time Markov chain generated by

Q with state space M. We can approzimate Ecv, by

Ea,, = a.(en) + O(e + A\ "), for n < O(1/e),

m (2.35)
a,(en) = Z a;mi(en).

The results obtained are in the sense of weak convergence. For a stochastic process X,
we shall write X,, — X to denote that X,, converges weakly to X, meaning that for any

bounded and continuous function f(-), one has Ef (X,,) — f (X) as n — oo.

2.3.1 On-Line Limit ¢ = O(u)

We begin with the “On-Line” case ¢ = O(u).

Theorem 2.4. Let ¢ = O(p), and assume A2.1, A2.2, and A2.3. Then as p — 0, the
processes (04(t), ' (t)) converges weakly to a process (0(t),a(t)) (i.e. (0" o) - (0,a))
such that a(t) is a continuous-time Markov chain generated by Q and 0(t) satisfies the

Markov-switching ordinary differential equation

C00) = H (o) 01, 0(0) = 0y (2.36)

We establish the theorem through a series of lemmas. For simplicity, we take ¢ = p
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in what follows. We begin by using a truncation device to bound the estimates. Define
Sy 2 {0 € R" : |0] < N} to be the ball with radius N, and ¢"(-) as a truncation function
that is equal to 1 for 6 € Sy, 0 for 8 € Sy, and sufficiently smooth between. We then

modify the algorithm 2.3 so that the estimates

0N = 0N + uSen(pn) (Yo — @h0,)q" (01 (2.37)

are bounded by N. As before, interpolate by u the discrete bounded estimates by 0V#(t) =
6N for t € [nu, np + p).

To obtain the theorem, we shall first show that the sequence of bounded estimates and
parameters {(07#(-),a*)}, is tight, thus allowing us to extract a weakly convergent subse-
quence by Prohorov’s theorem. We then show that the limit sequence satisfies the Markov-
switched differential equation. Lastly, we let the truncation bound N — oo to show that
the original sequence of estimates 6, is also weakly convergent. For the following we shall
write D([0,00) : R” x M) to denote the space of functions defined on [0, c0) taking values
in R” x M that are right continuous with left limits endowed with the Skorohod topology

(see [19, Chapter 7] for definitions and further details).
Lemma 2.5. The sequence {(0™#(-),a”(-))} is tight in D([0,00) : R" x M).

Proof. We have that {a*(-)} is tight by [31, Theorem 4.3] and that a*(-) converges weakly
to a Markov chain generated by ) as noted in Remark 2.3. It remains to establish the the
limit for the bounded estimate sequence {#™*(-)},. We shall employ the tightness criterion
given in [20, p.47], and so the goal is to show lims_,o limsup,, ,, { SUPg< 45 E‘@N*L(t + ) —

2
oN ’“(t)‘ } = 0, after which tightness shall be established.
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We have that for any § > 0, and ¢, s > 0 satisfying s < 6,

2
E‘@N’“(t L) — QN’“(t)‘
(t+5)/n1
< E‘u > Sen(er) (s — 02 )g" (67)
k=t/u
(t+5)/u1 . (2.38)
< KEw?| Y~ Sen(on)lei(on - 61)a" (0)) + el

k=t/n
(t+s)/p—1 (t+s)/pn—1

2 / N\ N/ nN 2 2 2
< KE2| Y Senlpneilon—00)a"0))| + KB#2| Y- Sen(enen]|
k=t/p k=t/p

:

Applying the moment conditions on the signals Sgn ()¢} given in A2.2 with the bounded-

ness of (67, ay,) we have

(t+5)/u—1 (t+5)/u—1

2 / Ny NNy |2 /12

Ep ‘ > Sen(er)er(on — g™ (67 )) <Kps > E[Sgn(er)eh|
S v (2.39)

< Ks* < K&,
and similarly
(t+5)/u—1 , (t+5)/u—1
E;ﬁ‘ Z Sgn(cpk)ek‘ < Kp Z E[Sgn(¢r)er]* < Ks < K. (2.40)
k=t/p k=t/p

Since the above estimates are uniform in p we have

2
lim limsup{ sup ]E‘HN’”(t +5) — QN’M(t)’ } =0

020 p—0 L 0<s<s
and hence {#™#(-)} is tight. O

With the tightness of {(6™*(-),a”(-))}, established, Prohorov’s theorem implies that it
is sequentially compact in the closure of D([0,00) : R” x M equipped with the topology of
weak convergence. Thus we shall extract such a weakly convergent subsequence and still

denote it by {(6™*(-),a”(-))} for notational simplicity. We write the limit as (6V(-), a(+))
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and proceed to characterize the limit process. The following lemma is the main tool for the

characterization and utilizes the weak convergence methods outlined in [19, Chapter §].

Lemma 2.6. Assume the A2.1 — A2.3. Then (0V*(-),a”(-)) == (ON(-), (")) such that

(ON (), a(+)) is a solution of the martingale problem with operator
mo
)Cin(eN7 Z) = V9f<0N7 Z)H[al - QN]qN(0N> + Z %’jf(eNv aj)a (241)
j=1
where for each a; € M, f((+),1) € C3 (C' function with compact support). That is,

f(9N(t),Oé(t))—f(HN(O),Oé(O))—/ Ly f(O(7), afr))dr

0
is a F-adapted martingale for each f € C} and each a; € M.

Proof. As shown in [7, p.174], to derive the martingale limit we need only verify that for
each C! function with compact support f(-,4), for each bounded and continuous function

h(-), each t,s > 0, each positive integer s, and each t; <t for i < k,

ER(0Y(t:), a(ts) i < K) [f(9N(t +s),a(t +5) = (0N (1), a(t)

- /t " cy f(eN(T>,a(T))dT] —0. (242)

For ease of notation we shall denote hy = h(0V (t;), a(t;) : i < k) and by, = h(O™H (L), o™ (L) :
i < k). Since f(-,4) is Cf and (0V#(-),a"(-)) — (0N (-), (a(-)) the Skorohod representation

gives that as u — 0,

Ehfy [F(ON(t+ 5), 0 (L + 5)) — F(ON"(t), 0 (1))]

(2.43)
— Ehy [f(OV(t+ s),at +5)) — FOV(t),a(t))] .

We subdivide the interval [£, ™ — 1] by choosing an increasing sequence m, such that
rop F
m,, — oo as i — 0 but J, 2 pum,, — 0. The idea is that while the interval length = — oo as
“w

i — 0 we partition the interval into an increasing number m,, of subintervals to approximate
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the integral. However, we let the number of subdivisions m, grow slowly enough such that

*— = £ — oo to allow for averaging. We then telescope over the
I I
endpoints of the subintervals and insert a term to examine changes in the estimate #% and

the parameter a separately so that

Hm R, [F(0%4( +s),a(t + 5)) = F(O4 (1), 0" (1))]

t+s
= T R, | D [F O s oms) = F (O, 0tm, )]
16, =t
t+s (244)
= im BR[| D7 1O, Otmns) = O, )]
a 16, =t
t+s
+ Y 1O, iy Q) = F O i, )] |-
16,=t

We take the first order Taylor expansion of f at each endpoint of the subintervals im,,, and

then telescope again through the iterates between the endpoints of the subinterval to obtain

t+s

tim EAY [ 37 [£(60,40m,0m,) = F (O3, 0, )]
16,=t
t+s 1 Imy+myu—1
= BA Y G| D Vol (O, oom,)Sen(er)iar — 0)a" (0F)
16,,=t B k=lm,
Imy+my—1

+ Y Vef O cum,) = Vo (O, m, )68 — 02)g" (67)

k=lmy

(2.45)

Imy+my—1

T Z Vef(el]xm’almu)]sa‘%n(%@k)ek]7

k=lmy

where 9;7\7712— is a point on the line segment joining 9{7\;# and leyn +my, Since Vyf(-,7) is

continuous and (6

N w
imy+p — Om,) — 0 as p — 0 we have

Imy+my,—1

fig B 3 (VoSO o) = Vol Ol am, N6 00" 0]) = 0. (249

As p — 0 we must have plm, — 7 € [t,t+ s]. Thus for all £ in the subinterval satisfying



19

Im, <k <Ilm,+m, —1, we have uk — 7 as well. Then considering the term involving the
Markov chain a4, since Vg f (H{Ynu, alm#) is Fin, measurable, we can insert the conditional

expectation FEj,, to obtain

t+s Imy+myu—1
T BRY > Y Vof (O, cim,)Sen(pr)ehan
16, =t B k=lm,
t+s 1 Imp+my—1
=B > G > VoS (05, cim,) B, [Sen(pi) ¢k — Hlowg™ (01,,)
16, =t B k=lm,
t+s Imy+my—1 947
BN S G D0 VoS (Bl cum) Bun Hong @),) 47
16, =t B k=lm,
t+s mg 1 Imy+my—1
. N
p=tJ= =mu

=Ehy ) Vof(ON (1), a(r))Ha(r)dr.

t

Imy+my,—1
k=lmy,

We note that we applied A2.3 to average out each sum m%i > Eim,,(...) since the
number of iterates in each sub-sum m, — oo as gy — 0. Then taking the Riemann sum

over intervals of length ¢, we obtained convergence to the integral. In a similar fashion we

obtain
t+s 1 Imy+my—1
};mthsswzta“m—u Z VoS (B30, i, ) S0 (00) 2102 ¢ (6)
: t+s 1 l¢nu+mu—1
—tm ERG [ D Y VoS00, ) B, HOY, " (6),)
. Gt T K =im,, (2.48)
t+s 1 Imy+my—1
D0 > Vol (B, 0tm,) B, [Senlen)ek — iy, 0 (6],
18, =t N

=Ehy +S ng(@N(T), a(T))HQN(T)dT,

t

as well as
t+s 1 Imy+mp—1
EL% Ehly léz—t 5Mm_u k_lz ng(&l],\;u, m,, )Sgn(pr)er = 0. (2.49)

We use a similar process with the term of (2.45) which has 9?3 fixed and oy varying. By
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exploiting the smooth and bounded property of f and applying Remark 2.3 we have that

t+s
lllli% Ehif% Z [f(eljxw-‘rmu’ almu""mu) - f(eljynu"‘mﬂ’ alm“)]
16, =t
t+s
= lim EAj > 1O, Ctmmy,) = O, s i, )] + 0(1)
. 16, =t (2.50)
t+s 1 tmy+my,—1
=HmERY > 6, [— Y QF(O,, an)(oum,) | + o(w)
(—0 i M S
t+s
=FEhy [ QfON (1), a(T))dT] )
t

Thus by combining the above estimates (2.43)—(2.50), (2.42) is verified and the result follows.

O

Proof of Theorem 2.4. By Lemma 2.6, the solution (6V(-),a(:)) of the martingale prob-
lem with operator LY satisfies the associated differential equation L6V (t) = Hla(t) —
ON (1)]gN (6N (t)). Tt remains to show that as the truncation bound N — oo, the limit of
the truncated sequence 0V (-) is the same as the limit of the untruncated sequence 6(-).

Let PY(-) and PV () be the probability measures induced by 6(-) and 6V (-) respectively.
Since the solution of the differential equation associated with £f is unique for each initial
condition, the limit measure as P° must be unique as well. For each finite time horizon
T < oo the limit measure P°(-) must agree with P (-) on all Borel paths in D([0,00) : Sy).

Then as N — oo, P*{sup,.r|0(t)| < N} = 1. Finally, the weak convergence V#(-) —

6N (-) then gives 0 (-) — 6(-). O
We note that the Markov-switched limit

d
—0(t) = Ha(t) = 0(1)],  0(t) = o

is a novel feature of the analysis. While most results in classic stochastic approximation have

a deterministic differential equation limit, the continuous-time Markov chain «(t) makes the
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limit stochastic in nature. This Markov-switching ordinary differential equation limit is a
special case of regime-switching diffusion models [32], which have recently gained popularity

in many applications.

2.3.2 Slower Markov Chain: ¢ < u

We proceed now with the “Slower Markov Chain” case ¢ < p. In this case the Markov
chain «,, transitions so slowly in relation to the adaptation rate that when we interpolate
a by increments of u the resulting process is essentially constant. Thus the limit dynamics
are largely determined by the initial distribution mp; = P{ap = a;}. In what follows write
. = Y% a;m; for the mean of the Markov chain « against the initial distribution my. We

then have the following result.

Theorem 2.7. Let ¢ = p** for some n > 0, and assume A2.1, A2.2, and A2.5. Then as

pw— 0, 04(:) =% 0(-) such that 0(-) is the solution of the ordinary differential equation

Colt) = H (o —0(1),  0(0) =0y (2.51)

Proof. The proof is much the same as for Theorem 2.4. We shall only outline the key
differences. Truncation is still used, but we omit the operator ¢"V() for ease of notation.
Tightness is obtained as before, and much of the estimates for the martingale limit remain

the same. In the expansion of the term with the Markov chain we still see

t+s 1 Imy+my—1
Z 6”m_ Z Sen(pr) @i
16, =t B k=im, (2 52)
t+s 1 Imy+my—1 t+s 1 Imy+my—1 :
= Z 6“m_ Z [Sen(¢r)p), — Hlay, + Z 5“m_ Z Hay.
16, =t B k=lm, 16, =t B k=lm,

where the first term is averaged out in the limit. For the second term we note that from
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Remark 2.3 for some 0 < A\; < 1 we have,

(Pe)ftmn = Z(ek,elm,) + O (8 + )xl_(k_lm”)) — 1 as pu—0,
(Pe)ime = =(0,elmy,) + O (E + )\flm“)> — 1T as p—0.
Then we see

t+s Imy+m,—1

1
Eh Y 0y Y Vo (O, cm,) Hou
16,,=t My k=lm,,
mo  t+s 1 Imy+my,—1
— Ehﬁ, Z Z 5“V9f(¢9[mu, O‘lmu)m_ Z H(llelmMI{ak:ajl}
j1=116,=t H k=tmy,
mo t+s 1 fmy fmp =1 mo - mo (253)
—ER Y Y Vol Oy i) — Y DD Hay,
J1=118,=t Hook=tm a=lio=1

X P(ay, = aj, |ogm, = ai)P(oum, = ai,|ag = a;y) P(og = ay)

mo t+s
NS / Vo f(0(7), a(r)) Hag, P(ag = ai,)dr.

i0=1

Other estimates are obtained similarly, and the rest of the proof follow as before with Ha(t)

replaced with Y 7" Ha;m ;. O

Given an initial distribution 7y, the limit against a. = > ") a;mo; is deterministic. In

this case, we can obtain the following corollary.

Corollary 2.8. Assume A2.1 — A2.8 and ¢ = p*™" for 1 < n < 2. Take any increasing

sequence of time shifts t, — 0o as u — 0. Then 0*(- +t,) — . as pp — 0.

Proof. For any finite time horizon T < oo the pair {0*(- +1,),0*(- +t, —T)}, can be shown

to be tight using the techniques in Theorem 2.2. Take a convergent subsequence with limit
(0(-),07(-)) so that 6(0) = Or(T). The value of 67(0) may not be known, but the set of

possible {07(0)} is tight since {6,} is tight. Consequently, we have

Or(T) = exp(HT)0r(0) — /0 exp(H (T — s))auds.
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Applying a change of variables t = T — s in the right-hand side above, we arrive at

0
Or(T) = exp(GT)0r(0) + / exp(Ht)a,dt — a, as T — 0. (2.54)

T

and the result thus follows. O

2.3.3 Fast Markov Chain: ¢ > p

Lastly, we consider the “Fast Markov Chain” case € > u. Here the Markov Chain transitions
much faster than adaptation rate . While the estimates are unable to track the parameter’s
all too frequent jumps, the large number of transitions allows the parameter process to quickly
come to the stationary distbution v associated with the underlying continuous time Markov
chain. Write @ = > " a;v; for the mean of the Markov chain « against the stationary

distribution v.

Theorem 2.9. Let € = p7 for some 1/2 < v < 1, and assume A2.1, A2.2, and A2.53. Then

as i — 0, O*(-) == 0(-) such that 6(-) is the solution of the ordinary differential equation

%G(t) — H(a—6(t), 0(0) = 6, (2.55)

Proof. Again, since the technique is much the same as Theorem 2.4 we only present the
key difference. When considering the integral limits plm, — 7 as p — 0 we have that for
Im, <k <lm,+m, that e(k — Im,) = p*(k — Im,) — oo. Thus applying Remark 2.3 we
see

Zij(elmy, ek) = v; + O(e + )\;(’f*lmu)),
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and so
mo  t+s 1 Imy+my,—1
. In
BB D D uVoS Cmpscm, ) D HawEim Loy,
i1=116,=t k=lm,, (2.56)
t+s mo
=Ehy [ Vof(O),a(r))HD  ayvs,).
t i1=1
The rest follows as before. O

We again exploit the deterministic limit with & to obtain the following corollary. The

proof is the same as Corollary 2.8.

Corollary 2.10. Assume A2.1 — A2.3 and € = p* for 0 <~y < 1/2. Then for any t, — oo

aspp— 0, 04(-+1t,) —> @ as p— 0.

2.4 Asymptotic Distribution

Given that the process (6,,a) converges to a limit, one wishes to establish the rate at
which the process converges. For adaptive algorithms with constant step-sizes p the rate
of convergence given by the appropriate scaling factor v large enough such that the scaled
error (6, — «)/pY converges to a limit, yet small enough such that the limit is non-trivial.
Considering the result of Theorem 2.2, after interpolating at rate p one expects the
appropriate scaling factor to be v = 1/2. We shall make use of the following assumption in

this section.

A 2.4. The scaled signals \/;72;./:“0_1 Sen(p;)e; — w, where w(t) is a Brownian motion

with variance Sty € R™" positive definite.

The above is a condition on the input and error signals {(¢,, e,)} and is quite general.

For example, suppose Sgn(y,)e, = w, is a stationary mixing process with ) o2 < 00,

where 5,1 is the associated mixing measure. Then,/u Z§Zg)_1 w; converges weakly to a

Brownian motion w(t) with covariance St such that the covariance ¥ is given by ¥ =

Ewowy + 352, Ewymg + Y252 Ewow). Further details can be found in [3].
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We again begin with the case € = O(u). For simplicity we take e = p in what follows. By
virtue of Theorem 2.2 there exists N, . = N, such that E|6,, — a,,|* = O(p). Then consider

the scaled error

w, = gn — Qp
Vi (2.57)

w(t) =u, fort € [(n— Ny, (n— N+ p)

so that E|u,|[* = O(1) for n > N, giving that {u, : n > N,} is tight. Then we obtain the

following theorem.

Theorem 2.11. Let ¢ = O(p) and assume A2.1 — A2.4. Then u"(-) — u(-) such that u(-)

15 a solution to the stochastic differential equation

du = Hudt + S 2dw (2.58)

where w(-) € R" is a standard Brownian motion.

Proof. The technique is similar as that in Section 2.3. Since the drift and diffusion coefficients
are linear, there is a unique solution u(t) to (2.58). The tightness of {u*(-)} is argued above,
and the weak limit is is shown to be u by establishing that the limit must solve the martingale
problem with operator

Lf(u) 2V f(u)Hu+ %u(iv? F)),

where V2 f(u) is the Hessian of with respect to u. Estimates as in Theorem 2.4 with second
order expansions are used to establish the result. See [19, Chapter 10| for detailed examples
of the technique. Additionally, the analogous result under more difficult conditions is proven

for the Sign-Error algorithm in Chapter 3. a

In the case ¢ < p, we consider the scaled error from o,. We take e = pu!™ for 1 < n < 2.
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Define

0, — a,

Uy =
Vi

() = v, forte[(n— N (n—NJu+p) (259
where N, = N, ,1+s is as in Theorem 2.2. We again omit the details in favor of brevity, but
present the main result.

Theorem 2.12. Let ¢ = u'*7 for some n > 0 and assume A2.1 — A2.4. Then v*(-) — v(-)

such that v(-) is a solution to the stochastic differential equation

dv = Hudt + S12 (2.60)

where w(-) € R" is a standard Brownian motion.

Finally, for € > p we consider the scaled error from the stationary mean @. Take ¢ = u”

for some 1/2 <~ < 1, and define

0, — o

VI

Zn = M) =2, forte[(n—Nyu, (n—N,)pu+ ). (2.61)

Then the limit is as follows.
Theorem 2.13. Let e =y for 1/2 <~ < 1 and assume A2.1 — A2.4. Then z*(-) == 2(-)

such that z(+) is a solution to the stochastic differential equation

dz = Hzdt + Y %dw (2.62)

where w(-) € R" is a standard Brownian motion.

Theorems 2.11, 2.12, and 2.13 characterize errors 6,, — «,,, 6, — a,, and 6,, —a respectively.
For each case the theorems imply the asymptotic error is mean 0 with variance S, where S

is the solution to the Lyapunov equation HS + SH' = =3
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3 Sign-Error Algorithms for Markovian Parameters

We now consider the Sign-Error (SE) algorithm for the adaptive filtering problem.

Algorithm 3. The Sign-Error (SE) algorithm generates estimates 0, recursively by the

scheme

Ont1 = Op + 110nSg0 (Y0 — ©},0). (3.1)

Here the sgn(-) operator is taken on the residuals y,, — ¢! 6,,. With an appropriate choice
of the input “training” sequence, computations are reduced to bit shifts and the SE algorithm
is able to be carried out with significant improvement in speed from the LMS and even SR
algorithms. However, the hard operator on the residuals makes the analysis significantly
more difficult than the LMS and SR algorithms. To obtain the desired results, we shall need

slightly stronger conditions than was used for the SR algorithm.

A 3.1. The system parameter process «, is a discrete-time homogeneous Markov chain with
state space M = {ay,as, ... ,an,},a; € R". In addition, there exists a small € > 0 such that

the transition probability matrixz of oy, is given by

P =1+¢Q (3.2)

where I is the mo-dimensional identity matriz and Q = (g; ;) € R™0*™0 4s an irreducible gen-
erator of a continuous-time Markov chain, meaning that ¢; ; > 0 fori # j and Z;n:ol gi; =0
for all i. The initial distribution my = [P{ag = a1}, P{apg = a2}, ..., P{ag = am,}| is inde-

pendent of €.

A 3.2. The sequence of signals {(pn,en)} is stationary and independent of the parameter
process {a,}. The input signals {p,} are taken to be uniformly bounded and {ey} is zero-
mean. Let F,, be the o-algebra generated by {(¢j,e;),c; : j < njon,}, and denote the

conditional expectation with respect to F,, by E,.
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A 3.3. For eachi=1,...,myg, define

A
gn = ‘Pnsgn(SD;z[O‘n - Qn] + en)
Gn(6,7) = pusen(h[a; — 0] + en)Tjan=ar) (3-3)

~ NN .
gn(ev Z) = Engn(ea Z)
A 3.4. For each n and 1, there is an AW e R™" such that given oy, = a;,

9n(0,1) = A (0 = 0)Z1a,—a + 0|a; = 0|Z(a,—a)
(3.4)
EAY = A®
Remark 3.1. Let us take a moment to justify the practicality of the assumptions. A3.1 is
exactly the same as in Chapter 2, characterizing the transition of the Markovian parameters.
A3.2 is similar to that in Chapter 2. However, the boundedness assumption is only on the
input signals {¢,}, leaving the error signals {e,} to be quite general (e.g., Gaussian, etc.).
This is facilitated by the natural truncation on the error by the sign-operator (|sgn(y! o, +
en)| < 1). As for the boundedness assumption on ¢, it can be removed by using a truncation
device as outlined in the beginning of Chapter 2. Moreover, one may also accommodate
unbounded random inputs by assuming them to be a martingale difference sequence; for
example, see the treatment in [26]. In fact, the analysis is easier because the signals are
uncorrelated. In A3.3; we consider that while g,,(6,4) is not smooth w.r.t. 6, its conditional
expectation g, (6, ) can be a smooth function of 8. The condition (3.4) indicates that g, (6, 7)
is locally (near a;) linearizable. For example, this is satisfied if the conditional joint density of
(¢n, en) With respect to {¢;,e;,j < n,p,} is differentiable with bounded derivatives; see [33]
for more discussion. Finally, A3.4 is essentially a mixing condition which indicates that the
remote past and distant future are asymptotically independent. Hence we may work with

correlated signals as long as the correlation decays sufficiently quickly between iterates.
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3.1 Mean Squares Error Bounds

With the stronger assumptions, we can obtain the same error bound as in Chapter 2. Here
we define 5,1 = ay,, — 0, (the negation of the error sequence of Chapter 2) to more easily

facilitate the analysis on the residuals y,, — ¢!.0,, .

Theorem 3.2. Assume A3.1 — A3.4 . Then there is an N, . > 0 such that for alln > N,
IE:|§n|2 :E|an_9n|2 :O<M+5+52/H) (35)

Proof. As before, define V' (z) = (2'z)/2. Observe that

en-i-l = Op+1 — 9n+l = gn - H(;Onsgn«dzgn + 6n) + (an+1 - an)> (36)

SO

Env(gn-i-l) - V(§n> = Eng;z[(o‘n—kl —ap) — MSOnSgn(SO;zgn +e,)]
2.

pe (3.7)
+En|<an+1 - an) — ppnsgn (e, o, + en)

By A3.2, the Markov chain «, is independent of (¢, €,) and Zi,, 4, is Fr-measurable.

Since the transition matrix is of the form P = I + (@), we obtain

mo
En(a/n—i—l - an) = Z En(an-l—l - a

=1
mo mo

-3 (St e~ 59
i=1  j=1

= O(e).

O = @ )I{oan:ai}

Similarly,

En|an+1 - an’2
= Z;n:ol Z;iol |aj — ai|21{an=ai}P(O‘n+1 = ajlan, = a;) (3.9)
=200 20 laj — ail*Ta,=a;y (035 + £4i5) = O(e).
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Note that [6,] = [6,] - 1 < (|6,]2 + 1)/2, so

O(e)|fa] < O()(V(6,) +1).
Since the signals {(¢n, €,)} are bounded, we have

EnKO‘nJrl - Oén) - M@nsgn(gpggn + en)‘Z
= Eylan — an|2 + O(MZ + Ng)[v(gn) +1)

Applying (3.11) to (3.7), we arrive at

EV (0pi1) — V(6,)
= —,uEangonsgn(gp;ﬁn +en) + Engfl(&nﬂ —ay)
+Ep|an i1 — onl* + O + 1) [V (8,) + 1]

Note also that by A3.3,
pEn, 5;90nsgn(s0;5 +en)
=u Z E Ongonsgn(gonG + €n)Zian=a;}
=pu Z E,0. A 5nI{an:ai} + 110(6,)
_ﬂZQ' [AD — A0, T10 0y

+i Z 0, AD0, T —ary + 10(0,).

i=1

(3.10)

(3.11)

(3.12)

(3.13)

To treat the first three terms in (3.12), we define the following perturbed Lypunov func-
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tions by
" oo Mo
VEO,n) 2D —pB A — AT 0,0y
j=n i=1
VI (0,n) 23 0B, (001 — o) (3.14)
j=n
A oo
VE) 2 3 Bulanss — an) (a1 — )
j=n
By virtue of A3.4, we have
VIO m) < p)y KO 62 —n) < OV () + 1] (3.15)
i=1 i=n

As noted in Chapter 2, the irreducibility of ) implies that of I 4+ @ for sufficiently small
e > 0. Thus there is an N. such that for all n > N_, |(I + eQ)* — .| < AF for some
0 < A¢ < 1, where v, denotes the stationary distribution associated with the transition
matrix [ + Q). Then the difference of the 7 + 1 —n and j — n step transition matrices is
given by

(I+eQ)t" — (I +eQ)™
eQ) — I[(I +eQ)™"
eQ) = IN[(I + Q)™ — ] + [(I + Q) — 1],
= (eQ)[(I +eQ)y ™ — 1]

The last line above follows from the fact Q1 = 0, hence [(I 4+ Q) — I]1v. = 0. Thus

ST+ = (I+2Q) " < O(e Z)\J n— (3.16)

Jj=n

The forgoing estimates lead to 3_7° (a1 — a;) = O(e) and as a result

[V4(0,n)| < O@)(V(6) + 1). (3.17)
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and similarly

V5'(n)] = O(e),

so all the perturbations can be made small.

Now, we note that

Envlu(gn-i-la n+1)— Vlu(gna n)
= B2V (0o, n+ 1) — BV (0,0 + 1)
+E VI (0o, n+ 1) — VE(B,,n).

where

Ev1“<§n,n+ 1) = V¥(6,,n)

- MZG’ [AD — AD10, T 10—y,

and N N
E VI“(OnH,n—i— 1) E VI 0,,n+1)

= U Z Z E Tb+1 - 0 [A g A ]0n+1I{an—az}
Y Y EOLAY — AD) (B0 — 00)T 0,0y
Using (3.8), we have

En’§n+1 — §n| < Eplomyr — ap| + ,UEn‘SOnSgn(SD;zgn + en)]
< O(e + ).

Thus, in view of A3.4

‘/L Z]O'inJrl Zziol Eng;LEnq—l[Agl) - A(z)](gn_i_l - gn)I{an:ai}
<O + pe)[V (B) + 1],

and

[e’e] mo
"u Z ZEn(9n+1 _en)/En+1[A(l A( ]enJrII{Oén—az}

j=n+1 i=1

<O’ + pe)[V(6,) +1].

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Putting together (3.19)-(3.24), we establish that

En‘/lu(gn-i-la n—+ 1) - ‘/1M<§na n) =

mo L~ ~ 3.25
13 BLAY — AV, T 0,0y + O + o) V() + 11 52
i=1
Likewise, we can obtain
BV (Opir,n+ 1) — VG,
5 (Ont1 11 ) 5 (0, m) (3.26)
= —FE,0 (api1 — ) + O(E% + p?)
and
EVEn+1) = V(n) = —E,|ans — an|* + O(e?). (3.27)

Now we define
W(0,n) =V (6) + V(0,n) + V§(0,n) + Vi(n).

Since each A® is a stable matrix there is a A > 0 such that /A0 > )\V(g) for each 7. Thus

we may take A such that —p> " @A(i)gl{an:ai} — uO(8) < —AuV(6). Using this along

1=

with (3.7), (3.13), (3.25)—(3.27), and the inequality O(ue) = O(u? + %), we arrive at

E W (6nyr,n+1) — W(b,,n)

=Y 0,AV0, T oy — 1O(0,) + O(u? + )V (0,) + 1]
=1

< =AMV (0,) + O(1? +€%)[V(0,) + 1]
< =AW (6, 1) + O(p? + €2)[W (6, m) + 1].

(3.28)

Choose p and € small enough so that there is a Ay > 0 satisfying Ay < A and

M+ O(1?) + O(%) < =Aop.
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Then we obtain

E W (Opi1,n+1) < (1= Ap)W (0, n) + O(p® + £).

Note that there is an N, > 0 such that (1 — Ap)™ < O(p) for n > N,. Taking expectation

in the iteration for W(gn, n) and iterating on the resulting inequality yield
EW (f1,n + 1) < (1= X)W (o, 0) + O (+ €2/p1) .

Thus

EW (0ni1,n +1) < O(u +€°/pp).
Finally, applying (3.15)—(3.18) again, we also obtain

EV (0py1) < O(u+e+&*/p).

Thus the bound is established for p and e sufficiently small and n > max{N,, N.} = N, ..

O

3.2 Convergence Properties

As in Chapter 2, we investigate the limit of the estimate-parameter pair (6, ;) in three
cases: ¢ = O(u), ¢ < pu, and € > p. We again interpolate the discrete processes to

continuous time as follows for the analysis.
A A
0" (t) = 0,, o*(t)=a,  fort€ [nu,nu—+p). (3.29)

On-Line: ¢ = O(u)

Beginning with the case ¢ = O(pu), we have the following result.
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Theorem 3.3. Let ¢ = O(u) and assume A3.1 — AS3.4. Then (0*(-), a*(-)) — (8(-), a(-))
such that a(-) is a continuous-time Markov chain with generator QQ and 6(-) satisfies the

Markov-switched ODE

d
Z0(t) = ACO (alt) - 0(1),  6(0) = 6, (3:30)
To obtain the limit we use the same techniques presented in Chapter 2. We begin by

employing the truncation device ¢™(-) bound the estimates. Define

0N 1 =0 + pppsgn(y, — ¢, 0NV (0)), n=0,1,...,

(3.31)
ON1(t) == 0N for t € [un,un + u).

As before, we begin by showing the limit is tight so as to extract a weakly convergent

subsequence.
Lemma 3.4. The sequence (0VH(-), at(+)) is tight in D([0,00) : R x M).

Proof. By [31, Theorem 4.3], a*(-) is tight. As for 6™#(-), we use the criterion given in [20,
p.47]. With slight abuse of notation, denote F;* the o-algebra generated by {(¢j,€;) : j <
t/u} and E} the respective conditional expectation. Then for any 6 > 0, and ¢,s > 0

satisfying s < ¢,

2

EM

Bt + 5) — VR (1)
2
s 1
p A prsen(ye — e10Y)a (6]
< QEH, (t+s)/p—1 = (t+s)/u—1 4 OGN (9N
WEE Y oo Lmeg $ionsen(y; — ¢560;7)¢" (07) (3.32)
xsgn(yr — o0 )a" ()

< E/

(t+s)/p—1 (t+s)/p—1
< p Z] t/uu Zk t/uu Ej

< 0(s%) <0(0?)

2 2
©; Ek“ﬂk:‘
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uniformly in p. Then

0%t +5) — 0% (0)| 1} =0,

lim lim sup{ sup E[E}
=0 40 0<s<§

which establishes the criterion. O

Since (V4 (-), a#(+)) is tight, by Prohorov’s theorem,we can extract a weakly convergence
subsequence. Select such a subsequence and still denote it by (6™#(-),a*(-)) for notational
simplicity, and write (6" (-),a(-)) for the limit. We characterize the limit with the following

lemma.

w

Lemma 3.5. The sequence (0N+*(-),a*(-)) — (ON(), a(-)) which solves the martingale

problem with operator
LYFON, a;) = V(0N a) ADa; — 0V (ON) + D qii (0N, ay), (3.33)
j=1

where for each i € M, f(-,i) € Cj .

Proof. While the technique is similar to that in Chapter 2, the details become more compli-
cated because of the non-linear operation on the residuals in the SE algorithm. As before, to
derive the martingale limit we show that for the C! function with compact support f(-,4),
for each bounded and continuous function h(-), each ¢,s > 0, each positive integer x, and

each t; <t for 1 <k,

ER(0™ (t:), at;) i < k)| (0N (t +5),a(t + ) — FOV(E), a() = [ LY F(ON (), alr))dr
(3.34)

2 h(ON (), a(t;) - i < k).

We shall use the notation hV# 2 h(ONH(t), ot (t;) 1 i < k) and AN

Since f(-,4) is smooth,

tim BR[O (¢ + ), (¢ + 5)) = S(OV(2), 0" ()]

(3.35)
— ERY [f(eN(t+ s), alt + 5)) — f(@N(t),a(t))]
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We use
(t+5)/u—1
OV (t + 5) — ONH (L) Z pppsgn(oh o — 0k + ex) g™ (62) (3.36)
k=t/p
to see that

limy ERMHF(OMH(E + ), o (t + ) — FOV(1), o (1))]

= Sy A 31 ) = F O 00,
s (3.37)
= L B 3200, i) = F Ol )
o t+s
+ Z lmu+mu almu) - f(eiynuv Oélm;L)]] .
16,=t
Working with the last term in (3.37) we use the Taylor expansion to obtain
liyso B0 [ ST PO s Q) = F(O, 0, ]|
t+s Imy+my—1
= imERT 2 b 30 Vol cumprsenlih(on = 0F) + e)e" 0)
lmu—i—u 1 :
Y IVF O ) = Vol O, cm) (O — 0210 (0))].
k=lm,,
(3.38)
where 6" is a point on the line segment joining 6., , and 9{;’1 tm,, - Since oy, b lm”‘ =

O(6,) and ng( i) is smooth, we have the last term in (3.38) is o(1) in the sense of probability

as u — 0. To work with the first term we insert the conditional expectation Ej and apply

(3.4) to obtain

t+s Imy+m,—1

1
N N / / N N/pN
hm ER™MH g;té m—u k:lzmu Vef(szu, U, ) Ex[@)sgn (o (ar — 0,) +ex)]q (0),)
t+s mg Imy4myu—1
— |1 N,,LL -
e S350 LY ore, )
186, =t j=1 My .2 Imy,

x [P (0 = 0 + ol = O] ¢V (61 Fjaumary-
(3.39)



38

Then

Eot SV O, s im0 = OF]) < KE|aum, — Oim,| = O(u?).  (3.40)

my

Letting plm, — 7, then by (3.4),

t+s mo lmM—i—mu 1
N,u @), _ N\ NN
lim ERN Y Z > [V, cm )AL (= 616" (6} L0
16,=t j=1 k=lm,,
t+s mo lmu“rmp—l
_ N,u AD (q. — N
}gﬂEh Z Z Z v (91m » Xy, )[ (a; — 6}
16, =t j=1 k=Ilm,,
AP = A9 (a5 = 0) ] ¢ (O0) Tiesma
t+s mo 1 Imy+my—1
- ,Llllir(l) EhN’M Mthl 0, Vf le 7almu) klz A(J)(aj - eliV)qN<9’]§V>I{ak:aj}
p=tJ =tmy,

=BV [TV F(0Y (7). DA a(r) 8l i

(3.41)
In a similar fashion, we obtain
t+s
}}L% ER™# Z [f(egn#—i-m‘uv QT f(eljv\q[mu+mw Q)]
16, =t (3.42)

t+s

:EhN[ QF (0~ (), a(r))dr|.

t

Combining the above we verify ((3.34)), establishing the result of the lemma. O

Proof of Theorem 3.3. With Lemma 3.5, we have the truncated sequence 67 (-) satisfies the
switched ODE N (t) = ACO)[a(t) — N (t)g"N (t)], 6(0) = 6. Letting N — oo, showing that
the limit of the untruncated sequence (-) is the same as the limit of 0 (-) as N — oo follows

the same as the analogue in Chapter 2. The Theorem 3.3 follows. ]

Slower Markov Chain: ¢ < u

In the case ¢ < pu, the limit is again characterized by the initial distribution 7y of «y.
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Theorem 3.6. Let ¢ = p**" for 0 < < 1 and assume AS3.1 — A3.4. Then 0"(-) — 6(-)

such that 0(-) is the solution to the ODE

d = (i
—0(t) = ;A (a; — 0(t)) mos,  6(0) =6 (3.43)

Proof. We only note the key difference in the proof from the On-Line case ¢ = p which

results in the term involving the Markov chain «,, in (3.41). We see that

t+s mo lm# er‘u‘*l

1 )

lim ER(0™*(t;), a*(t;) 1 < k) Z ZéMng(nynu,almu) Z —A(J)ajf{ak:aj}
H0 16, =t j=1 k=lm,, My

t+s mg 1 Impu+my—1

. N’ N .

- }LILI(l) ER Z Zaﬂvgf(elmu’ alm#)m_” Z A(j)ajElmuI{ak:‘lj}

o=t j=1 k=im,,

t+s mo 1 Imu+mu—1 mg mo
:lim]EhN7N 5V 9N A ) —— A(j)a»Pa = a;|Qyy, = a;

X P(aym, = ai,|ag = a;y) P(ag = ay)
mo t+s
=ErV Vo f(0(1), a(r)Aa; P(ag = a;, )dr.

io=1"1

(3.44)

where in the last line we use that for Im, < k < Im, + m,, since € = putta, elm, +m, <
p2(t+s)+ 6, — 0 as u — 0, by Remark 2.3 we have that (P¢)*="™« — [ and (P)"™ — [

as it — 0 . The rest follows as before. O

Fast Markov Chain: ¢ > p

In the case € > p, the limit is characterized by the stationary distribution v associated with

Q.

Theorem 3.7. Let ¢ = pi7 for 1/2 < v < 1 and assume A3.1 — AS3.4. Then 0"(-) — 6(-)
such that 0(-) is the solution to the ODE
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Co(t) = DAV (o) v, 6(0) =6y

(3.45)

Proof. Here, we exploit that as ulm, — 7 we have e(k —Im,,) = p"(k — lm,) — oco. Thus

by Remark 2.3 =;;(elm,,, k) = v; + O(e + AL FY for some 0 < Ap < 1. Thus in (3.41)

t+s mo Imy+my—1

. 1 .

lim ERN" S TS 6,V f (00,2 im,) > A9y, Tia,—a)
16,=t j=1 k=lm,,

= EAN Y0 s Vo f(0(7), Oé(T))A(j)ajl/de.

J=1Jt

my

The result follows. O

3.3 Asymptotic Distributions

On-Line: ¢ = O(u)

Without loss of generality we take ¢ = p in this section. Define the scaled error

Un = O/ /1t = (0 — On) /11

We note that

Qpy1 — Qp

Vi

Up41 = Up — \//_LSOnSgn(Saizgn + en) +

(3.46)

(3.47)

(3.48)

By Theorem 3.2 there is a N,,. = N, such that Fl|a,, — 6,]*> = O(u) for n > N,,, with which

we can show {u, : n > N,} is tight. In addition, take N, large such that by (3.16), we have

forn > N,

ZEn(O‘jJrl —a;) = O(p).

(3.49)

As in Chapter 2, we would then define the interpolated process as u(t) = u, for t €

[(n — Ny, (n— N,)p+ ) to use the above bounds. However, we will omit the increment
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shift (taking IV, = 0 ) to ease the burdensome notation as follows
u(t) 2, for te [, np + ). (3.50)

As before, a truncation device may be employed to ensure the boundedness of the the scaled
errors u,. For notational simplicity, the boundedness will be assumed here. We begin by

establishing the tightness of the sequence {u*(-)} to ensure the existence of a weak limit.
Lemma 3.8. The sequence {u*(-)} is tight in D([0,00); R").
Proof. Using (3.48) we see

(t+5)/p—1

Oftrs) /g — O
Wt s) () = Y g e B (3.51)
k=t/p z

Using E! to denote the conditional expectation with respect to the c-algebra F' =

o{ut(T) : 7 < t}, we apply (3.49) to see that

(t+s)/p—1

2
(e s) — )| < KBS ~via] +o(vm) (3.52)
k=t/p
Considering the first term, we observe
(t+s)/p—1 mo (t+s)/p—1 (t+s)/p—1
RN E D SLTED VIR D TE S
k=t/p k=t/u  j=t/u
(t+s)/p—1 (t+s) /u 1 L B
< Z Efp Z Z Qk + of ek)] [Aél)gj + O(Qjﬂz{ak:ai}z{aj:ai}
k=t/p  j=t/u
(t+s)/p—1 A o o (353)
< Z E#Ku‘ Z (Al(;) - A(Z))Qk + 0<9k) I{Oék=ai}
=1 k=t/p
(t+s)/p—1
+ZE“K/~L‘ > Al )Qk’ Lfar=a:}-

k=t/u

By virtue of Theorem 3.2 we have E|6,]2 = O(u) for k € [t/u, (t + s)/p) sufficiently large
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(occurring when g is sufficiently small). Thus in the last term of (3.53) we have

(t+5)/u—1 mo  (t+s)/u—1

EZE#KM’ Z A( )Hk‘ I{ak =a;} < K[LZ]E Z ‘579)21'{0%:%} S O(,M)S. (354)

k=t/pn i=1 k=t/n
Applying the mixing inequality in A3.4 to the first term we have

(t+s)/p=1 L 9
E Z BUEp| Y (A = A+ 0(6)| Loy

k=t/p
(t+s)/p—1 (t+s)/pu—1

<EZE”KM Yoo DT A =AM AT — A T, =)

k=t/pn j=t/n

G/t
+Kp S E‘@k‘
k=t/n
mo (t+5) -1
<EY Kp[Br Y0 (AP = A0) ] 3|49 = A0) | | Tiasmamay + O0)s
i=1 k=t/u >k

(3.55)

Thus for any 7' < oo and any 0 <t < T,

lim lim Sup{ sup E[Ef|ut(s+t) — U“(t)l2]} =0

=0 40 0<s<8
Applying the criterion [20, p.47] we have that {u”(-)} is tight. O

Observe that gx(a;, 1) = prsgn(ella; — a;] + er) = prsgn(ey), so that gi(a;, ) is a mean
zero mixing process by combination of A3.2 — A3.4. To proceed, we shall make use of the
following variant of the well-known central limit theorem for mixing processes; see [3] or [7]
for details.

We are now equipped to prove the main result.

Theorem 3.9. If ¢ = O(p) and under A3.1 — A8.4 u*(-) = u(-) such that

du = —ADudt — SV dw, (3.56)
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where w(-) is a standard Brownian motion and o = «(+) is the continuous-time Markov chain

associated with ().

Proof. As usual, extract a convergent subsequence of u#(-) (still denoted by w*(-)) with limit

u(-). We will show that for each s,t > 0, the limit process satisfies
t+s t+s
u(t+s) —u(t) = / — ATy (Ydr — / SY2dw () (3.57)
t t

Note from (3.51),

(t+s)/p—1
W(tts)—u(t) ——vi S g+ OV
K=t/
mo (t4s) -1 (3.58)
=SV Y gl Ty + O(VR).
i=1 k=t/p

We define N
9r(1) = gel{ar=as}, k(i) := Ergr(i), and

Ax(i) 2 [g5(6) = gr(as, 1) — (Gaé) — Gn(as, )]

and expand on the (negative of the) inside of the sum indexed by 7 in (3.58) as

(t+s)/pn—1

\/_ng

k=t/p
(t+s)/p—1 (1t+S /p—1 (t+5)/u 1

> Vagelan )+ > Valge() = gelan i+ Y VEAKE)  (3.59)

k=t/u k=t/u k=t/u
(t+s)/p—1 (t+s)/p—1 (t+s)/p—1

Z Voo + Z M[A()uk—l—o\uk\ Z VI AL (%)

k=t/u k=t/p k=t/u

using Gi(a;, i) = o(6k) = o(y/mlu|) by A3.3.

First, we show the last term in (3.59) is o(1). Since Ag(i) is a martingale difference, we
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have
(t+9) /-1 , ()1 ,
Bl Y vEsG)| = D ufan)
k=t/u k=t/p
(t+s)/pn—1 (t+s)/p—1
= > uEg(i) — gilai, ) [gx(i) — grlan )]+ D pE[Ge(i) — el 1)) [Ge(0) — Grlas, ).
k=t/p k=t/p

(3.60)
The boundedness of ¢, and wuy, implies /fp)ur — 0 in probability uniformly in k as u — 0.
Hence, the first term in (3.60) has

(49 /-1
> uElge(i) — grlai, 1)) [gx(6) — gr(as, )]

= Y nBdilsen(Vighu +ex) —sen(e)]’ = 0 as g0
k=t/p

Using A3.3 and A3.4, along with the boundedness of u, on the second term of (3.60) gives

(t+s)/p—1
> UEG(i) — Gilas, ) [Gi(i) — Gilas, i)
k=t/p
(t+s)/p—1 ‘ A
= > uEVEA w + ol Jlun)) [VAA w + o /i)
k=t/p
(t+s)/p—1 ‘ ‘ ‘ ) (362)
= > 2E|(AY — AO)ug+ AOug + offu)
k=t/u
0o (t+s)/pu—1
SPK DY ok —t/p)+p’ D K0 asp—0.
k=t/u k=t/p

Hence
(t+s)/u—1

E Z VEAR(Z) = 0 as p — 0.

k=t/p
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Next, in the second term of (3.59) we have

(t+s)/p-1
>o ulA w + ol ui)]
k=t/u (3.63)
(t+s)/p—1 (t+s)/p—1 (t+s)/p—1 ’
= AW Z puy + Z AD)yy, 4 Z po(|u))-

k=t/p k=t/u k=t/p
Similar to the previous section, choose a sequence m,, such that m, — oo as u — 0 but

Ou/ /It = /ftmy, — 0. Then

(t+s)/pn—1 t+s t+s 1 Imy+m,—1

Z MU = Z 5uulmu + Z 5Mm_ Z [uk — ulmu]. (364)

k=t/p 16,=t 16,,=t B k=lm,

Since for Im,, < k < Imy + my, g — U, = O(0,/+/It), so the second term above goes to 0

in probability, uniformly in t. Similarly, by A3.3,

(t+s)/pn—1 t+s Imy+my,—1 ‘
ST ouAY = Ay = > 5 > (A = AD)uy, — 0. (3.65)
k=t/p 16,=t M k=lm,

Likewise, Zktis/ ;f “~ o(Jug]) — 0 in probability uniformly in t.

Hence, putting the above estimates together we obtain

u(t +s) —u(t) = ;I}L% ut(t +s) — ut(t)
mo t+s (t+s)/p—1

= lim [— A Z 5Mulmu]1{ak:ai} Z \/_Wk (3.66)

n—0
i=1 16, =t k=t/p

t+s t+s
= —/ ATy (r)dr —/ SY2dw(r).
t ¢

The Theorem follows. d
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Slower Markov Chain: ¢ < u

For the case ¢ < p, define

mo
o, — 0,

Ay 1= ;70 5, Up —
2 Vi

=1

vH(t) :==wv, for te[(n— Ny, (n—Ny)p+p)

mo
A(*) = ZA(i)Woﬂ‘.
i=1

Then we have the following.

Theorem 3.10. If ¢ = '™ for some 0 < n < 1 and under A3.1 — A3.4 v*(-) =% v(-) such

that
dv = —AWudt — SV dw (3.67)
where w(+) is a standard Brownian motion.

Faster Markov Chain: ¢ > u

For the case € > p, define

mo _
_ o — en
Q= E a;v; Zn =

i=1 \/’E

() =z for t€[(n— N, (n— N+ p)

Theorem 3.11. If e = 7 for some 1/2 <y < 1 and under A3.1 — A3.4 2"(-) —= z(-) such

that

dz = —Azdt — XY 2dw (3.68)
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where w(+) is a standard Brownian motion.

3.4 Numerical Experiments

Here we demonstrate the performance of the Sign-Error (SE) algorithms and compare it
with the Sign-Regressor (SR) and Least Mean Squares (LMS) algorithms (see [28,29], re-
spectively). In contrast to the prior studies, the 6, now is a Markov chain. For example,
in [2] only slowly varying continuous signals were treated; the sign algorithms were proposed
in [11] but only for a constant parameter; only slow Markov chains and adaptive stepsize
algorithms were treated in [17]. Here, to highlight the multi-scale features, we treat three
cases: € = (3/5)u (e = O(n)); € = p? (a slowly-varying Markov chain); and € = /it (a fast

Markov chain). We fix the step size p = .05.

3.4.1 Matched Model

Here we observe an exactly matched model as in the problem formulation; that is, y, =
©hap, + e,. For ease of observation we take the regressors to be one-dimensional such that
{pn} and {e,} are i.i.d. N (0,1) and N(0,.25), respectively. For the Markov chain «,, we

use state space M = {—1,0,1} with transition matrix P¢ = I 4 €@, where

—-0.6 04 0.2
Q= 02 —05 0.3
0.4 0.1 —0.5

is the generator of a continuous-time Markov chain whose stationary distribution is therefore
v =(1/3,1/3,1/3). Hence @ = 3.7, a;v; = 0. We take the initial distribution for ag to be
(3/4,1/8,1/8). So a. = 27, a;P(ag = a;) = —0.625. We proceed to observe 1000 iterations
of the algorithm for the cases ¢ = O(u) and € > p, and 10, 000 iterations for the case e <
(in order to illustrate some variations of the parameter).

To observe the tracking behavior of the SE algorithm, in comparison to the SR and LMS
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Figure 1: Adaptive filtering with On-Line Markovian parameter e = O(pu)

algorithms, we overlay the respective plots for each case. When ¢ = O(u), the LMS and

SR estimates tend to be approximately equal, while the SE estimates show more deviations

from the other estimates. The SE algorithm responds to changes in the parameter more

quickly, while the LMS and SR algorithms adhere to the parameter more closely while it is

stationary. In the ¢ < p case, we see this behavior repeated. While all three estimates track

the parameter closely, the LMS and SR estimates deviate from the parameter less than the

SE estimates between jumps of the parameter.

In the € > i case, none of the algorithms can track the parameter at each iterate very

well. However, when we observe the scaled error against the stationary distribution of the

Markov chain z,, the diffusion behavior is displayed. Examining the cumulative average of
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Figure 2: Adaptive filtering with Slower Markovian parameter e < O(u)

the parameter and the estimates of the iterates, we note that the parameter average quickly
converges to &. The LMS and SR estimate averages adhere closely to the parameter average,

while the SE estimate average deviates slightly more.

3.4.2 Impact of Unmodeled Dynamics

We simulate the impact of unmodeled dynamics on the performance of the Sign-Error
algorithm in the Markovian setting. We take the system given by vy, = ¢, a, + e, =
&, + @l ay, + e, where @, &, are the modeled parts of the regressors and parameters
respectively, and ¢, @, are the unmodeled parts. We take ¢, i.i.d. 7-dimensional N/ (3,1),

with modeled part ¢, 4-dimensional, and errors e, ~ N(0,.25) as before. For the Markov
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Figure 3: Adaptive Filtering with Fast Markovian parameter € > u

chain we take state space M = {—p,0, p} where p = [1,271,...,275] € R". The transition
matrix P° = I + (@) is as before, as well as the initial and stationary distributions.

We examine the SE algorithm for computing estimates 6,,, using the modeled part of
the regressors ¢, to track the modeled part of the parameter ¢&,. More explicitly, 6,1 =
0, + @nsgn(y, — @.0,) € R'. In Figure 6 we examine the norm difference between the
modeled part of the parameter and the estimates |&,, — 0,,| for e = O(u). In Figure 7 we see
convergence in distribution by examining the average of the modeled part of the parameters
&, up to time n and similarly for the estimates 6, (still for ¢ = O(u)). In Figure 8 we
examine the difference of the time-averaged estimates f,, and (modeled) parameters ¢, from

the modeled part of the stationary mean & for the fast-varying case € > .
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Figure 6: Difference of modeled parameter and estimate |, — 6,| for e = O(u)
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Figure 7: Average difference |&,, — 0,,| over time for ¢ = O(p).

We note that with the influence of the unmodeled dynamics (of order 27%) against stochas-
tic regressors of nonzero mean (order 3), there is a resulting bias in the residuals of order
3/2% ~ 0.2. While the individual estimates vary slightly more in Figure 6, we see conver-
gence within the unmodelled bias of order 0.2 in Figure 7. Similarly, in Figure 8 we observe
convergence of both the estimates and parameters to the stationary mean within the 0.2

unmodeled bias.
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Figure 8: Average difference |&,, — 0,,| over time for £ > pu.
4 Noise Attenuation with Unmodeled Dynamics

As demonstrated in the numerical experiments of the previous chapter, a mismatched model
results in larger deviation from the limit. For example, oftentimes the output signal ¥, is in

fact a combination of all the previous input signals x;; that is y, = Z?:o

xy—;0; known as
an Infinite Impulse Response (IIR). However, in applications one must assume some finite
model order n, that is y; = Z;io zy_;jo; (Finite Impulse Response, FIR) and then applies
an adaptive filtering algorithm such as in Chapters 2, 3 to estimate the underlying system

parameters. The difference between the actual order of the system and the modeled order of

the system introduces bias in the estimates due to the unmodeled dynamics. For tractability,
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one assumes some bound p, on the unmodeled bias which decays as the modeled order n
increases. It is therefore desirable to employ filtering algorithms which are robust against
the worst-case p,, for the unmodeled dynamics.

In what follows we develop such a robust filtering scheme for a regulation problem with
a linear time-invariant (LTI) plant. The procedure is adaptive in nature, as it first estimates
the noise for N steps, and then applies a control to attenuate the noise. We then analyze
the impact of unmodeled dynamics and noise estimation errors by deriving error bounds,

establishing a measure of robustness for the algorithm.

4.1 Motivation and Development

4.1.1 Linear Regulator Problem

Consider a regulation problem under the linear time invariant (LTI) plant P and controller
F in Figure 9. The goal is to control the output = to follow the constant reference value x,.
However, the system output is influenced by stochastic disturbance d. Since the system is

LTI, the output can be expressed in its transfer function form as

1

=V TG Pe

where the systems are represented by their z-transfer functions and the signals by their z

F(z)P(z) )Xr(z). x is measured. Denote y, = zy — x,. Since zy is

transforms, and U(z) = 11 F(2)P(2)

measured and z, is known, y; is also a measured signal. Then

1

T+ PP )

We note the first term is deterministic and the second term is stochastic.
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v
Be— Q_
x

ref F

Figure 9: The original regulation problem

If the controller F' is stabilizing and the system is at least of type 1 (including at least
one integrator in the forward path), then the first term converges to zero exponentially fast.
Since this is a very fast transient and our interest here is in noise rejection in a persistent
sense, we will mandate a stabilizing controller in our design and then ignore this term in our

analysis on noise attenuation. As a result, we will focus on

1

Y(z) = WD(Z%

which can be represented by the diagram in Figure 10. Our goal is to attenuate the impact
of the noise d on the output y. For simplicity, assume that P is an exponentially stable

system.

d

- P —nl——»y

F

v

A

Figure 10: A basic feedback configuration for noise attenuation

Since the transfer function P(z) is exponentially stable, we may represent it by a finite

impulse response (FIR) filter Py(z) (the modeled part), plus an unmodeled dynamics 9:
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P(z) = Py(2) + d(2). More precisely,
P(z)=po+piz ' 4+ +pz " +5(2) (4.1)

o o
where §(z) = Z p;jz~7 and Z Ipj| < pn. Due to exponential stability, |p,| < kA" for
j=n+1 J=n+1

some k > 0 and 0 < A < 1, namely, it is an exponentially decaying function with respect to n.
An immediate implication of this is that for a given required bound p on the modeling error,
a model order n (model complexity) can be pre-determined such that p, < p. In subsequent
results, all bounds due to unmodeled dynamics should be interpreted as a function of model
complexity n.

The following parametrization of stabilizing controllers is known as the Youla parametriza-

tion. In the special case of stable plants, it is called ) parametrization [9,10].

Let S represent the space of exponentially stable systems. For internal stability, the

1 F P FP

closed-loop systems 1755, 157Fp: T3FP: T1FP

must all be (exponentially) stable; that is,

belong to S. Denote:

F

= € S. 4.2
@ 1+ FP (42)
Since P € S, if Q € S, we have PQ = 1f£P € S, so 1+}P =1- 1f£P € S, and
P
hence—75 € S.
Thus, the stability requirement is satisfied if we choose ) € S and design F = 67

This implies that F'in Figure 10 can be implemented by using this () parametrization, shown
in Figure 11. Note that a positive feedback is used due to the presence of 1 — QP in the
expression for F'.

Let Y(z) and D(z) be the Laplace transforms of the output y and disturbance d respec-
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Figure 11: Feedback controller using the Q parameterization

tively. Then we have

we obtain the recursive representation

Yk = dp — Q * wg.

Suppose that () is an FIR of order m. Then

Y = di — (Qwi + QWr—1 + - -+ + GWik—m)
=dj — [wmwkfl, cee 7wkfm] [QO; q1, - - - >Qm]/ (4-3)

= dy, — ¢0,
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with ¢, = [wg, wg_1, ..., Wk_m|. Note that

wy =Y i =D pidij+ D pidi
§=0 J=0

j=n+1
(4.4)

*

= [di,di-1, ..., di—n]p + [dk—(ns1), - - P

= pp + Uip”

where p = [po, ..., pn|" represents the modeled part of the plant and p* = [pyi1, Par2, -/
represents the unmodeled dynamics, and ¢, = [dg, dg—1, - . ., di—n), J}C = [di—(n+1),--.]. We

now introduce the following assumption to aid with the error analysis.

A 4.1. (1) dy is estimated by c?k =dy + ex. ey is stationary, Eej, = 0, Eei < 0% < 0o.
(2) The modeled part p is known. The unmodeled dynamics p* has a uniform norm bound

P

Remark 4.1 (Signal Expansions). Using Assumption A4.1, we can expand

Uy = [di, di—1, ..., di—p] = [di + €, di—1 + €1, . .., dj—n + €4-0] = UV}, + &, (4.5)
where &, = [ek, €k—1, - - -, €k—n]. Thus we can write
o Tk el Tk~ ~ (46)
Wy = Yypp + Ypp" = pp — §p + UppT = Wi + &y,

where

D = hp,  Er = —Epp+ ULp". (4.7)
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As a result we have the decomposition

Yp = di, — [wk,wk—h . ,wk—m][QO,C]h cee 7Qm}/
=dy, — e, — [Wg + €k, Wg—1 + Ek—1, - - -, Wk—m + Ek—m)[q0, 15 - - - >C]m]/

= dy, — e, — §L.0 — (L6,

where ¢, = [Wg, Wk—1, ..., Wk—m] and (,, = [EgyEk—1y---,Ek—m]|. For estimation, after N

observations the available regression data are

DN: ©N:

dn Py
In a nominal system based design procedure, the control parameter Q) is then designed by
~ o~ -1 ~
Oy = (cb’Nch> &', Dy.

If we define
9 G €

Py Cn en
then

Oy =Dy +Zy (4.8)
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and

Yy = Dy — Ex — ®n0 — Ex0. (4.9)

The above calculations and expansions will be used in the error analysis.

4.1.2 Two-Phase Signal Estimation and Noise Rejection

We now discuss the signal estimation aspect of our noise attenuation scheme. In keeping
with the adaptive filtering theme of this work, we note that in the above the control shall
be defined and measured by estimates of the disturbances d,. However, even though y; is
measured, dj is not usually directly available. We proceed to explain why certain signals
can be approximately extracted for control design.

After a controller F' is (successfully) designed and implemented, the output y, = =), — z,
will be small due to the rejection of disturbance by the feedback system. In this case y; will
have (nearly) no information which can be utilized for the control design. We shall call this
phase the “noise rejection phase”.

Before such a control is implemented, suppose that the disturbance dy, is stationary and
its power spectrum density is limited in certain frequency bands. Then there exists an open-
loop causal and stable filter H(z) such that H(z)D(z) ~ 0 (i.e. H(z) is an annihilating filter
for dy,). If such a filter is inserted into the feedback loop in Figure 10 for a period of time,
shown in Figure 12, the plant output v, will be V(z) = %HD ~ 0. Therefore during

this phase, the signal dj can be estimated by yx ~ di. Thus in the subsequent control design,

we should use the available signal

e = dp = dy, + e (4.10)
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where c/i\k is an estimate of dy with estimation error e,. We shall call this phase the “signal

estimation phase”.

— P J y

Noise rejection position r Signal estimation position

H

Figure 12: Modified configuration with annihilating filters for signal estimation

While the approach of using annihilating filters can potentially work for unstable plants,
for stable plants a simple and general open-loop scheme works for the signal estimation phase.
Suppose that P(z) is stable with DC gain K = P(1). By switching to the open-loop control
illustrated in Figure 13, the actual output vy of the plant is a deterministic (yet unknown)
signal and converges exponentially to x,. Thus the measured y; = x; — =, becomes d; after
an exponentially fast convergent transient. We note that this approach does not require any

prior information on dy. For this case, we also have y, = dp = dy + €.

> 1/K

Signal estimation d
position

Xref — F ﬂ P +
- Noise rejectiol
position

Figure 13: Use of open-loop control for signal estimation when the plant is stable

In this two-phase approach illustrated in Figure 14, control design is performed during
the signal estimation phase. As a result, in the following algorithms, c/i\k will be available in
control design. The impact of signal estimation error e, on noise rejection will be analyzed

in Section 4.4.1.
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I Control Implementation for Noise Rejection

|
I |

| | .t
l_'_l

Signal Estimation and Control Design:

* Noises pass through to the output to
be estimated.

¢ Control is designed by an LS-type
algorithm.

Figure 14: Two-phase design diagram

Example 4.2. For an example of this approach, we consider a plant with transfer function,
before sampling, SJ%Q The DC gain of this plant is 0.5. As a result, the open-loop controller
is K = 2. Suppose that the disturbance is dy = asin(2007k) where 7 is the sampling
interval and 7 = 0.001. ay is i.i.d. and uniformly distributed in [—5,5]. Now, in the first
two seconds, we run this system open-loop. Then in t € [2,10], we switch on the feedback
controller which is a high gain feedback F' = 20000. The trajectories of the disturbance dj

and the targeted y; are shown in Figure 15.

4.2 Unmodeled Dynamics and Robust Noise Attenuation

In this section we analyze the impact of unmodeled dynamics and investigate suitable control
design that can attenuate noise effects on the system output. Presently we shall focus only
on the unmodeled dynamics, and so we take e, = 0 throughout this section. Consequently,

we can simplify signals from Remark 4.1 to

dp = dy, Ul = = [dy, ..., de_n),

& =0, wy=1.p+p*
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Two Phase Approach: (1) Signal Estimation and (2) Noise Rejection
5 T T T T T T T

time (secod)

time (secod)

Figure 15: The two-phase design for Example 4.2
The observation equation (4.9) is simplified to
Yy = Dy — (O + En)b,
with
¢
Pnv=1| |, EN =
Py Cn

and @), = [V, _1p, ...,V pl and ¢, = [YLp*, 0%, ..., Ui p*]. We shall denote by

I' € R¥X™ the uncertainty set for the matrix =y which accomodates all possible unmodeled

dynamics p* = {p;}32,, 4, with 3277, [p;] < pn.

4.2.1 Nominal Design

Without signal estimation errors the disturbances dj, are directly measured and are available

for the design phase. The nominal plant Fy is known, and the nominal design is designed
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without regard to the unmodeled dynamics. With the goal of minimizing the mean-square

error ming, (Dy — EI\DNQN)’(DN — EISNGN) , the resulting control parameter 6 becomes
~ o~ N1~
Oy = (cp’Nch) & Dy (4.11)

When using 6y as in (4.11), we analyze performance by considering the residual of noise

attenuation
— 1 ~ - ~ -
un(En, Dy) 2 N(DN —(Pn +EN)ON) (Dy — (P + ZEn)0N)
1 ~ —_ -~ ~ -1 ~ ~ — ~ o~ -1 o~
— Dy = By +Z5) (FyBy)  ByDx)(Dy - (Bx +Ex) (Bxdy)  FyDy)
1 N _ N1 N _ PN I
= DK = By +Ex) (Byy)  By)'(1 = (@ +Ew) (SnBx)  By)Dy
1 — —_
= ND;VH/(DN, :N)H(DN, :N)DN
(4.12)
where

—~ o~ o~ -1
[(Dx,Ex) = I — (By + Ex) (q)'N@N) o,

whose dependence on Dy stems from the fact that o ~ depends on Dy. Define the worst-case

performance as

px(Dy) = max p(Ey, Dy). (4.13)
=Enyer

To proceed, we impose the following assumption on Dy. It is a sample-path version of

disturbances’ variances being bounded by 2.

A 4.2. The N-sample path of the disturbances Dy satisfies

Dy € Mp 2 {||Dx/VN|5 < 0%}
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To consider the worst-case performance of the disturbance attenuation, we first normalize
the signal. Let |[Dy/vN|lz = A and define vy 2 M so that ||uy|lo = 1. For Dy € Mp,
)\ < ¢2. Then we can obtain <I>N(DN) \/N)@N(UN). Denote o, as the smallest singular
value of a matrix and

~

A .
bmin = min Umin<q)N(vN))-
lowll2=1

Due to normalization, b, is independent of the size of Dy. Also, denote

where py is the bound on unmodeled dynamics. We can now state the following theorem

for the robust performance of the nominal design.

Theorem 4.3. The worst-case disturbance attenuation performance is given by

P2 max y(Dy) < ) (4.149)

Proof. Direct computation gives

1 — — _ -
NDEVH,(DN, :,N)H(DN, :N)DN = 'UEV(/\H(DNy ZN))/()\H(DN, :N))UN,

in which

-1

<DN>) Py (Dy))

3
+2) e (By(mBa(on) By(ow)

(1= @non) + ) (Fylon)Ba o >) @N@N»

AII(Dy, Zx) = A(I — (Bn(Dy) + )(@ (DN)
( (\/_)\(I)N<UN

I
>
ew

| >

(vy, Zn).



66

Additionally, we see

po=max y(Dy)

= ||vr£\?;i1 max UII(vy, Z5) T (v, 25 ) VN,

so it follows that

< max max ||II(v,, =
M_HUNHz:lENeFH (”’ N)H

where || - || is the largest singular value. Using that

-1

~

(o)) Bv(on)

~ v ’ ~ v )\ ~ v —N

) (@ (on)Blon))

=
—N

ik

we have

~ I

ITi(vn, En) @ (o) =

With the above and

-~

T (v, En) @ (on)]] > [T (v, E8) | Gmin(@n (o)) > [T (v, Ex) | bunin

we obtain [|I(vy, Zx)| < £E2 and hence the result

bmin
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4.2.2 Robust Design

In theory, when robustly attenuating noise for systems with unmodeled dynamics, one em-

ploys the performance index

Al

nn(Dn, 0n) ~

v

ax(Dy — (By +Zn)0v) (Dy — (By +En)fy),  (4.15)
and seeks to find the optimal 63 which attains

ny(Dy) = minny (D, ). (4.16)

The difference between the nominal design and robust design is that the former is a
“max-min” design in which the design is done first; and the latter is a “min-max” design.

One sees that

nn(Dn) < pn(Dw) (4.17)

indicating a potential performance improvement in the worst-case sense. It is well known
that the “min-max” often leads to nonlinear and non-quadratic optimization problems and
is usually more complicated. Often only numerical solutions are feasible, and to this end
we proceed to introduce a gradient-descent numerical algorithm. Note that the gradient of
nn(Dy, 0n) with respect to Oy is

A Onn(Dy,0y) 2

G(Dy,0y) 2 e %%@N +Z0) (Dy — (Py + En)0n). (4.18)

Algorithm 4 (Two-Phase Algorithm). The following algorithm searches for 0% in two

phases:

e Initial Value.
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The initial value 6° is given by the nominal design
0 = =\l
0" = ( NCI)N> NDN'

e Iteration Steps.
Fork=0,1,2,...,

6k+1 —_ ek _ ﬁk@<DN7 ek)

where B, is the step size at the kth iteration, CA;(DN,GI“) 15 an approximate gradient.
Typically, these approximate values can be obtained by using Monte Carlo methods or

grid calculation in place of the uncertainty set T'.

4.3 Examples

We now use a simulation example to demonstrate performance on noise attenuation.

Example 4.4. The system to be controlled is a 7th order system P(z) = pg+piz~t+ -+
prz~". However, a lower-order model is used to represent this system: Py(z) = po + p1z~! +
p1272 + p3z3, leaving the higher-order terms as unmodeled dynamics. Hence, the modeled
part has order n = 3 with 4 parameters, and the true values are po = 1, p; = 0.2, po = 2, and
p3 = 0.5. The unmodeled dynamics represent higher order terms which are excluded in the
model, and in this example they are py, ps, ps, pr. S0, p* = [p4, ps, Ps, p7]- We do not have
information on the unmodeled dynamics, except for the bound p = |p4| + |ps| + |ps| + |p7]-
In this example, we first use p = 0.6.

The noise sequence {dy} is i.i.d., uniformly distributed in [—1,1]. As explained in the
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previous sections, without estimation errors, dj are known in our design process. The data
length is N = 1000.

The uncertainty set from unmodeled dynamics is generated by the Monte Carlo method.
We randomly generate 200 values of p*, and then normalized them so that they all satisfy
|pa| + |ps| + |ps| + |p7| = 0.6. The corresponding set of =y matrices is used as the uncertainty
set I

The controller has order m = 20, hence 0 has 21 parameters. We consider the nominal

design in this example. After generating the matrices Dy, ® 5, we obtain

~ o~ -1 <
Oy = (CD’Nch) &\ Dy
— [0.0289, —0.1221,0.4797, 0.0720, —0.2364, —0.0412, 0.1163, 0.0236, —0.0576, —0.0130, 0.0284,

0.0075, —0.0143, —0.0039, 0.0072, 0.0020, —0.0035, —0.0013, 0.0016, 0.0009, —0.0010]’

To evaluate performance on noise attenuation we use the noise-attenuation factor, defined

as

L I¥ul/N
[Dll2/N

where || Dy/||2/N is the magnitude of the noise and ||Yy||2/N is the magnitude of the output.
Thus v < 1 indicates noise attenuation, and smaller v corresponds to better noise-attenuation
performance.

When there is no unmodeled dynamics (p = 0), the nominal design delivers a perfor-
mance factor v = 0.0148, which is an excellent 98.5% noise attenuation. However, when
the unmodeled dynamics are introduced with p = 0.6, this factor is increased to v = 0.2943

(70.1% noise reduction attenuation), a substantial loss of performance.



70

Figure 16 demonstrates noise attenuation performances. The top plot is the original un-
attenuated noise, whose magnitude bound is 1. The second plot shows the noise attenuation
performance of the controller when the system does not contain unmodeled dynamics. It is
seen that the output values are around 0 and have much smaller magnitudes than the original
noise, indicating substantial noise reduction. The third plot depicts the impact when the
system contains unmodeled dynamics. By considering the worst case in the uncertainty set
I', the noise reduction capability is significantly diminished when the nominally designed
controller is used. To further illustrate this point, the fourth plot compares directly the
performances between the matched-model system and the system with unmodeled dynamics.
The first 500 points are the output when no unmodeled dynamics are involved, and the next
500 data points show impact of unmodeled dynamics. One sees the bias that results from
the addition of the unmodeled component of the system. However, it should be noted that
this is a worst-case study. There are some incidences in I' under which the noise attenuation
performance may be much better. This is the key issue of “robustness” of the controller

which is assessed under the worst-case scenario.

Example 4.5. The impact of unmodeled dynamics on noise reduction performance is quite
significant. To sustain acceptable noise reduction factors, one needs to use a well represen-
tative model so that the unmodeled dynamics are not too big. To illustrate such impact,
we choose different sizes p for unmodeled dynamics for the same example as in Example
4.4 under the same simulation conditions. The resulting noise reduction factors and the

corresponding noise reduction percentages are included in Table 1.
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Figure 16: Noise attenuation under the nominal design.

Table 1: Impact of Unmodeled Dynamics

Size p of Unmodeled Dynamics 0.1 0.3 0.5 0.7 0.9
Reduction Factor 0.0570 | 0.1464 | 0.2512 | 0.3459 | 0.4493
Reduction Percentage 94.3% | 85.4% | 74.9% |65.4% | 55.1%

4.4 Impact of Signal Estimation Errors

Lastly, we analyze impact of measurement errors by considering the difference of the system
limit with only unmodeled dynamics from the limit with unmodeled dynamics and measure-

ment error. We shall impose the following additional assumptions.
A 4.3. The following conditions hold:

1. {dx} is a sequence of i.i.d. random variables satisfying Edy = 0 and Ed: = 03 < oo.

The fourth moment of dy is finite: Ed} < oo.

2. {dy} is estimated by c?k = di, + ey such that {ey} is a sequence of independent and
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identically distributed (i.i.d.) random variables with Eey, = 0 and Ee; = 0> < co. {ex}

is independent of {dy}.

3. The modeled part p is known. The unmodeled dynamics p* has a uniform norm bound

P

4.4.1 Limit with Measurement Errors

Let

N = (ZI\)/NEI;N>_1EISINEN
(4.19)
= ((Py —EN)(Pn — En)) (P — EN)(Dn + Ev)

be the estimates from the design with both measurement errors and unmodeled dynamics.
We begin by showing that for this nominal design the unmodeled dynamics are canceled
out. This is done by separating the modeled and unmodeled components of &5 and =y as

follows.

Recall that

- _ -
1 w1 Wo T Wion
/
2 w2 w1 o Wop
Py = =
/
| PN | | WN WN-1 ' WN-n |

We separate the modeled and unmodeled parts of wy by writing

Wy = Y + Vip”
n [e.e]
= Z d—jpj + Z di—jp;
i=0 j=n+1

N |
=: Wy, + W,

where w? := Z?:o di—;p; is a stationary, mean zero, strong mixing process (3] as dj, is i.i.d.
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mean zero. Thus we may represent &y by

Oy =W+ Wy

where W, and WN are the N X (n + 1) matrix collections of w and wy, respectively. Also,

we have ) )
, - - -
C1 €1 €0 o E1en
, - - -
_ G €2 &1 o E2g
N = . =
, - - -
L Cn | | EN EN-1 " EN-n
where

Ee=Up" — &
n

o
= > digpi— ) enips
j=n+1 J=0

A
:Vwk——€2

Thus we have the decomposition

EN=Wn-—-Ty

where Ty is the N x (n + 1) matrix of &) = Z?:o ex—;p;, a stationary, mean zero, ergodic

process. With this new notation, we have

Oy =0y —Zy =W+ Ty (4.20)
and so B
97\! = [ ?V(/ISN:| ZISINEN
pv —1
= {N(WPV +TN) (WY +TN)| (WY +Tn)(Dy + En) (4.21)

1
= Ay~ (W]‘\),'DN + WY Ey + Ty'Dy + T’NEN> ,
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where
1 , -1
!
Ay = {N (WJ% W+ TNWR+ W T + TN’Tzv)] , (4.22)
Write
n—|la—l1]
P = Z DjPj+|ia—11| : (4.23)
§=0

l1,l2=0,1,...,n

Then we can formulate the limit of the estimate 65 in terms of P? as follows.

Proposition 4.6. Under Assumption 4.3, assuming P? is full rank, we have

Po
e A -1 =7 N a.s. 01—1 O
¢ — [¢N¢N] B\ Dy 5 [P as N — . (4.24)
-~ 0 -
Proof. Working with the terms of Ay, we see that
wRwy o wpwy e wpw,
N 0 .0 0 .0 0,0
1 / 1 Wi W Wi We_y =+ W Wy
NWJOV WY = ~ > (4.25)
k=1
L wl(ﬁ)fnwl(c) wgfnwgfl e wlgfnwgfn |
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with

n n
0 0 o
Ewy_jwi_, =E E § Aty — 1 Dk—1y—jsPjs Pjo L{1y + jr=la+ o}
J1=0 72=0
n—|la—11]

Z DjPj+lia—1]-

We claim that the stationary process {w)_;, w)_, }; has mean

n—|la—l1]
A 0 0
m = Bwg_y wy_y, = Z PiPj+|lz—1i|

and

A
R(h) = E {w2+h711w2+h712w241wltc)flz} —m® — 0.

as h — oco. Examining the first term, we see

0 0 0 0
E {wk+h—l1wk+h—l2wk—11 wk—lz}

=E § A h—ty— 1 Dt bty — o -1y — j3 A1y —ja Pjs Do PjsPia-

jl?"':j4:0

(4.26)

For h>2n, k+h—lL —j1 >k+h—Ily—jyforl,j€{0,...,n}, so dypnh_i,—j, is independent
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of di4h—1,—j,, and thus we can reduce the terms in the sum to

0 0 0 0
E{ Wit Wy Wiy, Wiy, }
=E E dk-i-h lh ]1dk+h A J2dk I Jsdk lo— J4pJ1p]2p]3pj4I{ll+]1 lo+j2}

n—|lo—l1| n—|l2a—0]| (4.27)

2
E E dk+h j1 [dk+h—j3]pj1pj1+|l2—l1|pj3pj3+\l2—ll\
Jj1=0 Jj3=0

n—|la—1l1]
=0q PiPj+|ia—11| =m

2

Thus the covariance function R(h) = 0 for h > 2n. Moreover, Eflv:_ol R(h)/N — 0. As a
result, with Xj, = w)_, wd_,, Xy = = S0, Xi L mas N — oo by [16, Theorem 9.5.1].
Moreover, since R(h) = 0 for h > 2n, {X}} is a strong mixing process [16, p. 488]. By virtue
of [16, Theorems 9.5.6], {X},} is strongly ergodic, and by [16, Theorems 9.5.5], Xy — m a.s.

Using the ergodicity obtained above and (4.23),

1 a.s.
NW Wy 22 o2 PY as N — oo. (4.28)
Similar arguments yield
NTEVTN o2P? and NW "Iy 250 as N — oo,

and thus

Ay =5 (0] —i—ag)_l [P,ﬂ_l as N — 0.
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Examining the terms that Ay is applied to in (4.21),

1
~ <W]?,'DN L WY Ey + Ty Dy + T’NEN>
wgdk + wgek + €2dk + 5261@

wl('c)fldk‘ + wgflek + 5271dk + €2ilek (429)

0 0 0 0
i wk_ndk + wy_,er + 6k—ndk + €€k ]

where

Ewy_ydy =B dioi_jdy = 03poTy—oy

7=0
sz_lek =E Z dk_l_jek =0
j=0
E&g_ldk = EZ ek—l—jdk =0
j=0
Eég_lek = EZ €k—1—jCk = Ungl-{l:(]}.
j=0

Inspecting the covariance function for X, = w}_,d;, we see that dj, is independent of dy,;

for any j > 0, so that

0 0
Ewyyp_ydirnwy_d

=E> > disni—jy dsnrin—to—ja D Din ii=0,4,~0.j2—0} (4.30)

Jj1=072=0

= Edi+hdip3 = Ufﬁpﬁl{z:w = [sz_ldk}z if h > 0.



78

Thus + Z],::l w)_,dy, 3 Ewl_,dy, and similarly for the other terms of (4.29). Hence we have

Po
1 o/ Y / ’ a.s. 2 2 0
= <WN Dy + WY Ey + Ty Dy + TNEN> = @2a?) || (4.31)
= 0 -
Using (4.21), (4.22), (4.31), and the limits obtained thus far, we have
Po
== 17 e 5 as o 2\—1 [p01~1/ 2 2 0
[@N@N] Dy 3 (02 + 02 [P (02 + 02) . (4.32)
- O -
The proposition is thus established. O
4.4.2 Limit without Measurement Errors
Without measurement errors, the estimates are simplified to
1

where By = [%CI)N'CDN]_I. Denote

P, =

ijpj+|12—zl|] : (4.34)
=0

l1,l2=0,1,....n

As before, we can formulate the limit of 6% in terms of P, as follows.
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Proposition 4.7. Under Assumption 4.3 and assuming P, is full rank, we have

Po
0 / -1 a.s, —1 0
Oy = [PNPN] PyDy — [B)] ‘ as N — oo. (4.35)
. O -
Proof. We have that
WrWy - WrWg—n
1 1 —
— POy = — 4.36
Wr—nWg -+ Wg—nWg—n
and observe
Bwi—tywi-t, = EY Y dgty—jy k1,305, Pi»
Jj1=072=0
=E Z Z dk—l1—j1 dk—lg—j2pj1pj2I{ll+j1=ZQ+j2} (437)
Jj1=072=0
=05 ijpj+|lz—lll
7=0
Using the definition (4.34), we have
E [We-t,We-toy, 1y—0....0 = TaPr- (4.38)

Establishing that the product sequences {wy_;, wi_y, }r are ergodic is more complicated due

to the infinite sum involved in wy. We show it for X, = w,wy, with the shifted products
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done in a similar manner. Here, [Ewgwy]? = [Z;io Uﬁpﬂ =052 5 2 D515, and

o

Ewppwp+nwpwy = E Edk+h—jy dirn—jy Ak—js A1 Pjs Pjo P Pjs -
J1se,J4=0

For the expectation of a term to be non-zero, every index of d_ must be paired with another.
Writing A = {(j1,J2,J3,J1) © J1 = Jo,Jz = Jay, B = {ji = jz+ h,jo = ja+ h}, and
C = {j1 = ja+ h,jo = js + h}, we have that the non-zero terms are precisely AU B U C.

Furthermore, ANB = ANC =BNC = ANBNC,50 Y 4om0c = 2oat 25+ 202> ansnc

Then we can express

Ewgp Wi nwiwy
- Z Z Edk j1 k jgpilpjg + Z Z Edk ]3 k j4pj3pj3+hpj4pj4+h
Jj1=073=0 73=0 j4=0
+ Z Z Edy jgdk §4Pjs+hPjsDjs+hPjs — 2 Z Edy ]p]p]Jrh
Jj3=0ja=0 j7=0
o (4.39)
Z Z ngglpjg + Z Ed4 ijrh +2 Z Z adpjlpjl+hpj2pjg+h
j175j2+hj2—0 J1#£j2 j2=0

+2 Z Ed4pjpj+h —2 Z Ed4pjpj+h

Z Z o405 D5, + Z Ed'pipi,, + 2 Z Z OaDi Piv+hPiaPia+h

J17#j2+h j2=0 J17#j2 j2=0
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Thus the covariance R(h) = E {wynwirnwpwy } — [E {wpwg}]* satisfies

RO =| > > oinied + 2B,

J1#£j2+h j2—0

+2 Z Z O'dp]1pjl+hp]2p32+h Z Z Udp]lpﬂ

J1#£j2 32=0 Jj1=0j2=0

= ‘ - Ud Z ijlph + ]Ed4 ZP p]Jrh + 20’21 Z ij1pj1+hpj2pj2+h (440)

Jj1=j2+h j2=0 J1#£j2 32=0

< |puloj ij + |pn|Ed* Zp] + |pnl20 Z Zpglpm

J1=052=0

<|pn|K =0 ash — oco.

Thus the process {wy pwiipwrwy} is strong mixing as well. Similar argument as in the

derivation of (4.28) yields that +®\®y =¥ 63P,. Recall that P, is full rank,

By % 0[Pt as N — oo. (4.41)
Similarly,
wkdk
N
1, 1 wy—1dy,
NN = > | (4.42)
k=1 :
i Wr—ndy, ]
where
Ewy_d, = E Z di—1—jdip; = o3P0 L—0y (4.43)

J=0
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and the covariance function decays asymptotically in a manner similar to (4.40), so that

T3Do
1 / a.s. 0
N(I)NDN - . as N — oo. (4.44)
L 0 -

Finally, we have

04Po

1 a.s. _ _
90 = BN (NqDINDN) — O'dQ{Pn} !

as N — oo, and the result follows.

O

4.4.3 Difference of Estimates

Combining Propositions 4.6 and 4.7, we finally arrive at the following theorem. It gives
the impact of measurement errors by characterizing the limit of the difference system with

measurement error to the system without.

Theorem 4.8. Under the assumptions of Propositions 4.6 and 4.7 and assuming that P°— P,
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18 1nvertible, we have

Po
e 0 a.s. 0 -1 0
05 — 0% =3 [P) — P, . (4.45)
- O -
where
- [P”? - P”L1,l2 - Z pjpjﬂl?*ll"
j:n—|l2—l1|+1
Defining
A (e.) o0
P2 pip <> Il < pw (4.46)
j=n+1 j=n+1
for sufficiently large n, we see that
- - -1
0 1 2 n
pgl) pgz) p7(1) pg)
p7(11) p%o) pg) p7(1n—1)
—1 n—
[PY—P,] == p@ pP 0 ... 02 (4.47)
i p7(1n) pT(ln—l) L pg) ng) |

forl=|l, —1;] €{0,1,...,n}.

Example 4.9. We conduct a simulation study to display the limit of the estimate differences.

We take {dy} ~ N(0,1) and {er} ~ N(0,.1), both iid. The plant is a stable system with
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TR coefficients p, = (0.5)% for k = 0,1,.... The model order is selected as n = 10. We
then observe the estimates 6%, 6% for N = 10,20,...,1010 (100 updates). Thus p, =

2 =300 ok = (:5)0 ~ 9.8 x 10~*. Figure 17 shows that ||05 — 6%|| quickly converges to

O(pn).

I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
K = number of updates

Figure 17: Tmpact of est. errors given by ||0% — 6%||, N = Kn = 10,...,1010

5 Further Remarks

This dissertation has analyzed problems associated with adaptive filtering for identification
and control of systems with switching Markovian dynamics, and of systems with unmodeled
dynamics. For Markovian-switching systems, we used constant step-size algorithms to enable
the estimates to persistently adapt to the changing dynamics of the underlying system. Error
bounds and limit behavior was characterized by the relationship of the transition rate of the
Markov chain to the adaptation rate of the estimates. For feedback systems with unmodeled
dynamics, a two-phase algorithm was used to first estimate the noise characteristics and then
attenuate the system to reduce the impact of the noise. Worst case performance bounds were

obtained characterized by the magnitude of the unmodeled dynamics.
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Naturally, a direction for future study would be analysis of systems with both Markovian-
switching and unmodeled dynamics, as heuristically depicted in Figure 6. For example,

consider a linear system given by

Y= ¢;.;Oék + eg
(5.1)

= ¢l.cu, + gk&k + e

where ¢}, = [@}, @] is the input signal with modeled part ¢, € R% o) = [d},d,] is the
time-varying (Markovian) parameter with modeled part ¢y € RY, and e, € R is the zero-
mean noise at time k. Under the approach in Chapters 2, 3 one would use only the modeled
component gﬁﬁgdk to design the filter, and thus one expects to observe additional bias of
magnitude €; resulting from the unmodeled component (Zz,&k. This should result in an
additional term of €; in the error bound, and an additional bias term in the infinitesimal
limit.

In [30], such systems were studied with the Least Mean Squares algorithm estimates. It
should be interesting to analyze performance of the Sign-Error algorithm with said systems.
It may be that the direction-only scaling on the residuals employed in the SE algorithm
could allow for better compensation of the bias in the unmodeled dynamics.

Additionally, we note the systems analyzed here were linear. If the underlying systems
have nonlinear aspects, model mismatch will cause further bias in the estimates. A framework
for addressing model mismatch, unmodeled dynamics, Markovian parameters, and stochastic
noise was developed in [15]. Using said framework to analyze the robustness of the algorithms
in this work is an important consideration to be addressed.

Finally, the step-size (adaptation rate) of the algorithms in Chapters 2, 3 were taken to
be constant, and in Chapter 4 the step-sizes were left unspecified. As seen in the analysis,
for a fixed step-size the performance of the algorithm depends on the underlying distribution

of the Markov chain (the transition rate), and indeed can also be influenced by the possibly
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time-varying bias of the unmodeled dynamics, model mismatch, and random noise. In such
case, one may employ an additional adaptive algorithm to create a time-varying sequence of
stochastic step-sizes { g} which can respond to changes in the underlying dynamics to search
for an optimal step-size. For example, in [15] the following adaptive step-size algorithm was

presented for the Least Mean Squares algorithm

Op+1 = Ok + tdrlyr — ¢3,0k]
prrsr = gy (e + ealyr — 94 Vi]) (5.2)

Vi1 = Vi — 20 Vie + Onlye — ,0k), Vo =0.

where ¢y, c; are scaling constants, [p—, u+] is a bounded set for the step-sizes p, and IIj,— 4
is the corresponding projection operator to ensure the iterates for u; remain in the feasible
set. Similar considerations can be made for the SR and SE algorithms in a generalized

framework.
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This dissertation investigates problems arising in identification and control of stochastic
systems. When the parameters determining the underlying systems are unknown and/or
time varying, estimation and adaptive filtering are invoked to to identify parameters or to
track time-varying systems. We begin by considering linear systems whose coefficients evolve
as a slowly-varying Markov Chain. We propose three families of constant step-size (or gain
size) algorithms for estimating and tracking the coefficient parameter: Least-Mean Squares
(LMS), Sign-Regressor (SR), and Sign-Error (SE) algorithms.

The analysis is carried out in a multi-scale framework considering the relative size of the
gain (rate of adaptation) to the transition rate of the Markovian system parameter. Mean-
square error bounds are established, and weak convergence methods are employed to show
the convergence of suitably interpolated sequences of estimates to solutions of systems of
ordinary and stochastic differential equations with regime switching.

Next we consider problems in noise attenuation in systems with unmodeled dynamics
and stochastic signal errors. A robust two-phase design procedure is developed which first
estimates the signal in a simplified form, and then applies a control to tune out the noise.
Worst-case error bounds are derived in terms of the unmodeled dynamics and variances of

the disturbance and measurement errors.
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