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CHAPTER 1 INTRODUCTION

1.1 The Finite Element Methods

In 1943, the finite element method was first introduced in a paper by Courant [41].
The importance of this work was disregarded at that time and, however, in the early fifties
the engineers re-invented the finite element method. The earliest references found in the
engineering literature are those of [7], [96]. At this point, the method was thought of as a
generalization of earlier methods in structural engineering for beams, frames and plates,
where the structure was subdivided into small parts, so called finite elements, with known
simple behavior.

In the sixties mathematicians, notable Mikhlin [78] started working on the analysis of
Galerkin and Ritz methods. They were not aware the contributions of the engineers and
the approximate methods which they studies resembled more and more the finite element
method. The spread of the method started with the paper by Zlamal [99] which is gener-
ally regarded as the first mathematics error analysis of the "general" finite element method
as we know it to-day. When the mathematical study of the finite element method started it
soon became clear that in fact the method is a general technique for numerical solution of
partial differential equations with roots in the variational methods in mathematics intro-
duced in the beginning of the century. During the 60’sand 70’s the method was developed,
by engineers, mathematicians and numerical analysts, into a general method for numer-
ical solution of partial differential equations and integral equations with applications in
many areas of science and engineering. Today, finite element methods are used used in

extensively for problems in structural engineering, strength of materials, fluid dynamics,



heat conduction, convection diffusion process and many other areas. A literature survey
of some earlier years of FEMs can be found in Babuska’s article “Courant element: before

and after" in the book [60].

1.2 Definitions
We use the following definition of a finite element introduced by Ciarlet in his 1978
book [37].

Definition 1.1 (The Finite Element). Let

* K CRY(ford=1,2,3,...) be a bounded closed set with nonempty interior and piece-

wise smooth boundary (the element domain),

* P be a finite dimensional space of functions on K (the space of shape functions)

and

* N ={N;, Ny, ..., N} be a basis P’ (the set of nodal variables)

Then (K, P, N) is called a finite element

The following definitions of nodal basis, local interpolant, and triangulation can be
found in the textbook by Brenner and Scott (2008) [25]
Definition 1.2 (Nodal Basis). Let (K, P, N) be a finite element. The basis {¢1, ¢1, ..., P } of
P dual to N (i.e., N;(¢;) = 6;; ) is called the nodal basis of P.
Definition 1.3 (Local Interpolant). Given a finite element (K, P, N), let the set {¢; : 1 <
i < k} C P be a basis dual to N. If v is a function for which all N; € N,i = 1,...,k, are

defined, then we define the local interpolant by Z,v := Zf:o N;(v);



Definition 1.4 (Triangulation). A triangulation of a polygonal domain 2 is a subdivision
consisting of triangles having the property that no vertex of any triangle lies in the interior of
an edge of another triangle.
Definition 1.5 (Domain). Throughout the dissertation, we use C' to denote a generic positive
constant which is independent from element size.

Unless otherwise specified, throughout the paper we assume that Q2 € R% d = 2 is a
bounded Lipschitz domain. A domain Q € R? is called a Lipschitz domain if its boundary
0N is locally a graph of a Lipschitz continuous function, i.e., for all * € 0f), there exists a

neighborhood N (z,r) of x and a Lipschitz continuous function ¢ : R — R such that

6QﬂN(m,r) - {y = (ylay27"' ayd) : gb(ylava"' 7yd—1) = yd}

and

QQN(CC,T) :{y: (y17y27"' 7yd) : ¢(y17y27“' 7yd71) <yd}

under a proper local coordinate system.
We say a domain has C'' boundary if 99 is locally a graph of a Lipschitz continuous

function with Lipschitz continuous derivative.

1.3 Main Work of the Dissertation
We propose two mixed finite element algorithms to solve the following two-dimensional

biharmonic equation with the Dirichlet boundary condition. Let Q@ C R? be a polygonal



domain. Consider the biharmonic problem

A?¢p=f inQ, ¢p=0 and 0Oho =0 on IS, (1.1)

where n is the outward normal derivation.

A steady-state Stokes equation and Poisson equations are used to decouple the bihar-
monic equation. We present H' and L? error estimates for both algorithms under uniform
and graded meshes. Numerical simulations are presented to validate the theoretical re-

sults.

1.4 Outline of the Dissertation
The dissertation is organized as follows:

In Chapter 2, first, we introduce our model problem which is the biharmonic problem
with Dirichlet boundary condition and discuss the ways it has been solved in the literature.
Then, we introduce a Poisson problem and a steady state Stokes problem that we are
going to use as parts of our algorithms to solve biharmonic equation. We further discuss
wellposedness and regularity of both Poisson and Stokes problems and present their H*
and L? error estimates on a quasi uniform mesh. Next, we present wellposedness and
regularity results of the biharmonic equation and its decoupled formulations. The first
decoupled formulation is introduced using one Poisson equation and a one steady state
Stokes equation. We highlight the fact that the source term of the Stokes equation is
not unique based on the first decouple formulation. Then, as a generalization to the first
decoupled formulation we introduce the second decoupled formulation using two Poisson

equations and one Stokes equation. Moreover, we show that the solutions of the decoupled



formulations are equivalent to the solution of the original biharmonic equation on both
convex and non convex domains. Finally, we propose two finite element algorithms based
on the two decoupled formulations introduced above to solve the biharmonic equation
numerically.

In Chapter 3, we show the error estimate results for both Algorithms (2.17) and (2.18)
on a quasi uniform mesh. Here, we present H! and L? error estimate results. Since the
Stokes equation is an intermediate step in each algorithm, we present H! and L? error
estimates for Stokes equation in addition to the error estimate results of the biharmonic
equation. During the error estimate of Stokes equation, we discuss the error estimate
results for Mini-elements and Taylor-Hood elements for solving Stokes equation.

In Chapter 4, we present H' and L? error estimates for the both Algorithms (2.17) and
(2.18) on a graded mesh. To this end, first we introduce weighted Sobolev space and then
we discuss the regularity of the Stokes and Poisson problems in weighted Sobolev space.
Then, we present the construction of graded meshes to improve the convergence rates of
the numerical approximation from Algorithms (2.17) and (2.18). Moreover, we prove the
interpolation error estimate on graded meshes. Finally we present the H! and L? error
estimates of finite element solution to the biharmonic equation and to the Stokes solution
in both Algorithms.

In Chapter 5, we present several numerical examples to justify our theoretical finding.
First, we compare our numerical solution with a reference solution obtained through Ar-
gyris finite elements for convex and non convex domains. Next, we test convergent rates of
our solution on non convex domains with re-entrant corner 37 /2 for a sequence of graded

meshes including quasi uniform mesh. We further test our method for domains with dif-



ferent re entrant corners other than 37/2 including multiple re-entrant corners. The last
example is presented with CPU time to show how fast our algorithms.

In Chapter 6, we summarize our work and provide some promising future directions.



CHAPTER 2 THE BIHARMONIC PROBLEM

2.1 The Biharmonic Problem
Let  C R? be a polygonal domain. Consider the following fourth order elliptic equa-

tion called the biharmonic problem
A%¢p=f inQ, p=0 and 0y¢ =0 on 0N 2.1

where n is the outward normal derivation and the biharmonic operator

ot o o

2 _ wd _
A=V _8x4+28x23y2+8y4'

The homogeneous Dirichlet boundary condition or Clamped boundary conditions [92, 43]
used in Equation (2.1) occur for example in fluid mechanics [48, 94, 16] and linear elas-
ticity [37, 16, 82, 53, 61] . In fluid dynamics, Equation (2.1) describes the stream function
¢(z,y) of an incompressible two-dimensional creeping flow(Reynolds number zero). In
linear elasticity ¢(z,y) can represent the Airy stress function or as in the theory of thin
plates, the vertical displacement due to an external force. There are several approaches to
discretize the biharmonic equation in the literature.

If the approximate solution lies in a subspace of the space HZ()) then a conforming
finite element method such as the Argyris finite element method [6] can be used. How-
ever, this method require constructing C'' continuous finite element element which usually
involve large degree of freedoms and hence can be computationally expensive. Therefore,

Conforming elements are rarely used in scientific and engineering computing since the



1980s.

The non conforming finite elements such as Morley finite element [81, 79] method
avoid the difficulty of constructing C' elements. However, its convergence depends heav-
ily on the delicate design of the finite element space see [1, 14, 24, 37, 63]. The non
conforming finite elements is a popular method to approximate high-order elliptic prob-
lems such as the biharmonic problem (2.1). For detail, see [37, 38] and the references
therein.

Another way to avoid C! elements is by using mixed finite element methods which use
continuous Lagrange finite element space. In a mixed method the problem is decomposed
into problems involving lower order differential equations.

Ciarlet and Raviart [40], in 1974, proposed a couple system of Poisson problems to
solve biharmonic problems choosing u and Au as unknowns. The error analysis of their
method can be found in [87, 86, 11, 49]. The solution u is approximated with the optimal
convergence rates. However, approximation to Aw is suboptimal. More precisely, assuming
certain L*° smoothness assumptions on the derivatives of the solutions, the approximation
to Au convergences with rate h*~'/2 if piecewise polynomials of degree k are used.

Using linear finite elements Reinhard Scholz [87], in 1978, introduced a mixed finite el-
ement method to approximate the solution to biharmonic problem (2.1) and its Laplacian.
It is shown that in the case of linear finite elements the mixed method approximations
are convergent. Error estimate for L? and L> norms are derived in this work. Since the
an analogue of the estimate [40] can be shown for finite element spaces of higher degree
the error estimates in this case can be improved, especially in the case of quadratic finite

elements, provided that the solution is sufficiently smooth.



In 2000, X Cheng, W Han, H Huang [36] proposed some perturbed mixed methods
based on a penalty approximation combined with the reduced integration technique to
solve the biharmonic problem (2.1). Here they modified the scheme proposed in Malkus
and Hughes (1978) [77] and prove the optimal order error estimate without the extra
smoothness assumption on the solution made in Johnson and Pitkaranta (1982) [57]. The
method studied in their work can be viewed as a version of the wellknown MITC4 element
mathematically analyzed in [17, 27, 76] for the Reissner-Mindlin plate model problem.

In 2011, Edvin M Behrenst and Johnny Guzman [18] introduced a new mixed method
based on a formulation on where the biharmonic problem is rewritten as a system of four
first order equations. Moreover, their method will approximate the second derivatives of u,
with optimal order £+ 1, while assuming the correct regularity for the second derivatives of
u. Finally, they developed a postprocessing technique that produces a new approximation
to u that converges with order k + 3 for k& > 1.

In 2017, Hailong Guo, Zhimin Zhang, and Qingsong Zou [52] constructed a C" lin-
ear finite element method for biharmonic equations. In their paper, the post-processing
gradient recovery operators are used to calculate approximately the second order partial
derivatives of a C° linear finite element function. It is shown that the numerical solution
of the proposed method converges to the exact one with optimal orders under L? norm
and discrete H? norms, while the recovered numerical gradient converges to the exact one
with a superconvergence order.

In 2017, Lothar Banz,Bishnu P. Lamichhane, Ernst P. Stephan [15] considered a three-
field (the solution, the gradient and the Lagrange multiplier) formulation of the bihar-

monic problem. They used the standard Lagrange finite element to discretize the solution
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by adding a stabilization term in the discrete setting. The Raviart- Thomas finite elements
are used to discretize the gradient. To achieve the optimal error estimate the Lagrange
multipliers are constructed.

A quadrature finite element Galerkin scheme for a biharmonic problem on a rectangu-
lar polygon is studied by Rakhim Aitbayev [3] in 2008. It is known that, with the Bogner—
Fox—Schmit element [39] at least a three-point Gaussian quadrature should be used for
approximating the integrals in the finite element Galerkin solution of the biharmonic prob-
lem. In this article, they proved that the two-point Gaussian quadrature Galerkin scheme is
well-posed and has optimal order error estimates in Sobolev norms. Since fewer function
evaluations are required forming the stiffness matrix and the load vector of the quadrature
scheme is faster than with the three-point scheme.

There is a rich literature on mixed finite element methods for the biharmonic prob-
lem see [45, 85, 40, 56, 44, 4, 69, 80] and references therein. In addition, discontinuous
Galerkin methods were also developed for biharmonic problems and nonlinear fourth or-
der partial differential equations (see e.g., [71, 72, 73, 74, 75, 98]).

In this dissertation we discuss a mixed finite element method to discritize the bihar-
monic equation with Dirithlet boundary conditions. In particular, we propose a method
that effectively decouples the fourth-order problem into a system of two Poison equations
and one Stokes equation, or a system of one Stokes equation and one Poisson equation.
Thus a deliberate study of the Poisson equation and the steady state Stokes equation is
needed to carry out the theoretical and numerical results of this work. In addition, we
show the regularity of each decoupled system in a both the Sobolev space and a weighted

Sobolev space, and we derive the optimal error estimates for the numerical solutions on
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both quasi-uniform meshes and graded meshes.
2.1.1 The Poisson Equation

In this subsection, we present the wellposdness and the regularity of a two dimensional
Poisson equation with Dirichlet boundary condition. We then present error estimates on
quasi uniform meshes and graded meshes. The Poisson equation under considerations is
as follows:

Let Q C R? be a polygonal domain. Consider the Poisson problem
—Au=f in{, u=0 on 0f), (2.2)

We denote by H™ () for an integer m > 0, the Sobolev space that consists of square
integrable functions whose ith weak derivatives are also square integrable for 0 < i < m.
For s > 0 that is not an integer, we denote by H*({2) the fractional order Sobolev space. For
T > 0, Hj(Q) represents the closure in H7({2) of the space of C'* functions with compact
supports in 2, and H () represents the dual space of Hj (). Let L*(Q) := H"(Q)). We
shall denote the norm || - [[12(q) by || - || when there is no ambiguity about the underlying
domain.

By applying Green’s formulas, the variational formulation for Poisson problem (2.2)

can be written as:

a(u,v) = /QVqudx = /wadx = (f,v), Vu€ Hy(Q). (2.3)

The finite element discretized Poisson problem then reads: find the solution u, € V* of
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the Poisson equation

(Vu,, Vo) =(f,v) Yove VE (2.4)

Wellposedness and Regularity:

For a function u € H} (1), applying the Poincaré-type inequality [51], it follows

a(u,u) = [ Vull* = [ulfng) > Cllulin )

Theorem 2.1. (Lax-Milgram lemma) Let V be a Hilbert space, let a(-,-) : VXV — R be a
continuous V elliptic bilinear form, and f : V — R be a continuous linear form. Then the

abstract variational problem: Find u such that

ueV and veV a(u,v)= f(v) (2.5)

has one and only one solution.

Thus, for any f € H'(Q), we have by the Lax-Milgram Theorem that Equation (2.3)
admits a unique weak solution u € H} ().

The regularity of the solution u depends on the given data f and the domain geometry
[2, 21]. We are interested in the case when ) is concave, and thus the solution of Equation
(2.2) possesses corner singularities at vertices of {2 where some of the interior angles are
greater than =. Let § = min;(7/a;, 1) where «; are interior angles of the polygonal domain
Q). By the regularity theory, the solution u is in H'*#(€2). Thus the Poisson Equation (2.2)

holds the regularity estimate
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[l ey < Clfllg-1+8(0)- (2.6)

H' and L? Error Estimate Results:
Suppose that the mesh 7, consists of quasi-uniform triangles with size h. The interpo-

lation error estimate on 7,, (see e.g., [37]) for any v € H*(Q2), s > 1,

lv = vrll @) < CR*|o]

H(Q)5 2.7)

where [ = 0,1 and v; € V¥ represents the nodal interpolation of v.
Lemma 2.2. Let u be the solution of the Poisson problem (2.2), and u,, be the finite element

approximation (2.4) on quasi-uniform meshes, then it follows

Hu — unH[Hl(Q)] < Chmin{k’ﬁ}, (288)

H’LL — UnH[LQ(Q)] < Chmin{k+l’ﬁ+l}. (28b)

By the regularity theory, the solution u is in H'*#(Q). It is easy to see that when the
maximum angle is larger than 7, i.e., Q is concave, u ¢ H?(2), and thus the finite element
approximation based on quasi-uniform grids will not produce the optimal convergence
rate. Graded meshes near the singular vertices are employed to recovery the optimal
convergence rate. Such meshes can be constructed based on a priori estimates [9, 10,

13, 54, 55, 64, 84] or on a posteriori analysis [20, 33, 91]. In this work, we present the
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approach used in [13, 64].

To introduce the error estimate results under graded meshes we use the weighted
Sobolev space K'(€2). On details of weighted Sobolev spaces used here, we refer read-
ers to [42, 50, 58, 13, 64]. We postpone presenting error estimate results for the Poisson
equation under graded mesh as we carry out the same error estimate results in Chapter 5.
Until then we refer readers [35].

2.1.2 The Stokes Equation

In this subsection, we present the wellposdness and the regularity of a two dimensional
steady state Stokes equation with Dirichlet boundary condition. We then present error H*
and L? error estimates results. Stokes equations under consideration is as follows:

We consider the following Stokes equation

~Au+Vp=F inQ,
divu =0 inQ, (2.9)

u=0 on 09,

that describes incompressible flow in which advective inertial forces are negligible com-
pared to viscous forces. u = (uj,us) is the velocity of the fluid, p the pressure and
F = (fi, f») an external force that drives the motion.
Wellposdedness and Regularity:

Assume that the polygonal domain 2 consists of N vertices @;, i = 1,--- , N, and the
corresponding interior angles are w; € (0,27). The largest interior angle w = max; w;

associated with the vertex (). We set z;, j = 1,2,--- ,n the solutions of the following
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characteristic equation corresponding to the the Stokes problem (2.9) (see, e.g., [51]),

2

sin?(w), (2.10)

sin?(zw) = 2
then there exists a threshold
ap = min{Re(z), j=1,2,--- ,n} € (1/2,2], (2.11)

such that when 0 < o < ay.
The weak formulation of the Stokes equations (2.9) is to find u € [H}(Q2)]*> and p €

L%(©) such that

(Vu, Vv) — (div v, p) =(F,v) Vv € [Hy(Q)]?
(2.12)
—(divu,q) =0 Vq € Lg(Q),

where

12(9) = {g € I(9), / adz = 0.

Given that F € [H~!(Q)]?, then Equation (2.12) admits unique solution (u,p) € [Hj(Q2)]* X
L3(9) (see, e.g. [62, 95, 47]). For F € [H'7*(Q2)]?, the Stokes problem holds the regular-

ity estimate [19, 51, 83],
[ullizi+e@ye + [Pl Ha@) < ClF||(-1+a(@)2- (2.13)

H'! and L? Error Estimate Results:
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We are interested in solving the Stokes problem numerically using finite elements.
Therefore, we choose a regular triangulation 7, and finite dimensional spaces V,and Q).
For this problem we restrict ourselves to the case of conforming elements, i.e. V}, C V =
H}(Q) and Q;, C Q = L3(2). The discretized Stokes problem then reads:

Find the solution u, x p, € [V*]? x Sk~1 of the Stokes equation

(Vu,, Vv) — (pp,divv) =(F,v) Vv € [VF]?,
(2.14)

—(div u,,q) =0 Vq e Sk 1.

It is well known that in order to get working method the spaces V}, and (), can not be
chosen arbitrarily. The method can be expected to behave well only if the following inf-sup
condition is satisfied.

Definition 2.3. (Inf-sup condition). The pair (V}, Q},) is said to fulfill the inf-sup condition if
there exists v, > 0 independent of h such that
(div v, q)

sup  —— > y|lqll, Vg, €S, (2.15)
ozvep VI e o2

where the constant ~; > 0.
General techniques for verifying the inf-sup condition can be found from [22, 89]. In

this work we use tow types of finite elements which are known to be stable.

* The Taylor-Hood Element
The Taylor-Hood finite element is the standard finite element for simulating incom-
pressible fluid flow, since it gives a good approximation of both velocity and pres-

sure, and since it is not too numerically costly to use. The element consists of
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a continuous piecewise quadratic approximation of each velocity component com-
bined with a continuous piecewise linear approximation of the pressure. That is
the velocity space is Vj, = {v € [C°(Q)]* : v|x € [P*(K)]?} and the pressure space
Qn ={v € C°%Q) : v|k € [P'(K)]*}. Figure 1 shows the position of the velocity and

pressure nodes on a triangle element K.

(a)

Figure 1: The Taylor-Hood elements: Velocity e and pressure nodes ()

The Mini Element

The MINI element is the simplest inf-sup stable element. It consists of a continu-
ous piecewise linear approximation for each velocity component as well as for the
pressure. However, on each element the velocity space is enriched by cubic bubble
functions of the form . = w1023, Where ;i = 1,2, 3 are the usual hat func-
tions. The velocity space is given by V}, = {v € [C°(Q)]* : v|x € [P*(K)]* ® [B(K)]*}
where, B(K) = span(vpunie) is the space of bubble functions on element K. Perhaps
needless to say, the bubble function has earned its name from the fact that it has
the shape of a bubble. By construction ¢y, vanishes on the boundary 0K. which

is important as it allows all bubble functions to be eliminated from the saddle-point
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linear system before attempting to invert it. The MINI element has become popular
because it is easy to implement. However, it is also known for giving a poor approxi-
mation of the pressure. The velocity and pressure nodes on a triangle element K are

shown in figure 2.

(a)

Figure 2: The Mini element: Velocity e and pressure nodes ()

A common choice of the finite element spaces is the Taylor-Hood pair of order k£ € N.
Therefore, for the purpose of the error analysis we use Taylor-Hood pair. We refer readers
to [48, 90, 24].

Lemma 2.4. Let (u,p) be the solution of the Stokes problem (2.12), and (u,,p,) be the
Taylor-Hood element solution of Equation (2.14), then it follows the estimate

[u =l @ + llp = poll < € (Vel[%]Q u = vl @ + qéﬁgf—l lp — qH) . (216)

Proof. By Theorem (2.1) and Inf-sup condition (2.15), the proof follows from the tech-

nique in [26]. ]

In combination with the approximation result we achieve the following convergence
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result.
Lemma 2.5. Let (u,p) be the solution of the Stokes problem (2.26), and (u,, p,) be the Mini
element solution (k = 1) or Taylor-Hood element solution (k > 2) in Algorithm 2.17 on

quasi-uniform meshes, then it follows

0 — w2 + [[p — pal] < CR™REA, (2.17a)

[0 — |2 < Ch™nkFLaTL 2] (2.17b)

If the largest interior angle w < T, it follows min{a + 1,2a} = a + 1, and if w > 7, we

have min{a + 1, 2a} = 2a.

2.2 Well-posdedness and Regularity of the Biharmonic Problem

Denote by H™({2) for an integer m > 0, the Sobolev space that consists of square
integrable functions whose ith weak derivatives are also square integrable for 0 < i < m.
For s > 0 that is not an integer, we denote by H*({2) the fractional order Sobolev space.
For 7 > 0, H[(Q2) represents the closure in H7(2) of the space of C™ functions with
compact supports in (2, and H7() represents the dual space of Hj (). Let, L*(Q) :=
H°(Q2). We shall denote the norm || - ||2(q) by || - || when there is no ambiguity about the
underlying domain. [-]* represents the vector space. For example, v = (vy,v2)” € [H(Q)]?
represents v; € H}(Q), i = 1,2, where, T is the transposition of a matrix or a vector.
For v = (v1,v2)?, we denote (curl v) := g% - %. For a scalar function v, we denote
(curl ¥) := (Y, =, ).

By applying Green’s formulas, the variational formulation for biharmonic problem (2.1)
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Figure 3: Domain (2 containing one reentrant corner.

can be written as:

a(6, ) = /Q ApAdr — /Q fidz = (F,0), Vo € H(Q). (2.18)

For a function ¢ € HZ(S), applying the Poincaré-type inequality [51] twice, it follows

a(¥,v) = |AY[* = [ [i2(0) = ClYlieq)-

Thus, for any f € H~%(Q2), we have by the Lax-Milgram Theorem that (2.18) admits a
unique weak solution ¢ € HZ(1).

The regularity of the solution ¢ depends on the given data f and the domain geometry
[2, 21]. In order to decouple Equation (2.1), we assume that the polygonal domain (2
consists of N vertices );, @ = 1,---, N, and the corresponding interior angles are w; €
(0,2m). The largest interior angle w = max;w; € [%,27) associated with the vertex Q. A
sketch of the domain is given in Figure 3. We set z;, j = 1,2,--- ,n the solutions of the
following characteristic equation corresponding to the the biharmonic problem (2.1) (see,
e.g., [51]),

sin?(zw) = 2? sin?(w),
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ag, ﬂo, 2,[30 in terms of the interior angle w ag - ,30 in terms of the interior angle w

%o

—_— ,‘30

5 —+—28,| 4

Figure 4: (a) ay, [y in terms of w; (b) ag — fy in terms of w.

then there exists a threshold

ap = min{Re(z), j=1,2,--- ,n} > (2.19)

57

such that when 0 < « < «, the biharmonic problem (2.1) holds the regularity estimate

[59, 12, 23]

||| H2ve ) < C| fll -2+

Sketches of the threshold o in terms of the interior angle w is shown in Figure 4a. In
Figure 4a, as a comparison we also show 3, = T, which is threshold of the characteristic
equation for the Poisson equation with homogeneous Dirichlet boundary condition in the
same polygonal domain. In Figure 4b, we show the difference oy — 3, in term of the
interior angle w, from which we find 5, + 1 > «y, when the largest interior angle w satisfies
2 <wp < w < 7 for some wy. In Table 1, we present some numerical values of a, and Syin

terms of different interior angles w.
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Table 1: Some numerical values of oy and [3, in terms of different interior angles w.

w gy ~ Bo ~ ap — fo =
/6 8.95500 6.00000 2.95500
/4 5.39100 4.00000 1.39100
/3 4.05933 3.00000 1.05933
w(< ) m/2 2.73959 2.00000 0.73959
m
21/3 2.09414 1.50000 0.59414
3n/4 1.88537 1.33333 0.55204
57/6 1.53386 1.20000 0.33386
11n/12 1.20063 1.09090 0.10973
107/9 0.81870 0.90000 -0.08130
77/6 0.75197 0.85714 -0.10517
6n/5 0.71779 0.83333 -0.11554
(> ) 5n/4 0.67358 0.80000 -0.12642
47/3 0.61573 0.75000 -0.13427
3n/2 0.54448 0.66667 -0.12219
8n/5 0.52171 0.62500 -0.10329
7m/4 0.50501 0.57143 -0.06642
For ag and (3,, we have the following result from [59, Theorem 7.1.1].
Lemma 2.6. If w € (0, 7), it follows that oy in (2.19) satisfies
Bo < ap < 2, (2.20)
and if w € (m, 27), it follows
1
5 < g < ﬁo, (221)
where y = .
By Lemma 2.6, when w < , it follows
1
- < @ < 1, (2.22)
2 (7))
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and when w > 7, it follows

— > 1 (2.23)

2.3 Decoupled Formulations of the Biharmonic Problem

2.3.1 The First Decoupled Formulation

It is known that solving high order problems numerically, such as Equation (2.1), is
much harder than solving lower order problem. Thus, we decouple Equation (2.1) into one
steady-state Stokes problem and one Poisson problem as our first decoupled formulation

to solve the biharmonic problem (2.1). We first introduce a steady-state Stokes problem

—Au+Vp=F inQ,
divu =0 in(, (2.24)

u=0 on 09,

where u = (uy, us) is the velocity field of an incompressible fluid motion, p is the associated

pressure, and the source term F = (f;, f,) satisfies

curl F := % — % =T, (2.25)
(9:5'1 al@

for f given in Equation (2.1).
The weak formulation of the Stokes equations (2.24) is to find u € [H}()]? and p €

L3(€2) such that
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(Vu, Vv) — (div v, p) =(F,v) Vv € [Hy(Q)]?
(2.26)
—(divu,q) =0 Vg € L§(9),

where

12(9) = {g € L(9). / 4 = 0.

For the bilinear forms in weak formulation (2.26), we have the following Ladyzhenskaya-

Babuska-Breezi (LBB) or inf-sup conditions,

—(di
R e ER )
a€LG() veat )2 IVIlE (@)211d
inf sup (Vu, Vv) > vy > 0,
uelHy (D) ve[Hl ()2 ||11||[H3(Q)}2||V||[H5(Q)}2
and the boundedness
(Vu, Vv) < Cillullima @IVl o
(2.28)

(div v, q) < Col[ vz @2 llall;
where 71, v, C1, Cy are constants.
Given that F € [H!(Q)]?, under conditions (2.27) and (2.28), the weak formulation
(2.26) admits unique solution (u,p) € [HL(Q)]? x Li(Q) (see, e.g. [62, 95, 47]). For

F € [H~'t%(Q)]?, the Stokes problem holds the regularity estimate [19, 51, 83],

||u||[H1+a(Q)]2 + ”pHHa(Q) < CHF”[H—1+0¢(Q)]2. (2.29)

Since no boundary data is enforced to Equation (2.25), so F obtained through Equation

(2.25) is not unique. Assume that Fy € [L?*(Q2)]? is a solution of Equation (2.25), then it
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follows that

F=Fy+Vq Vqe H(Q),

is also a solution of Equation (2.25) in [L*(©)]?, since for ¢ € H'({2), we have (curl V¢) = 0.
Now we provide a way to obtain the source term F of the Stokes equation (2.24).
Lemma 2.7. Assume that f € L*(Q).

(i) For any fixed xs, if f(&, x2) is integrable on [cy, x1] for some constant ¢, then

1 T
leo, / f<£,:c2>d§] (2.30)

satisfies Equation (2.25).

(i) Similarly, for any fixed x1, if f(x1,() is integrable on [cs, x| for some constant c,, then

X9 T
F— [— / flar, Q) 0} 2.31)

also satisfies Equation (2.25).

(iii) If both (&, z5) and f(z4,() are integrable, then for any constant n,

F = [—n / Y fen0de, (1— ) / h f(g,:@)dg} (2.32)

also satisfies Equation (2.25).

Lemma 2.8. Assume that F; € [L*(2)]?, | = 1,2 both satisfy Equation (2.25). Let (u;, p;) be
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solutions of Equation (2.24) or Equation (2.26) corresponding to F, then it follows that

w =uy, in [Hy () N [H Q)]
(2.33)

p1=ps+q, in Lg(Q) N H*(Q),

where q € L%(Q) N H(Q) satisfies Vq = F; — Fy.

Proof. We take F = F, — F, € [L?(Q)]?, then by Helmholtz decomposition [47], there exist
a stream-function ¢ and a potential-function ¢ € H'(f2) uniquely up to a constant such
that

F = Vq + curl ¢, (2.34)

and

(F—Vq¢)-n=(curl ) - n=0, inH 2(09). (2.35)

From Equation (2.35), we have

0 : :
8_1f =(curl ) -n=0 in H 2(09),

where 7 is the unit tangential vector on 052, thus we have

w=C, inH2(09), (2.36)

where () is a constant. Take curl on Equation (2.34), we have

— Aty = curl (curl o) = curl F = 0, (2.37)
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where the last equality is based on the fact that F, F, satisfy Equation (2.25). By the
Lax-Milgram Theorem, the Poisson problem (2.37) and (2.36) admits a unique solution

Y = Cy in H'(Q). Therefore, the decomposition (2.34) is equivalent to

F =Vq. (2.38)

Let u = u; — uy and p = p; — po, then (u, p) satisfies

—Au+V(p—q)=0 inQ,

diva=0 inQQ, (2.39)
=0 on 0.
By the regularity of the Stokes problem (2.39), the conclusion holds. O

Lemma 2.9. Assume that the source term F € [L?(Q2)]? of the Stokes problem (2.24) is any
vector function determined by f € L*(Q)) satisfying Equation (2.25), then Equation (2.24)

admits a unique solution u € [H'™*(Q)]? and satisfies

ullizgie@e < Cllfll2@)- (2.40)

Proof. Given f € L*(2), we can always find a vector function F € [L*(Q)]* following
Lemma 2.7 such that the corresponding Stokes problem (2.24) admits a unique solution

u € [H'*(Q)]? satisfying
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For any source term F also satisfying Lemma 2.7, it follows by Theorem 2.8 that the

conclusion holds. [

Remark 2.10. By Lemma 2.8, for given the biharmonic source term f, we can obtain a unique
u for the Stokes problem (2.24), but we have infinitely many ways to obtain F satisfying
Equation (2.25). For most of cases, we can solve for F exactly instead of solving Equation
(2.25) or some other equations. In the first decoupled method, we focus on the case that at
least one F can be obtained exactly (e.g., through (2.30), (2.31), or (2.32)).

To show the connection of the Stokes problem (2.24) with the biharmonic problem
(2.1), we introduce the following result from [48, Theorem 3.1].

Lemma 2.11. A function v € [H™(Q)]? for integer m > 0 satisfies

divv=0, (v-n,1)sn=0,

then there exists a stream function v € H™"(Q) uniquely up to an additive constant satisfy-
ing

v = curl 9.

Since u € [H}(Q))> N [H'*(2)]? and div u = 0, so we have by Lemma 2.11 that there

exists ¢ € H?(2) uniquely up to an additive constant satisfying

(ub UZ)T =u= Clll‘l é = (&xzv _ézl)Ta (242)



29

which further implies |Vé| € H'T%(Q), thus we have

¢ € H*™(Q).

Lemma 2.12. There exists a unique

¢ € HZ(Q) N H* Q).

satisfying Equation (2.42).

Proof. By calculation,

where 7 is the unit tangent to 0f2, thus it follows
¢ = constant, on 0.
Without loss of generality, we can take

¢ =0, ondQ.

From Equation (2.42), we also have

VQZE = (émly(ﬁmg)T = (_u27 Ul)T = 0, on 0.

(2.43)

(2.44)

(2.45)

(2.46)

Thus, the conclusion of Lemma (2.12) follows from Equations (2.45), (2.46) and (2.43).
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O]

Instead of solving for ¢ € H2(2) N H***(§)) from Equation (2.42) directly, we apply the

operator curl on Equation (2.42) to obtain the following Poisson problem

—Ap=curlu inQ, ¢=0 ond. (2.47)

The weak formulation of Equation (2.47) is to find ¢ € HZ (), such that

(Vo, Vi) = (curl u, ), V¢ € Hy(Q). (2.48)

Since (curl u) € L?*(Q), so we have by the Lax-Milgram Theorem that (2.48) admits a
unique solution ¢ € HZ ().

Lemma 2.13. The Poisson problem (2.47) admits a unique solution ¢ € HZ(Q) N H*+*(Q).
Proof. Since ¢ € HZ(Q) N H***(Q) C H() is a solution of Equation (2.42), so it is also
a solution of the Poisson problem (2.47). By the uniqueness of the solution of Equation

(2.47) in H}(Q), the conclusion holds. O

Lemma 2.14. The solution ¢ € HZ(Q)) N H* *(Q) obtained through (2.42) or the Poisson

problem (2.47) satisfies the biharmonic problem

A’p=curl F = f, inQ, 6=0 and Ond=0 on 0. (2.49)
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Proof. Following Equation (2.42), we replace u by curl ¢ in Equation (2.24) and obtain

~A(¢y,) +puy =f1, N (2.50a)

~A(=¢g,) + Py =f2, in (2.50b)

Applying differential operators —% and aixl to Equation (2.50a) and Equation (2.50Db),

respectively, and taking the summation lead to the conclusion. O

From Lemma 2.14, we find that ¢ in Equation (2.49) satisfies exactly the same problem

as ¢ in Equation (2.1) in the following sense,

¢=¢, in HF(Q)N H*T(Q). (2.51)

Therefore, we will use ¢ to replace the notation ¢. Thus the Poisson problem (2.47) is
equivalent to

—A¢p=curlu inQ, ¢=0 onf. (2.52)

The weak formulation (2.48) is equivalent to ¢ € H} () satisfying

(Vo, Vi) = (curl u,v), Vo € HY (). (2.53)

By the regularity of the Poisson problem (2.52) and Lemma 2.16, we have that

H¢||H2+a(ﬂ) < CHCUI’] uHHa(Q) < CHVHH[HQ(Q)]Q < CHuH[HHO‘(Q)]Q < CHfHLQ(Q)' (2.54)
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In summary, we can obtain the solution ¢ of the biharmonic problem (2.1) by solving

the lower order problems in the following steps,
(a) Choose an appropriate F based on Equations (2.30), (2.31), or (2.32);
(b) Solve u from the Stokes problem (2.24);
(c) Solve ¢ from the Poisson problem (2.52).

2.3.2 The Second Decoupled Formulation

In this section we split the Biharmonic equation (2.1) into two Poisson equations and
a steady state Stokes equation. In the first decoupled formulation we introduced a way
to find F based on Lemma 2.7 for a given function f € L*(Q). As a generalization to
first decoupled formulation we introduce the second decoupled formulation for a given
function f € H'(Q). To this end, first, we introduce the following Poisson equation for a

given f.

—Aw=f inQ, w=0 ondf. (2.55)

Next, we introduce

H(curl; Q) := {F € [L*(Q)]*: curl F € L*(Q)}.

Recall that we use the same Stokes equation (2.24) for the second decoupled formu-

lation and the source term F = (fy, fo)7 satisfies curl F = g—ﬁ — g—g = f, for f given

in Equation (2.1). Given that F € [H*(Q)]?, under conditions (2.27) and (2.28), the
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weak formulation (2.26) admits a unique solution (u,p) € [Hj(Q2)]* x L(Q2). Moreover, if
F € [H~'T*(Q)]?, the Stokes problem holds the regularity estimate (2.29).

Then we have the following results.
Lemma 2.15. For f € H (), assume that w is the solution of Equation (2.55), then it
follows that

F = curl w € H(curl; Q) C [L*(Q))? (2.56)

satisfies Equation (2.25) and

1Flliz2z < Cllflla—1)- (2.57)

Proof. The Poisson problem (2.55) admits a unique w € H{(f2), which satisfies

|| m1) < Cll flla-1(0)-

Note that ||curl w||z2(q)2 = |w|u1 (), SO we have

||cur1 U}H[LQ(Q)P < CHfHH—l(Q). (258)

We also have

curl F = curl (curl w) = —Aw = f.

Thus, (2.57) holds. In a polygonal domain €, if f € HY(Q) for I > —1, the regularity
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estimate [50, 51] for the Poisson problem (2.55) gives

[wl] gmines.2y ) < o), (2.59)

where o < 8 < fy = T with w being the largest interior angles of 2. So for F obtained
from (2.56), we have F € [H™™{8+1}(()))2,

]

The conclusion of the Lemma (2.8) still holds for the second decoupled formulation.
Lemma 2.16. Assume that the source term F € [L?(Q2)]? of the Stokes problem (2.24) is any
vector function determined by f € H~'(Q) satisfying (2.25), then (2.24) admits a unique

solution u € [H'™*(Q)]? and satisfies

[ullzr+e@ye < Cllflla-1@)- (2.60)

Proof. Given f € H~'(Q), we can always find a vector function Fy, € [L?(2)]? following
Lemma 2.15 such that the corresponding Stokes problem (2.24) admits a unique solution

ug € [H'T*(Q))? satisfying

HHOH[HH-Q(Q)]Q S CHFOH[H—l-m(Q)]Q S CHFOH[LQ(Q)P S CHfHH_l(Q) (261)

For any source term F also satisfying Equation (2.56), it follows by Theorem 2.8 that the

corresponding solution u = uy, so the conclusion holds. O

Since u € [H}(Q)]? N [H'™*(22)]? and div u = 0, so we have by Lemma 2.11 that there
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exists ¢ € H?(2) uniquely up to an additive constant satisfying (u;,us)” = u = curl ¢ =
(Guy, — 02, )T, which further implies by Lemma 2.12 there exists a unique ¢ € HZ2(2) N
H*(Q) satisfying u = curl ¢. Instead of solving for ¢ € HZ(Q)NH>***(Q) from u = curl ¢

directly, we apply the operator curl on u = curl ¢ to obtain the following Poisson problem

—Ap=curlu inQ, ¢=0 ond. (2.62)

The weak formulation of Equation (2.62) is to find ¢ € HZ (), such that

(Vo, V) = (curl u,), Vb € HY(Q). (2.63)

Since (curl u) € L?*(2), so we have by the Lax-Milgram Theorem that Equation (2.63)
admits a unique solution ¢ € H}(f2). From Lemma 2.13 the Poisson problem 2.62 admits
a unique solution ¢ € HZ(Q) N H*+*(9).

Now we justify that the solution obtained through the Poisson equations (2.55), (2.62)
and the Stokes equation (2.24) solve the biharmonic equation (2.1). Similar to the first
decoupled formulation, by the Lemma 2.14, the solution ¢ € HZ(Q2) N H*t*(Q)) obtained

through u = curl ¢ or the Poisson problem (2.62) satisfies the biharmonic problem

A’¢p=curl F = f, inQ, $=0 and Onp=0 onOf. (2.64)

where, F = [f, fo] = curl w = [w,,, —w,,].
As in the first decoupled formulation by the Lemma 2.14, we find that ¢ in Equation

(2.64) satisfies exactly the same problem as ¢ in Equation (2.1).
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By the regularity of the Poisson problem (2.52) and Lemma 2.16, we have that

||¢||H2+a(9) < C||cur1 uHHa(Q) < CHVUH[HQ(Q)]2 < C||u||[H1+a(Q)]2 < CHfHHA(Q). (2.65)

In summary, we can obtain the solution ¢ of the biharmonic problem (2.1) by solving

the lower order problems in the following steps,
(a) Choose an appropriate F by Lemma 2.15;
(b) Solve u from the Stokes problem (2.24);

(c) Solve ¢ from the Poisson problem (2.62).

2.4 Finite Element Algorithms

In this section, we propose a linear C° finite element method solving the biharmonic
problem (2.1) following the two decoupled formulations presented in the Sections 2.3.1
and 2.3.2.

Let 7, be a triangulation of 2 with shape-regular triangles and let P.(7,) be the C°

Lagrange finite element space associated with 7,

Pu(T,) = {veC%Q): v|p € P, VT € T,}, (2.66)

where P, is the space of polynomials of degree no more than k. Further, we introduce the
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following C° Lagrange finite element spaces associated with 7,

VE =Pu(T,) N H (),
(2.67)

Sy =Pr(To) N L§(9).

and the bubble function space

B2 :={v e C%N) : v|r € span{\ Xa)s}, VT € Ty},

where \;, © = 1,2, 3 are the barycentric coordinates on 7.

Based on the first decoupled formulation to solve biharmonic problem as in the Section
2.3.1 we have the following finite element algorithm to solve the biharmonic equation:
Algorithm 2.17. We define the finite element solution of the biharmonic problem (2.1) by

utilizing the decoupling in Equations (2.26) and (2.48) as follows.

» Step 1. For given f, we find an appropriate F satisfying Equation (2.25). For example,

we can choose an appropriate F based on Equations (2.30), (2.31), or (2.32).

* Step 2. For k = 1 we find the mini element approximation u,, X p, € [vl & B2]? of the

Stokes equation.

(Vu,, Vv) — (pp,divv) =(F,v) ¥v € [v} ® B,
(2.68)

—(divu,,q) =0 Vqe S

For k > 2, we find the Taylor-Hood element solution u,, x p,, € [v*]? x S¥~! of the Stokes
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equation

(Vu,, Vv) — (p,,divv) =(F,v) Vv e [Vf]{

(2.69)
—(divu,,q) =0 Vqe S
* Step 3. Find the finite element solution ¢,, € V.* of the Poisson equation
(Von, Vip) = (curl u,,v), Vi € V¥, (2.70)

Based on the second decoupled formulation to solve biharmonic problem as in the sec-
tion 2.3.2 we have the following finite element algorithm to solve the biharmonic equation:

Algorithm 2.18. For f € H~'(Q) and k > 1 we consider the following steps.

e Step 1. Find w, € V* of the Poisson equation.

(Vwn, Vi) = (f,0) VeV (2.71)

then set F,, = curlw,,.

* Step 2. For k = 1 we find the mini element approximation u,, X p, € [v} & B2]? of the

Stokes equation.

(Vu,, Vv) — (pp,divv) =(F,v) ¥v € [v] & B)?,
(2.72)

—(divu,,q) =0 Vqe S

For k > 2, we find the Taylor-Hood element solution u,, X p,, € [v*]? x S¥~! of the Stokes
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equation

(Vu,, Vv) — (pp,div v) =(F,v) Vv € [V
2.73)

—(divu,,q) =0 Vqe S

* Step 3. Find the finite element solution ¢,, € V.* of the Poisson equation

(Von, Vip) = (curl u,,v), Vi € V¥, (2.74)
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CHAPTER 3 ERROR ESTIMATE ON QUASI-UNIFORM MESHES

In this chapter, we propose a linear C° finite element method solving the biharmonic
problem (2.1) following the finite element Algorithms 2.17 and 2.18. The finite element
approximations for the Poisson problems in both Algorithms 2.17 and 2.18 are well defined
by the Lax-Milgram Theorem. We take the Mini element method [8] and the Taylor-Hood
element method [28, 97] for solving the Stokes problem, other methods could also be
used. The Mini element approximations or the Taylor-Hood element approximations are
well defined, if i) the bilinear forms in Mini element method satisfy the following LBB

condition,

—(di
inf sup M >3 >0, (3.1a)
9€S} ve[V1ieB3]2 ||VH[H5(Q)]2||QH
Vu,V
inf sup (Vu, Vv) > 9 > 0, (3.1b)

uelVieB32 yevians)? [l @ 1V Il @)p

and these in Taylor-Hood method satisfies the following LBB condition,

—(div
inf  sup w > >0, (3.2a)
q€SE ! ve[Vk)2 HVH[Hg(Q)]?HQH
inf  sup (Va, Vv) > 9 >0, (3.2b)

welVE2 vervip lallim @ Vil o

where 41,9, are some constants; ii) the bilinear forms are bounded.

Remark 3.1. Algorithm 2.18 is similar to method in [29, 30, 46] for fourth order problems
in smooth domains or convex polygonal domains. Error estimates were derived in [30] for
P, element approximations in a convex polygonal domain by assuming that the solutions are

smooth enough. In [46], error estimates were given for P, element approximations based on
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the regularity assumption |Vu|, |F|,p,|V¢| € H*(Q) for —1 < s < 0. In this chapter, we
carry out the error analysis of Algorithms 2.17 and 2.18 for biharmonic problem (2.1) in
convex polygonal domain for P, polynomials based on the regularity estimates obtained in

Chapter 2.

3.1 Error Estimates Results for Algorithm 2.17
Suppose that the mesh 7, consists of quasi-uniform triangles with size h. The interpo-

lation error estimate on 7, (see e.g., [37]) forany v € H7({2), 0 > 1,
”U — UIHHT(Q) S ChU_T””UHHa(Q), (33)

where 7 = 0,1 and v; € V¥ represents the nodal interpolation of v.

Corollary 3.2. Let (u,p) be the solution of the Stokes problem (2.26), and (u,,p,) be the
Taylor-Hood element solution (k > 2) in Algorithm 2.17 satisfying the LBB condition (3.2),
then it follows

u =, [ + P —pall < C (Vgﬁfk L= vl @p + qei;,if,l Ip — QH) :

]

For Mini element approximations to the Stokes problem, we have the following error
bounds.
Lemma 3.3. Let (u,p) be the solution of the Stokes problem (2.26), and (u,, p,) be the Mini

element solution (k = 1) in Algorithm 2.17 satisfying the LBB condition (3.1), then it follows

u =l + P —pull < C (vei&fﬂg llo =Vl @y + inf, ip - QH> :
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To make the analysis simple and clear, we we assume that f € H™@{e0.h}=1(Q)NL2(Q),
where o given in Equation (2.19), and 3, = .

For f € Hma{a0.fl=1(Q)NL2(Q), if F is given by Lemma 2.7, we have u € [H'**(Q)]%,p €
H*(Q)). Note that the bilinear forms in the Mini element method (k = 1) or Taylor-Hood
element method (£ > 2) satisfying the LBB condition (3.1) or (3.2) on quasi-uniform
meshes [8, 28, 97], then the standard arguments for error estimate (see e.g., [48, 90, 24])
give the following error estimate.

Lemma 3.4. Let (u, p) be the solution of the Stokes problem (2.26), and (u,, p,,) be the Mini
element solution (k = 1) or Taylor-Hood element solution (k > 2) in Algorithm 2.17 on

quasi-uniform meshes, then it follows

Hu — unH[}p(Q)]z + Hp — an S Ohmin{k,a}, (343)
||Ll . unH[Lz(Q)]z < thmin{k+1,a+1,2a}’ (34b)
||Ll . unH[H*l(Q)]? S Chmin{2k7k+2,k+a,a+2,2a}. (34C)

If the largest interior angle w < m, it follows min{a + 1,2a} = a + 1, and if w > 7, we
have min{a + 1, 2a} = 2a.
Theorem 3.5. [68] Let ¢, € V be the solution of finite element solution of (2.70) from

Algorithm 2.17, and ¢ is the solution of the biharmonic problem (2.1), then we have

|6 — dnllar o) < Cpmin{katl 2o}, (3.5)
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Proof. Subtracting Equation (2.70) from Equation (2.53) gives

(v(¢ - ¢n)7 V¢) = (Curl (11 - un)v ¢)a V¢ € Vf

Denote by ¢; € V* the nodal interpolation of ¢. Set ¢ = ¢; — ¢, e = ¢y — ¢,, and take ¥ = e,

then we have

(Ve,Ve) = (Ve, Ve) + (curl (u —u,),e) = (Ve, Ve) + (u — u,, curl ),

which gives

el <llella@llella @) + [u = w2 @ lleurl ef 2y

(3.6)
<C(llell e + lla = wallizz ) lell @)
By the triangle inequality, we have
16 = Gullim @) <llelm@ + llellm@ < C (lelm @ + [ln =l z2@y2) (3.7)
Recall that ¢ € H***(Q), so it follows
HEHHl(Q) S Chmin{k,H»a}?
which together with Equation (3.4) leads to the conclusion. O]

Theorem 3.6. [68] Let ¢, be the solution of finite element solution of Equation (2.70) from
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Algorithm 2.17, and ¢ be the solution of the biharmonic problem (2.1), then we have

I — | < Crminthtlot2ad, (3.8)

Proof. Consider the Poisson problem

—Av=¢—¢,in ), v =20onoN. (3.9

Then we have

16 — dull> = (V(¢ — ¢n), V). (3.10)

By Subtracting Equation (2.70) from Equation (2.53), it follows

(V(¢ - ¢n)7 Vw) = (Curl (11 - un): w)a V¢ € Vf (311)

Set ¢ = v; € V¥ the nodal interpolation of v and subtract Equation (3.11) from Equation

(3.10), we have

16— @l =(V(¢ — bn), V(v — vr)) + (curl (u —u,),vp),
—(V(6 — ), V(v —v1)) + (curl (u—u,),v; — v) + (curl (u — uy), v),
—(V(6 — ), V(v —v1)) + (1 — 1, cur] (v — v)) + (u — u,, curd v),
<ll¢ = dullm@llv — villm @) + [0 = wallr2@pzllv — villm©)

+ ||u — un||[H—min{Lm,1}(Q)P||C111‘1 /UHHmin{\_,BJ,l}(Q),

where || represents the floor function. The regularity result [50, 51] of the Poisson prob-
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lem (3.41) gives

||U||Hmin{1+/3»2}(§z) < Cll¢ — ¢nl

Hmin{ﬁ—l,O}(Q) S C||¢ - ¢n||, (3.12)

where 8 < T. From Equation (3.3), we have

||U — UIHHl(Q) S Ch/min{BJ}||/U”Hmin{1+[3,2}(Q).

Then, we have the following result by Equation (3.4). Since 3 < T, so if w > 7 we have
|#] =0, and

||11 — un|| H—min{|8],1} ()12 = Hu — unH[L2(Q)P S ChQa. (313)
[ Q)]

and if w < 7, we have |3] = 1, and

= - i1y (e S ChmnERRF 2@t 220) (3.14)

For w € (0,27) \ {n}, Equations (3.13) and (3.14) imply that

||11 . unH[H* min{181,1) (]2 S Chmin{Qk,k+2,k+a7oz+2,2a}. (315)

Thus, we have by Equations (3.5), (3.4), and (3.15),

H¢ . (anQ SChmin{k+l,a+2,k+ﬂ,Qa+B}||U ) + Chmin{Zk,k+2,k+a,a+2,2a}H,U

||Hmin{1+[j,2}(ﬂ ||Hmin{1+6,2}(Q)

<O pmin{k+la+2,2a0} H’UHHmin{lJrﬁ»Q}(Q)'

(3.16)
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By Equations (3.12) and (3.16), the estimate (3.8) holds. O

Remark 3.7. The error estimate Theorems 3.5, and 3.6 show that Algorithm 2.17 produces
numerical solutions that converge to the solution of the biharmonic problem (2.1) no matter
the polygonal domain is convex or non-convex. We note that if the domain is non-convex, the

convergence rate on quasi-uniform meshes is suboptimal.

3.2 Error Estimates Results for Algorithm 2.18

In this section we present the error estimate results for Algorithm 2.18 which involve
two Poisson equations and a steady state Stokes equation. If F is given by Lemma 2.15,
then for the Poisson equation (2.55) in a polygonal domain with f € H™>{e0f}-1(Q) N
L?(Q), the regularity estimate gives v € H'?(Q) for § < f, = = (see e.g., [50, 511, it
implies that

F =curl w € [H?(Q)]> ¢ [H*(Q)]? N [H’(Q)],

where a < aq. Therefore, we also have u € [H*T(Q)]?N[HP2(Q)]%, p € HY(Q)NHP(Q),
and ¢ € H"2(Q) N HP+3(Q). For the finite element approximations w,, in Equation (2.71),

the standard error estimate [37] yields

”w . wn”Hl(Q) < Ohmin{k’ﬁ}, ||w _ wn” < Ohmin{k—i—l,ﬂ—&-lﬂﬂ}’ (317)

which implies that

HF - FnH[L2(Q)]2 :chrl w — curl wnH[LQ(Q)P < Hw — wn”Hl(Q) S C’hmin{kﬁ}’ ( )
3.18

IF — Foull -1 02 =leurl w — curl w,||jg-1q)2 < Cllw — w, || < Chm»FHLATL2
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For F,, in Algorithm 2.18, we further have the following result.
Lemma 3.8. [68] IfF,, is given by F,, = curl w,, in Step 1 of Algorithm 2.18, and F = curl w

is given in Equation (2.56), then it follows

(F—F, curl ) =0, Vi e V> (3.19)

Proof. Subtract Equation (2.71) from the weak formulation of Equation (2.55), then we

have the Galerkin orthogonality,

(V(w —wa), Vi) = (0 — W)y Yy + (0 — wa)pytls, =0, Vo € VI, (3.20)

which implies that

(F —F,, curl ) = (curl (w—w,),curl ¢) = (w — wy,)e, s, + (0 — W), by, = 0. (3.21)

]

Next, we consider the error estimates of Taylor-Hood element approximations. Subtract

Equation (2.73) from Equation (2.26), we have the following equality,

(V(u—u,),Vv) — (divv,p —p,) =(F —F,,v) ¥v e[V (3.22a)

—(div (u — u,),q) =0 Vg e S* 1. (3.22b)
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We introduce the adjoint problem of the the Stokes equations (2.24),

—Ar+ Vs =g in (),
divr =0 in €, (3.23)

r =0 on 012,

where g € [H}(Q2)]? for some [ = 0, 1. Here, the notation HJ(2) := H°(Q) = L*(2). The

weak formulation of Equation (3.23) is to find r € [H}(Q)]? and s € L3(€2) such that

(Vr,Vv) — (divv,s) =(g,v) Vv e [H;(Q)]?

(3.24)
—(divr,q) =0 Vq e L3(Q).
We have the following regularity result,
Hr”[H1+min{a,l+l}(g)}2 + ||SHHmin{a,l+1}(Q) < CHgH[Hmin{a,z+1}—1(9)]2 < C’HgH[Hz(Q)]z, (3.25)

where o < ay.
Note that r € [H!*mM{e+1}(())]2 satisfying Equations (3.25) and (3.23), we have by

Lemma 2.11 that there exists ¢ € H2+min{e+1(Q) N HL(Q) such that

r = curl . (3.26)

We also have that Hw”H2+min{a,l+l}(Q) < CHI‘H[H1+min{oc,l+1}(ﬂ)}2-
Next, we present error bounds of finite element approximation to the Stokes equation.

In particular prove the error bound of the Taylor-Hood approximations to the Stokes prob-
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lem, the error bound of the the Mini element approximations can be proved similarly. First,

we introduce the following operators.

B=—div : [H(Q] - (LAQ) = LA(Q), (Bv.q) = —(div v,q).
(3.27)

B =V : L}(Q) = [H Q) (v,Bq)=—(divv,q).
We denote B, : [V¥]> — (Sk=1) be the discrete counterpart of the operator B and it satisfies
(Buv,q) = (Bv,q) = —(divv.q), V(v.q) € [V;] x 55"
The nullspace of B, is given by

ker(B,) = {v € [V}]? | Vg € S¥!, (div v, q) = 0}. (3.28)

Lemma 3.9. [68] Let (u, p) be the solution of the Stokes problem (2.26), and (u,, p,) be the
Taylor-Hood element solution (k > 2) of Equation (2.73) satisfying the LBB condition (3.2),

then it follows

[lu—w, [ @ +lp=pall < C (vel[ré,f,f}Q a = vl @p + qg;{,if,l Ip —qll + [|F — Fn||[H1(ﬂ>12) :

Proof. By the LBB condition (3.2a), we have that the operator B, is surjective. Thus, for

given v € [V¥]?, there exists v € [V,*]? such that

B.v = B,(u, — V) (3.29)
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and

- —(div (u,, — v), —(div (u — v),
NVl e < sup (div ( ).9) = sup (div ( ).9) < Chlu = vl @2,
qesy gl qeskt 4]l
(3.30)
where we have used Equation (3.22b).
Set w = v + v € [V*]?, then it follows by Equation (3.29),
B,(a, —w)=B,(u,—v—-v) =0,
which implies that u,, — w € ker(B,).
By Equation (3.2b), we have
. Vu, —w),V(u, —w V(u, —w),Vw
Sallttn — Wil S( ( ), V( ) < swp (V( n ), VW)
an — Wl (g @) weker(Bn) Wl )2
= sup (V(un — u)? V‘X’) + (V(u B W)> V\Xf)
Weker(Bn) W[z ()2
— swp —(divw,p —p,) — (F—F,,w) + (V(u—w),Vw)
weker(By) Wl 71 (2
—(divw,p — p, V(iua—w), Vw —(F —F,,w
oy €W £ (VW) VW) (P FyW)
weker(Br) HWH[Hl(Q)P weker(Bn) HW”[Hl(Q)P

where we have used Equation (3.22a). For any ¢ € S*~!, we have by Equation (3.28) with
w € ker(B,),

—(div w,p, —q) = 0.
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Therefore, it follows

~ —diV\X/,p—q — F_Fmv}, + VU—W,VVNV
Yollun — Wiz apz < sup ( ) —{ - )+ (V( ) )
weker(Br,) HWH[HI(Q)]Q (331)

<Cillp = ql| + Callu = w1y + |F = Faollg-12,

Note that using triangle inequality and Equation (3.30) yields

- C
Hu_WH[Hl(Q)}Z < Hu—vﬂ[Hl(Q)]z + HVH[HI(Q)]Q < (1—{—5/—11) Hu—vﬂ[Hl(Q)]z. (3.32)
Thus, we have by the triangle inequality and Equation (3.32)

CQ Oz 1
o = wa [ eyp < (1 + ~—) o = wllm @y + =llp = all + =IIF = Fullp o2
2 2 2 (3.33)

Cy 1
<Csllu=v|m@pe + =Ip—dl + =IIF = Fullzr-1 ()2
Y2 72

where (5 = (1 + %) (1 + %)

Next, we need to obtain the estimate for ||p — p,||. From Equation (3.22a), we have
—(diV v,q — pn) = —(V(u - un)7 VV) + <F - FmV) - (dIV v,q — p)

By the LBB condition (3.2a) and the boundedness of the bilinear forms, we have

Yllg = pull < Collu — wp ||z + |[F = Follig-1@p2 + Cillp — ql|-
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Thus, we have

C Co 1
lp = pall < (1 + ~—1> lp = all + = llu = wallproyz + —IF = Falgr@p. 334
gt g T

The conclusion follows from Equations (3.33) and (3.34). O
If F,, is the L? projection of F, i.e., (F — F,,v) = 0 for Vv € [V*]?, then Equation (3.22)
becomes the Galerkin orthogonality of a general Taylor-Hood method, and the result in
Lemma 3.9 degenerates to the well known estimate bound in [26].
For Mini element approximations to the Stokes problem, we have the following error
bounds.
Lemma 3.10. Let (u,p) be the solution of the Stokes problem (2.26), and (u,,p,) be the
Mini element solution (k = 1) in Algorithm 2.18 satisfying the LBB condition (3.1), then it
follows

[a =l + P —pall < C (Vei[%P o= vl @y + ind llp = gl + [IF - FnH[H—1<ﬂ>12) :

Lemma 3.11. [68] Let (u,p) be the solution of the Stokes problem (2.26), and (u,, p,) be
the Mini element solution (k = 1) or Taylor-Hood element solution (k > 2) in Algorithm 2.18

on quasi-uniform meshes, then it follows the error estimates

0 — |l + [P — pal| < Ch™nRAT (3.35a)
0 — |2y < Ch™nkFLaTLAT220) (3.35b)

||u i unH[H*l(Q)P < Ohmin{2k,k+2,k+ﬁ,a+2,ﬁ+3,2a}. (335C)
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Proof. We will only present the proof of error estimates of the Taylor-Hood element approx-

imations, the error estimates of the Mini element approximations can be proved similarly.

By Lemma 3.9, we have

lu = wn [ @2 + [P — pull <C (vé&%p a = vl @ + qeléfsf—l Ip —qll + ||F - Fn||[H1<Q>P)

chhmin{k,a,ﬁ—f—l} + Chmin{k—l—l,ﬂ—i—lﬁﬂ} < Crhmin{k,a,ﬁ—&-l}.

We take v =u — u,, ¢ = p — p, in Equation (3.24), then we have

ga u—u,
Hu - unH[H—l(Q)P = sup Q,
getriy 18l ez

where [ = 0, 1. Let (r,, s,,) be the Taylor-Hood solution of Equation (3.23), then it follows

(g,u—u,) =(Vr,Vu) — (Vr,, Vu,) — (div u, s) + (div u,, s,) = (V(u —u,),V(r — r,))
+ (divr —r,,p—p,) — (div (u —u,),s — s,) + (F — F,,r,)

=1+ Ty + 15 + Ty

For r,, and s,, we have the following estimate

(3.36)
< C’hmin{k’a’”l}(HrH[Hmin{kﬂ,aﬂ,uz}(g)]z + ||S||Hmin{k,a,l+l}(9)).
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We have the following estimate for each term.

Ty

<Ju — Wt = Talpm e < CRMPBOSE BT I | e o2

:Chmln{2k,k+l+17k+a,a+l+1,k+ﬁ+l,a+/5+1,6+l+2,2a} Hr H (1 min (ka1 ()2

|T2| < ”p _ anlr _ rnl[Hl(Q)]2 < Chmin{2k7k+l+17k+a7a+l+17k+ﬁ+17a+ﬁ+1”3+l+2’2a}HI'H[H1+min{k,a,l+1}(ﬂ)}2.

|T3| < |u . un|[H1(Q)]2|”S . SnH < Chmin{2k’k+l+1’k+a’a+l+1"k+6+1’a+5+1’6+l+2’2a}”S||Hmin{k,a,l+1}(9).

For T, we have

T4 = <F — Fn,I‘n — I‘> + <F — Fn,I'> = T41 —|—T42.

|T41| SHF — FnH[H—l(Q)P”r — rnH[Hl(Q)P < Ohmin{k'i'lﬁ-*'l72,6’}+min{kvo"l+1}||I‘||[H1+min{a,l+1}(9)]2

:Ohmln{2k+1,k+z+2,k+ﬁ+1,5+l+2,a+5+1,25+a} ||r H [H1+min{a.l+1} (Q)]2-

By Equation (3.26) and Lemma 3.8, we have

| Tho| =(F — F,, curl ¢)| = [(F = F,, curl (¢ — ¢r))| < [|[F — Fyl[2@pelleurl (v — 1)z )2
S”F B FnH[L2(Q)]2 Hw B ¢IHH1(Q) < Chmin{k’ﬂ}+min{k’a+l’l+2}HI’H[HHmin{a,lJrl}(Q)]z

< O pymin{2k.k+H+2,k+8,8++2,0+4+1} I (T minga. 1) ()]

where v, is the nodal interpolation of . It can be verified that

|T4| S |T41| + |T42| S Chmin{2k’k+l+2’k+6’ﬁ+l+2’a+’8+1’a+25}||I‘||[H1+min{a,l+1}(Q)]2.

By the regularity in Equation (3.25) and the summation of estimates |7;|, : = 1,--- ,4,
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the error estimate ||u — w, {512 holds.

]

Theorem 3.12. [68] Let ¢,, € V¥ be the solution of finite element solution of (2.74) from

Algorithm 2.18, and ¢ is the solution of the biharmonic problem (2.1), then we have

H(b _ ¢n”H1(9) < Chmin{k,,8+2,a+1,2a}. (337)

Proof. Subtracting Equation (2.74) from Equation (2.53) gives

(V(¢ - ¢n>7 Vw) = (Curl (u - un)> w)a V1/1 € V:

Denote by ¢; € V¥ the nodal interpolation of ¢. Set € = ¢; — ¢, e = ¢; — ¢, and take ¢ = e,

then we have

(Ve,Ve) = (Ve, Ve) + (curl (u —u,),e) = (Ve, Ve) + (u — u,, curl ¢),

which gives

el ) <llella@llella @) + [u = w2 @ lleurl ef 2oy
(3.38)

<C(|lell zr ) + la = an|lizz2@)2) el z1 @)

By the triangle inequality, we have

16 — dnllm) <llellm@) + llellme) < C (llellm@) + [lu — wallz2@)2) (3.39)
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Recall that ¢ € H***(Q), so it follows

ell 1) < C prindkltal

which together with Equation (3.11) leads to the conclusion. O

Theorem 3.13. [68] Let ¢,, be the solution of finite element solution of Equation (2.74) from

Algorithm 2.18, and ¢ be the solution of the biharmonic problem (2.1), then we have

| — bl < CRmIn{EFLF2,543.20} (3.40)

Proof. Consider the Poisson problem

—Av=¢—¢,in ), v=0ono. (3.41)

Then we have

16— dull> = (V(6 — ¢p), V). (3.42)

By Subtracting Equation (2.74) from Equation (2.53), it follows

(v(¢ - ¢n)7 V¢) = (Curl (11 - un)v ¢)a Vw € Vf (343)

Set ¢ = v; € V¥ the nodal interpolation of v and subtract Equation (3.43) from Equation
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(3.41), we have

16 = 6ull* =(V(6 = 6n), V(v — v1)) + (curl (u = u,), vr),
=(V(¢ — ¢n), V(v —v7)) + (curl (u —u,),vr — v) + (curl (u—u,),v),
=(V(¢ — ¢n), V(v —v1)) + (0 — u,, curl (v; —v)) + (U — uy, curl v),
<l[é = eallmn@llv = vrllm@) + [0 = wall 2@z llv = vl @)

+ ||1l — unH[H—min{l_ﬁj,l}(Q)P||curl /U“Hmin{L,BJ,l}(Q),

where |- | represents the floor function. The regularity result [50, 51] of the Poisson prob-

lem (3.41) gives

[v][ mintir8.23 () < Cll@ = dnll pmints-1.0y @) < Cll¢ — nll-, (3.44)

where [ < Z. From Equation (3.3), we have

”U — U[HHl(Q) S Chmin{ﬂ’l}H’UHHmin{lJrﬁa}(Q).

Then, we have the following result by Equation (3.4). Since § < Z,s0 if w > 7 we have
15| =0, and

Hu — unH[H—min{LBJ,l}(Q)}Q = Hu - unH[LZ(Q)]Q S ChQa. (345)

and if w < 7, we have | 3] =1, and

||u . unH[H— min{L81,1) ()2 < Chmin{2k,k+2,k+a,a+2,2a}_ (346)
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For w € (0,2m) \ {r}, (3.45) and (3.46) imply that

10— W[ gy im0,y gz < ORI Feot2.20), (3.47)

Then we have

||¢ _ ¢n||2 SChmm{k+1’a+2’6+3’k+6’2a+5}’|U||Hmin{1+ﬁ,2}(g)

L CRmInER A2 0k 2, B3, B41,20) | | (3.48)

Hmin{1+3,2} (Q)

<O pmin{kt1la+2,5+3,2a} HvHHmin{1+6,2}(Q)-

By (3.44) and (3.48), the estimate (3.40) holds. O
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CHAPTER 4 ERROR ESTIMATE ON GRADED MESHES
In this chapter, we shall introduce the weighted Sobolev space K'(G) and provide
preliminary results in order to carry out analysis on graded meshes. On details of weighted
Sobolev spaces used here, we refer readers to [13, 58, 64]. Then we use the graded mesh
algorithm to improve the convergence rates. To this end, we start with the regularity in

weighted Sobolev space.

4.1 Regularity in Weighted Sobolev Space

4.1.1 Weighted Sobolev Space
Recall that );, i« = 1,---, N are the vertices of domain 2. Let r; = r;(z,Q;) be the

distance from x to (); and let

p(z) = icienri(z, Q;). 4.1)

Leta = (ai, -+ ,a;, -+ ,ay) be a vector with ith component associated with @);. We denote

t+a=(t+ay,- - ,t+ay), sowe have

p(2) ) = T (2, Q) = Thcianr (2, Qi) h<icnr® (2, Q) = p(x)'p(x).

Then, we introduce the Kondratiev-type weighted Sobolev spaces for the analysis of the
Stokes problem (2.26) and the Poisson problem (2.52).

Definition 4.1. (Weighted Sobolev spaces) For a € R, m > 0, and G C (), we define the
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weighted Sobolev space
K2(G) == {o] p¥1 20”0 € L*(G), ¥ [v] < m},

where the multi-index v = (v1,1v2) € 7, |v| = v1 + 1y, and 0 = 971 0i?. The KJ(G) norm

for v is defined by

Z // \p‘”‘_aaav\2dxdy)%.
G

ol = (
lv|<m

Remark 4.2. According to Definition 4.1, in the region that is away from the corners, the

weighted space K is equivalent to the Sobolev space H™. In the neighborhood of @), the

space K'(B;) is the equivalent to the Kondratiev space [42, 50, 58],
K (B;) = {v] 1" 0% € L*(B,),¥ |v| < m},

where B; C () represents the neighborhood of Q; satisfying B; N B; = () for i # j.
4.1.2 Regularity Results

Let of the solution of Equation (2.19) with w being replaced by the interior angle w;
at ;. We denote the vector ary = (o, -+ , ), -+ ,alY). By Lemma 2.15, for f € H (),

there exists F € [K2_,(Q)]* with a; < min;{a{} satisfying Equation (2.25) and

1F (ko < Cllfla-10)- (4.2)
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If f e KMAHQ)NHYQ) withm > 1and 0 < a < ay, then we can find F € [KI'(Q)]?
satisfying Equation (2.25) and

IF[pem-r e < Cllfller2@)- (4.3)

1

For the Stokes problem (2.24), we have the following regularity estimate in weighted
Sobolev space [19].
Lemma 4.3. Let (u,p) € [H}(Q)]* x L3(Q) be the solution of the Stokes problem (2.24). For

m>1and 0 < a < ay, if F € [KI7(Q)]? then it follows

[ullpemsr oz + [IPllep @) < ClF|em-1q)2- (4.4)
a+1 a—1

We then have the following result.
Lemma 4.4. Given f € K" 2(Q)NHYQ) for 0 <a < apand m > 1, let ¢ € HZ(Q) be the

solution of the Poisson problem (2.52), then it follows

10llxcmsz0) < Cllfler2(0)- (4.5)

Proof. By Lemma 4.3, we have u € [KZ1' ()2 N [H}(Q)]%, thus we have (curl u) € K7'(9)
and

leurl ullicg o) < ClIVullg@p < Cllullr op < ClIFllmqpe: (4.6)
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By the regularity estimate [50, 64] for the Poisson problem (2.52), we have

1@l () < lleurl ullcp o). 4.7)

The conclusion holds by combining Equations (4.3), (4.6) and (4.7). O

4.2 Graded Meshes

We now present the construction of graded meshes to improve the convergence rate of
the numerical approximation from Algorithm 2.17.
Algorithm 4.5. (Graded refinements) Let T be a triangulation of §2 with shape-regular trian-
gles. Recall that Q);, i = 1,--- , N are the vertices of (). Let AB be an edge in the triangulation
T with A and B as the endpoints. Then, in a graded refinement, a new node D on AB is

produced according to the following conditions:
1. (Neither A or B coincides with );.) We choose D as the midpoint (|AD| = |BD)|).

2. (A coincides with ();.) We choose r such that |AD| = kq,|AB|, where kg, € (0,0.5) is a

parameter that will be specified later. See Figure 5 for example.

Then, the graded refinement, denoted by (T ), proceeds as follows. For each triangle T € T, a
new node is generated on each edge of T as described above. Then, T is decomposed into four
small triangles by connecting these new nodes (Figure 6). Given an initial mesh T, satisfying
the condition above, the associated family of graded meshes {7T,, n > 0} is defined recursively
Tot1 = £(Tn)-

Given a grading parameter x,, Algorithm 4.5 produces smaller elements near (); for

better approximation of singular solution. It is an explicit construction of graded meshes
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A D B A D B

Figure 5: The new node on an edge AB. (left): A # @, and B # Q; (midpoint); (right)
A= Qz (|AD| = I{Qi|AB|, KQ, < 05)

) Zo
Zo1 L02
T o) Ty T12 T2
) Zo
Zo1 02 To1 L02
€1 T12 X o Z12 X2

Figure 6: Refinement of a triangle Azqx z,. First row: (left — right): the initial triangle
and the midpoint refinement; second row: two consecutive graded refinements toward

Ty = Qi; (/iQi < 05)
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based on recursive refinements. See also [5, 13, 64, 66] and references therein for more
discussions on the graded mesh.

Note that after n refinements, the number of triangles in the mesh 7,, is O(4"), so we
denote the “mesh size" of 7,, by

h=2"" (4.8)

In Algorithm 4.5, we choose the parameter ¢, for each vertex (); as follows. Recall that
and o}, is the solution of (2.19) with w being replaced by the interior angle w; at @;. Given

the degree of polynomials % in Algorithm 2.17, we choose

_6 1
RQ, = 2 @ (S 5) s (4.9)
where a; > 0 and 6 could be any possible constants satisfying

a; < 6 < min{k, m}. (4.10)

1
2

In (4.10), if we take a; = 0, the grading parameter x¢, =
4.3 Interpolation Error Estimates on Graded Meshes

Lemma 4.6. Let T(o) € 7T be an initial triangle of the triangulation 7, in Algorithm 4.5
with grading parameters k), given by Equation (4.9). For m > 1,k > 1, we denote v; € V!

(resp. qr € SE~1) the nodal interpolation of v € K211 () (resp. q € K7(2)). If T,y does not

contain any vertices ;, i = 1,--- , N, then

o = villa(z,y) < CR™ME™ g — il g2y, ) < CR™ET,



Figure 7: Mesh layers (left — right): the initial triangle 7{o) with a vertex Q;; two layers
after one refinement; three layers after two refinements.

where h = 27".
Proof. If Tj) does not contain any vertices @; of the domain 2, we have v € K2} (Q) C

H™(T|,)) (see Remark 4.2) and the mesh on 7|y is quasi-uniform (Algorithm 4.5) with

size O(27"). Therefore, based on the standard interpolation error estimate, we have

v — vz, < C’hmin{k’m}||U||Hm+1(T<O))~ (4.11)
Note that ¢ € K'(Q2) € H™(2), we can similar obtain the estimate for ||¢g — ¢;||. O
We now study the interpolation error in the neighborhood @Q);, i = 1,--- , N. In the rest

of this subsection, we assume 7{o) € 7y is an initial triangle such that the ith vertex @); is a
vertex of 7{g). We first define mesh layers on 7\, which are collections of triangles in 7,,.
Definition 4.7. (Mesh layers) Let T\yy C T\o) be the triangle in T, 0 < t < n, that is attached
to the singular vertex @Q; of T(g). For 0 <t < n, we define the tth mesh layer of T,, on T{g to
be the region L, := T(;) \ T(s11); and for t = n, the nth layer is L,, := 1{y). See Figure 7 for
example.

Remark 4.8. The triangles in T, constitute n mesh layers on T(y. According to Algorithm 4.5

and the choice of grading parameters k¢, given by Equation (4.9), the mesh size in the tth
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layer L; is

Oy 217, (4.12)

Meanwhile, the weight function p in Equation (4.1) satisfies
p= O(thi) inL; (0<t<n) and p < Crkp, in Ly. (4.13)

Although the mesh size varies in different layers, the triangles in 7,, are shape regular.
In addition, using the local Cartesian coordinates such that () is the origin, the mapping
B[ ") g<icn (4.14)
0 g
is a bijection between L, and L, for 0 < ¢ < n and a bijection between L,, and T\,,. We call
Ly (resp. T(o)) the reference region associated to L; for 0 < ¢ < n (resp. L,).

With the mapping (4.14), we have that for any point (z,y) € L;, 0 < t < n, the image
point (z,y) := By(z,y) is in its reference region. We introduce the following dilation result.
Lemma 4.9. For 0 < t < n, given a function v(z,y) € K\ (L), the function (%, ) := v(x,y)
belongs to K\ (L), where (&,9) := By(z,y), L = Ly for 0 < t < n, and L = Tio) for t = n.
Then, it follows

AN/ A A t(a—1
10 )l 2y = wio v, y) ez

Proof. The proof can be found in [67, Lemma 4.5]. ]

We then derive the interpolation error estimate in each layer.

Lemma 4.10. For k > 1,m > 1, set kg, in Equation (4.9) with 0 satisfying (4.10) for the
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graded mesh on T(g. Let h := 27", then in the tth layer L, on T(o), 0 <t < n,

() if v € V¥ be the nodal interpolation of v € K111 (), it follows
|U — U[’Hl(Lt) < CheHUHICZfl(Lt); (415)

(ii) if q; € V¥~1 be the nodal interpolation of ¢ € K™(), it follows

lg = arllzzczy < CRllallicm (oy- (4.16)

Proof. For L, associated with Q;, 0 < t < n, the space K't{(L;) (resp. K2'(L;)) is equiva-
lent to H™(L,) (resp. H™(L;)). Therefore, v (resp. ¢) is a continuous function in L;. For
any point (z,y) € Ly, let (2,9) = By(z,y) € Ly. For v(z,y) (resp. q(z,y)) in L;, we define
8(2,§) = v(x, ) (resp. (. 9) = a(z,y)) in Lo.

(i). Using the standard interpolation error estimate, the scaling argument, the estimate
in (4.12), and the mapping in (4.14), we have

o —vilminy = 0= b1, <C207" “HUHKng (g < C207MrRT

a; +1(Lt)

where we have used Lemma 4.9 in the last inequality. Since kg, =2~ ‘fz so we have /@Q
2%, Set . = min{k,m}, by § < p from (4.10) and ¢t < n, we have 2("=9)0=1 < 20 — 1,

Therefore, we have the estimate

=il < C2T ol = €272 ollen

—nb 0
< O lpi < CWllelep o



68

(ii). We can show that

lg = arlleey = Folld— drlle2(we) < C“ZgiQ(t_n)“|’Q||ng;(Lo) < 02“‘”)“%5

allxcz (o),

where again we used Lemma 4.9 in the last inequality. Using the similar argument as in

(i), the estimate (4.16) holds. O

Before deriving the interpolation error estimate in the last layer L,, on T{p), we first
introduce the following results.

Lemma 4.11. For Vv € K'(L,), if 0 < ' < land da’ < a, then it follows
ol iy < Crige™ Mol .- (4.17)

Proof. This is a direct application of [66, Lemma 2.6] under condition (4.13) on L,,. [

Lemma 4.12. For Vv € K'(L,,), if a > I, then it follows that
lolle, < Crgt ol wn. (4.18)

Proof. This is a direct application of [66, Lemma 2.8] under condition (4.13) on L,,. O
Lemma 4.13. For k > 1,m > 1, set kg, in (4.9) with 0 satisfying (4.10) for the graded mesh
on T(g). Let h := 27", then in the nth layer L,, on T\ for n sufficiently large,

() if vr € V¥ be the nodal interpolation of v € KJ'H (), it follows

’U — 'UI‘Hl(Ln) S CheHv‘ K;’Zill(Ln); (419)
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(i) if q; € V*~1 be the nodal interpolation of ¢ € K™(RQ), it follows

lg = arllz2z.) < CRllallicz: .- (4.20)

Proof. Recall the mapping B,, in (4.14). For any point (z,y) € L,, let (2,9) = B,(z,y) €
T(o).-

(). Let n : Tjgy — [0, 1] be a smooth function that is equal to 0 in a neighborhood of @;,
but is equal to 1 at all the other nodal points in 7;. For a function v(z,y) in L,,, we define
0(z,9) = v(x,y) in T(p). We take w = nv in T(). Consequently, we have for [ > 0

2 ~112 ~112
lolfs gy = 1700%1 ) < CIONRs 1) (4.21)

where C' depends on I and the smooth function 7. Moreover, the condition ¢ € Kt (1))
with and m > 2 implies 9(Q)) = 0 (see, e.g., [66, Lemma 4.7]). Let w; be the nodal

interpolation of w associated with the mesh 7, on Ty). Therefore, by the definition of w,

we have

wf = @f =y in T(O). (422)

Note that the K} norm and the H' norm are equivalent for w on T|g), since w = 0
in the neighborhood of the vertex ();. Let r be the distance from (z,y) to @;, and 7 be

the distance from (z,7) to @;. Then, by the definition of the weighted space, the scaling
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argument, Equations (4.21), (4.22), and (4.13), we have

v — UI’%N(L”) < Clv— UI||/2<1 Lp) = <C Z (2, y) Vl CACES UI)HL?
lv|<1
< C Z 17( ly‘ 181/( )||2L2(T(0)) <Co—w+w - UAIHIQC}(T(O))
lv|<1
< (HU - w”/c}(T(O)) + flw - UAIHIQQ(T@)) = C(H@ - w”12q(:r(0)) + Jlw — wf”?q(:r(o)))
< 10l + 10lipngy) < OOy + 100pes )
- C(H“|’2K%<Ln>+|’“”rcm+l< )<C"€2mz ””?czfﬁun)
< C2° 2”9||v||,€m+1( < Ch26||v||Km+1(L y

where the ninth and tenth relationships are based on Lemma 4.9 and Lemma 4.11, respec-
tively. This completes the proof of (4.15).

(ii). Since ¢ € L*(2), we have that the interpolation operator is L? stable

larllz2 .y < Cllgllzzz.,)- (4.23)

Thus, by Equations (4.23) and (4.18), we have

lg — arllr2,) < Cllallzzw,) < Crgllallcp ., < CTWHQHKZJ;(LM < ChGHQHICg;(Ln)-

L]
Theorem 4.14. [68] Let 7T, be an initial triangle of the triangulation 7, in Algorithm 4.5
with grading parameters kg, in (4.9). For k > 1,m > 1, if v; € V¥ (resp. q; € V,F7!) be

the nodal interpolation of v € K7 (Q) (resp. g € K(2)). Then, it follows the following
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interpolation error
lo —villiws@) < CRJolleniy,  lla = arll < CR lallg o, (4.24)

where h := 27", and 0 satisfying (4.10).

Proof. By summing the estimates in Lemmas 4.6, 4.10, and 4.13, we have

I =il = > o= vrlling,) < ORIl o)
T(O)e%

lg—arll* = D o= villfeey,) < CHllallfg o).

4.4 Error Estimates Results for Algorithm 2.17

To better observe threshold of grading parameter «(), in obtaining the optimal conver-
gence rates, we always assume 1 < k < m in the following discussions, otherwise we
just replace k by min{k, m}. In this section, we assume that f € X77'(Q) N K"~ H(Q) with
0 <a<ag,and0 <b < By, where 8, = (-, -, 7). For F given by Lemma 2.7, we have
F ¢ [K"1(9)]? and the regularities in Lemma 4.3 and Lemma 4.4 hold. Now we have
the following error estimate of the Mini element approximation (¢ = 1) or Taylor-Hood
method (k > 2) in Algorithm 2.17 on graded meshes for the Stokes problem (2.24).

Lemma 4.15. The bilinear forms in both Mini element method and the Taylor-Hood method

on graded meshes satisfies the LBB or inf-sup condition (3.1) or (3.2).

Proof. For given xk = min,{k, }, Algorithm 4.5 implies that there exists a constant o(x) > 0
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such that

hT S J(/‘i)pT, VT e 7;, (425)

where hr is the diameter of 7', and p7 is the maximum diameter of all circles contained in
T. Under condition (4.25) of the graded mesh, the conclusion follows from [89, Theorem

3.1]. ]

Theorem 4.16. [68] Set the grading parameters k¢, = 2% with 0 < a; < o} and 0 being
any constants satisfying a; < 0 < k. Let (u,p) be the solution of the Stokes problem (2.26),
and (u,, p,) be the Mini element solution (k = 1) or Taylor-Hood element solution (k > 2)

on graded meshes T,. If (u,, p,) is the solution of in Algorithm 2.17, then it follows

o = w2 e + [lp = pall < CH. (4.26)

Proof. By Corollary 3.2 and the interpolation error estimates in Lemma 4.14 under the
regularity result in Lemma 4.3, the estimate (4.26) holds.

We also have the following result.
Theorem 4.17. [68] Set the grading parameters kg, = 2~ with 0 < a; < oy and 0 being
any constants satisfying a; < 6 < k. Let (u,p) be the solution of the Stokes problem (2.26),
and (u,, p,) be the Mini element solution (k = 1) or Taylor-Hood element solution (k > 2) in

Algorithm 2.17 on graded meshes 7T,. Then it follows

||u . unH[LQ(Q)P SChmin{29’9+1},

(4.27)

||11 . 11n||[(/c11)(Q))*}2 SChmin{29’0+2};
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Here, (-)* represents the dual space.

Remark 4.18. By Theorem 4.22 and Theorem 4.23, we can find that if we take

0=k (4.28)

in the grading parameter kg,, then we can obtain the optimal convergence rate for the Stokes

approximations in Algorithm 2.17 [68],

[ = Wl @z + Ip = pall < CHF, (4.292)

||11 — unH[Lz(Q)]z S Cthrl. (429]3)

However, to obtain the optimal convergence rate for the biharmonic approximation, the
convergence rates of Mini element or Taylor-Hood element approximations don’t have to be
optimal. Therefore, we shall figure out the admissible parameters 6 such that the convergence
rate of the biharmonic approximation is optimal.

Theorem 4.19. [68] Set the grading parameters k¢, = 2~ with 0 < a; < oy and

0 = max{k — 1,a.}, (4.30)

where a, = min{ag,a;} < g for ag given by (2.19). Let ¢, € V¥ be the solution of finite
element solution of (2.70), and ¢ is the solution of the biharmonic problem (2.1). If ¢,, is the

solution in Algorithm 2.17, then it follows

16 — Onll (o) < Ch". (4.31)
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Proof. Denote by ¢; € V¥ the nodal interpolation of ¢. Similar to Theorem 3.5, we have

|6 = dullim) <C ([|¢ — drllm@ + v — wallr2@)2) (4.32)

Recall that ¢ € K2 (Q) = ICEZﬂl)il(Q) with m > k, so by Lemma 4.14 with grading

91
parameter kg, = 2 14 (= 2*%) with @ given in (4.60) and ¢, = 11%¢ = 9+a%-9 >0+1 >k,

a;
we have

16 — b1l < CR™MENY = CRF, (4.33)

For 6 given in (4.30), Theorem 4.17 indicates for Algorithm 2.17,
Hu . unH[LQ(Q)]Q < Chmin{max{Zao,Z(kfl)},max{ozoJrl,k}}' (434)

Plugging (4.33) and (4.34) into (4.32), the estimate (4.31) holds.

]

Theorem 4.20. [68] Set the grading parameters kg, = 2~ with 0 < a; < af and 6 given by

kE+1
Q—max{k—l, —2|— ,a;}, (4.35)

where a; = min{ay, a;} < g for ag given by Equation (2.19). Let ¢,, be the solution of finite
element solution of Equation (2.70), and ¢ be the solution of the biharmonic problem (2.1).

If ¢,, is the solution in Algorithm 2.17, then it follows

| — dull < CRFT (4.36)
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Proof. Set v = v; € V* the nodal interpolation of v of the Poisson problem (3.42). Similar

to Theorem 3.6, we have

16 — dnll* <[l — dull @ llv — vill ) + v — wallz2@y2llv — vill o)
(4.37)

+ Hu — unH[(,q)(Q))*]z |Cu1'1 U’|[’C113(Q)]2 = T1 + T2 + Tg.

Based on the results in [13], the solution v € K}, () satisfies the regularity estimate

||U||K§,+1(Q) < C||¢_¢n||7 (438)

where the ith entry of b’ is given by b; = min {b;, 1} with b; < 7. If w > 7, we have

e’z@%zl,

so it follows the interpolation error

lv —vr|| g1 < Chmin{al’l}HUHKg,H(Q) = Chllv|[xz, (- (4.39)

b/+1

If w < 7, the interpolation error (4.39) is obvious since v € H*(().
For Algorithm 2.17, we have the following estimate for each T}, i = 1,2, 3. By Theorem

4.19 and Equation (4.39), it follows

T =6 = dullm@llv —villm@ < Ch*Hvllkz, | o).
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By Theorem 4.23 and (4.39), it follows

T = [[u—u,|i2@pllv — vill g < Chk+2“v”1(§,+l(9)-

Again, by Theorem 4.23, it follows

T3 < Cllu— un||[(1q),(9))*]2 |U||IC§,+1(Q) < Chk—i—lHUHKg,H(Q)-

Thus, the regularity estimate (4.68) and the summation of 7}, i = 1,2, 3 give the estimate

(4.36).

4.5 Error Estimates Results for Algorithm 2.18

Recall that the threshold of grading parameter ), in obtaining the optimal convergence
rates, we always assume 1 < k£ < m in the following discussions, otherwise we just replace
k by min{k, m}. In this section, we assume that f € K2*7'(Q) N K (Q) with 0 < a < ay,

and 0 < b < By, where 8, = (-,---, 7). For F given by Lemma 2.15, by the regularity

i
w1
1

estimate [13] for the Poisson problem (2.55) on weighted Sobolev space, it follows that

HwH/c{)”jll(Q) < CHfHICZ‘__ll(Q)a (4.40)
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which implies F = curl w € [K7(Q)]> C [KP'(Q)]*>. Then the solution of the Stokes

problem (2.24) satisfies

HuH[IC’C"fll(Q)P + Hp’ Ko () S C|’FH[IC£”:11(Q)]2 S CHFH[’C{,’:I(Q)]?’ (441)

where ¢ = (¢, -+, cny) with ¢; = min{b; + 1, a;}. Thus, the solution of the Poisson problem
(2.52) satisfies ¢ € K"52(€).

Since the bilinear functional in (2.71) is coercive and continuous on V,*, so we have by
Céa’s Theorem,

|w — w1 < C 1€nvfk |w — v g1 (q)- (4.42)

™

Recall that oy = min;{aj} given by Equation (2.19), and 3, = min{f;} = I are the
thresholds corresponding to the largest interior angle w, then we have the following result.
Lemma 4.21. [68] Set the grading parameters kg, = 2 (: 2_22) with 0 < a; < o,
0 < b; < B, 0 being any constant satisfying a; < 0 < k, and ' = min {g—gmax{e,ao}, k}
satisfying b; < 0 < k. Let w, € V* be the solution of finite element solution of Equation

(2.71), and w is the solution of the Poisson problem (2.55), then it follows
lw = wall @) < ChY, [lw —w,|| < CR™RESITL (4.43)

where h = 27",

Proof. By Equation (4.42) and the interpolation error estimates in Lemma 4.14 under the
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regularity result in Equation (4.40) and k¢, = 97w — 2*27/', we have the estimate
lw = wall 10y < Cllw = wi o) < CR”.
Consider the Poisson problem
—Av=w—w,in, v=0onod. (4.44)

Then we have

|w —w,|]* = (V(w —w,), Vv). (4.45)

Subtract Equation (2.71) from weak formulation of Equation (2.55), we have the Galerkin

orthogonality,

(V(w —w,), Vi) =0, Y eVF (4.46)

Setting ¢» = v; € VF the nodal interpolation of v and subtract Equation (4.46) from

Equation (4.45), we have

o = wal* = (V(w = w,), V(v = v1)) < [0 = wall s llo = vrllme)- (4.47)

Similarly, the solution v € K3, () satisfies the regularity estimate

olle,

(@) < Cllw —wn|[go, (9 < Cllw —wnl], (4.48)

where the ith entry of b’ satisfying &, = min {b;, 1}. By Lemma 4.14 with grading parameter
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9/

e, e : . .
kg, = 2 % (=2 =) again, we have the interpolation error

v = vrllm o) < CR™™OH u|| ke (@) (4.49)

b/+1

The L? error estimate in Equation (4.43) can be obtained by combining Equations (4.47),

(4.48), and (4.49). O
Thus, we have the following result,

||F — Fn||[L2(Q)]2 :||curl v — curl Un||[L2(Q)]2 < ||w — wnHHl(Q) < Chel,
(4.50)

IF — Foll -1y =lleurl w — curl w,[|jz-1qy2 < Cllw — w,|| < Ch™mO+1200,

Now we have the following error estimate of the Mini element approximation (k = 1) or
Taylor-Hood method (k > 2) in Algorithm 2.18 on graded meshes for the Stokes problem
(2.24).

Theorem 4.22. [68] Set the grading parameters kg, = 2w with 0 < a; < o}y and 0 being
any constants satisfying a; < 0 < k. Let (u,p) be the solution of the Stokes problem (2.26),
and (u,, p,) be the Mini element solution (k = 1) or Taylor-Hood element solution (k > 2)

on graded meshes T,. If (u,, p,) is the solution of in Algorithm 2.18, then it follows

I = w |y + [lp — pall < CR™EST (4.51)

where ' is given in Lemma 4.21.

Proof. For Algorithm 2.18, by Lemma 3.9 with the estimate (4.50) and the interpolation
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error estimates in Theorem 4.14 under the regularity result (4.41), it follows

[u = Wl + | — pall < CRE + CRmEHL20Y < Cpmin{0.07+1),

Here, we have used the fact thatif w > 7,0 < ¢’ < 26’. Note that ¢ = min {g—g max{0, ap}, k:},

so if ' = k, then 6 < k = #’; otherwise

0 = @max{&o, 6} > @9 > 0,
Qo Qg
where we have used (2.23).
If w < m, by taking 1 < b, = g—‘;ai < Bo < B, it follows ¢’ = 2—9 > b; > 1, so that
0" +1 < 20'. Thus, the estimate (4.51) hold. O

In weighted Sobolev space, the regularity result for (3.25) with [ = 0,1 has the form

||1“||[;cl;jl(9)]2 + ||5||/cijl(9) < C||g||[zc;_1(9)]2 < C”gH[/c{)(Q)]% (4.52)

where 0 < a’ = min{a,/ + 1} with 0 < a < ap and 0 < b < 3, . Then we have the
following result.

Theorem 4.23. [68] Set the grading parameters kg, = 2w with 0 < a; < o}y and 0 being
any constants satisfying a; < 0 < k. Let (u,p) be the solution of the Stokes problem (2.26),
and (u,, p,) be the Mini element solution (k = 1) or Taylor-Hood element solution (k > 2) in

Algorithm 2.18 on graded meshes T,. Then it follows
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Hu _ unH[LQ(Q)]Q SChmin{29,9+l,9’+2}’
(4.53)

min{20,0+2,k+6',0+6'+1,0'+3}
o=y (@12 <Ch :

Here, (-)* represents the dual space.

Proof. We prove Equation (4.53) for Taylor-Hood method, all other cases can be proved
similarly. Similar to Lemma 3.11, we take v = u — u,, ¢ = p — p, in Equation (3.24), then
we have

Hu - un||[(;q)(sz))*}2 = sup —<g, u- un) )
gt @2 18l @2

where [ = 0, 1. Let (r,, s,,) be the Taylor-Hood solution of (3.23), then it follows

<g7u - un) :Tl +T2 +T3 +T47

where T;, i = 1,--- ,4 have the same expressions as those in Lemma 3.11. For r,, and s,,,

we have the following estimate in the weighted Sobolev space

r—r, — s, < C inf r—r inf —
Il = ralli @z + lls = sall < <r,e[1vr}<mp I =il e+ inf s SIH)

(4.54)

< OR™™ O (el e+ sl @)-

Here we have

|7—}‘ SChmin{O,& +1}+min{9,l+1}<HI‘H[K:ZZZFI(Q)]Q + HSH’ClaTI(Q))
— C/ymin{20,0+1+1,0+0+1,0 +l+2}(|]r[|[,ciﬁl(m]g + HsH,CT(Q)%

where j = 1,2, 3.



82

Note that

Ty =Ty +Ty = <F —F, . r, — I‘> + <F — Fn,I‘).
By (4.50) and (4.54), we have

|T41| S“F N Fn”[H*l(Q)]?Hr _ I'nH[Hl(Q)]? < Crhmin{el-i-l,26?/}—i-min{9,l—f—1}HrH[Kla_‘,_jl(m]2

: / / / /
:Chmln{9+9 +1,0"+1+2,20"+1+1,0+26 }”I_H K (@2

a’'+1

_ %
By Theorem 4.14 for o) € K.2,(Q) satisfying (3.26) with kg, = 9 a — 9 1+ , we have

a’+2
9 = il @ < CR 2 ey g, (4.55)

where 6, = (14 2)0 > (1 + a%,)@ > 6+ 1 and ¢y is the nodal interpolation of .

By (4.50) and (4.55), we have

[ To| <|IF = Fullpa@plle — drllme) < CA" AL ]| e g,

min{k+0’,0'+14+2,0+6'+0/ }
<Ch Vel @y

where ¢, = mini{%e} > 1. It can be verified that

’T4’ < ‘T41’ + ’T42’ < Chmin{k+9,’9+0/+1’€,+l+2’20/+l+l’0+29,}HI’”[}CZ-)—Q P
a’'+1

By the regularity (4.52) and the summation of estimates |7;|,i = 1,--- ,4, and 0 < 2¢’,
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we have the error estimate

Hu . un”[(lC%)(Q))*]? < Ohmin{29,9+l+1,k+9',9+9'+1,9’+l+2}. (456)

Recall that £ > 1, 6 < k, and when w > 7, we have 0 < ¢, then it follows
O+1<k+0, (4.57)

and when w < m, we have ¢’ > 1, so the inequality (4.57) still holds. The estimates in

Equation (4.53) follows from Equation (4.56) with the fact (4.57). O

Remark 4.24. By Theorem 4.22 and Theorem 4.23, we can find that if we take
0=k (4.58)

in the grading parameter kg, then we can obtain the optimal convergence rate for the Stokes

approximations in Algorithm 2.18 [68] ,

: Bi
Ju = wallim ey + lp — pall < Cpmn{as mekenrie} (4.59)

. B
= sy < O™ mestkeok2} (4.59b)

Recall that, to obtain the optimal convergence rate for the biharmonic approximation, the
convergence rates of Mini element or Taylor-Hood element approximations don’t have to be
optimal. Therefore, we shall figure out the admissible parameters 6 such that the convergence

rate of the biharmonic approximation is optimal.
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Theorem 4.25. [68] Set the grading parameters k¢, = 2™ % with 0 < a; < o and
0 = max{k — 1,a.}, (4.60)

where a), = min{ag, a;} < g for ag given by (2.19). Let ¢, € V¥ be the solution of finite
element solution of (2.74), and ¢ is the solution of the biharmonic problem (2.1). If ¢,, is the

solution in Algorithm 2.18, then it follows

||¢ . an”Hl(Q) < Chmin{k,max{g—g(kfl)JrQ,ﬁoJrQ}}' (461)

Proof. Denote by ¢; € V* the nodal interpolation of ¢. Similar to Theorem 3.5, we have

|6 — dullim <C (|6 — drllm@ + [lu — wallr2@)2) (4.62)

Recall that ¢ € K212 (Q) = ICE;"J:rll)il(Q) with m > k, so by Lemma 4.14 with grading
0
parameter kg, = 2_71%(: 2_0%) with 6 given in (4.60) and ¢, = 12—“9 = QJU%-@ >04+1>k,

we have

16 — brll () < CR™MEOY = CRF, (4.63)

For 6 given in (4.60), Theorem 4.23 indicates for Algorithm 2.18, we have

. B
Hu . unH[LQ(Q)]Q < Chmm{max{an,2(k71)},max{ao+1,k},£ max{kfl,ao}JrQ}. (464)

By plugging (4.63) and (4.64) into (4.62), it follows the estimate (4.61). O
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Theorem 4.26. [68] Set the grading parameters k¢, = 2w with 0 < a; < o and 6 given by

9:max{k—1,k;—1,a;}, (4.65)

where a; = min{ay, a;} < g for ag given by Equation (2.19). Let ¢, be the solution of finite
element solution of Equation (2.74), and ¢ be the solution of the biharmonic problem (2.1).

If ¢, is the solution in Algorithm 2.18, then it follows

16 — | < Chmin{k—l—l,max{g—g(k—l)+2,ﬂo+2}+1}‘ (4.66)

Proof. Set ) = v; € V¥ the nodal interpolation of v of the Poisson problem (3.42). Similar

to Theorem 3.6, we have

16— éull* <6 = Sullm@llv — villan @ + [0 = walliz2@yellv — vill @)
(4.67)

+ ||11 — un”[(K%}(Q))*P |curl UH[K%)(Q)]? = T1 + T2 + T3.

Based on the results in [13], the solution v € K}, () satisfies the regularity estimate

HUHK12),+1(Q) < C"¢_¢nH> (468)

where the ith entry of b’ is given by b; = min {b;, 1} with b; < =-. If w > 7, we have

9’2@2%21,
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so it follows the interpolation error

v — vr| g1y < Ch™" 1}||u||K2 = Chl|v| s> . (4.69)

’+1 b’+

If w < 7, the interpolation error (4.69) is obvious since v € H*(1).
For Algorithm 2.18, we have the following estimate for 7;. By Theorem 4.19 and

Equation (4.69), it follows

T, < Chmm{kJrl max{ (k— 1)+250+2}+1}||U||K2

b1 ()
By Theorem 4.23 and Equation (4.69), it follows
T, < Ohmm{kJrZ max{ 20 (k—1)+2, ,Bo+2}+2}|| HK,i/H o
Again, it follows by Theorem 4.23,
T < Ohmm{kJrlmax{ (k—1)+2, ,Bo+2}+1}|| ||K§,+1 o

Thus, the regularity estimate (4.68) and the summation of 7}, i = 1,2,3 again give the
estimate (4.66).

]

Remark 4.27. For the results in Theorems 4.19, 4.20, 4.25 and 4.26, we have the following

facts.

* Ifk=1in (4.60), then0 = a;, i =1,--- , N gives kg, = %, which indicates the mesh is
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exactly the uniform mesh.

With the given grading parameters, the finite element approximation ¢,, from Algorithm
2.18 achieves the optimal convergence rates for k = 1,2,3 in both H' and L* norm.
Moreover, the optimal convergence rates can be obtained for any k > 1 when w > 7 by

(2.23).

With the given grading parameters, the finite element approximation ¢,, from Algorithm

2.17 can achieve optimal convergence rate for any k > 1.

Based on the regularity (4.41) for the involved Stokes problem in Algorithm 2.18, if
we take the grading parameter kg, = 9 % (g 2_‘%), then the corresponding error

estimates (4.43), (4.51), (4.53) and (4.61) still hold.

By (2.52) and ¢ € HZ(S), we have that

9l m2@) < Cllulliz @z,

s0 |lu — u, ||z (o2 is an estimate of the solution error to ¢ in H* norm.
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CHAPTER 5 NUMERICAL ILLUSTRATIONS
In this section, we present numerical tests to validate our theoretical predictions for
the proposed finite element algorithm solving the biharmonic problem (2.1). If an exact

solution (or vector) v is unknown, we use the following numerical convergence rate

[0 = Vil

R = log, (5.D)

V1 — Uj|[Hl(Q)]V 7

[ = 0,1 as an indicator of the actual convergence rate [65]. Here v; denotes the finite
element solution on the mesh 7; obtained after j refinements of the initial triangulation
To. For scalar functions, we take I’ = 1, otherwise, I' = 2. So if v; = wj, ¢;,p;, we take
I'=1;if v; = u;, we take I’ = 2.

In addition to the numerical tests in this section, we also provided some other tests in

the published version of this research [68].

5.1 Numerical Results For Algorithm 2.17

5.1.1 A Comparison with a Reference Solution

In order to test the performance of Algorithm 2.17 for solving the biharmonic prob-
lem (2.1), we shall use the H?-conforming Argyris finite element approximation [6] as a
reference solution ¢, which is computed on exactly the same mesh as that for Algorithm
2.17. Since the solution of H?2-conforming finite element method converges to the exact
solution ¢ regardless of the convexity of the domain as the mesh is refined, so we can use
¢r as a good approximation of the exact solution ¢. In this example, we mainly solve the

biharmonic problem (2.1) in following two methods:
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e M1: Poisson equation is solved using linear finite elements and the Stokes equation

is solve using Mini finite elements.

* M2: Poisson equation is solved using quadratic finite elements and the Stokes equa-

tion is solve using Hood-Taylor finite elements.

Example 5.1. We consider the biharmonic problem (2.1) with f = 1 in the square domain
2, we solve this problem using Algorithm 2.17 with the methods M1 and M2 on uniform
meshes obtained by the midpoint refinements with initial meshes given in Figure 8(a).
The Stokes problem (2.24) with source term F = (0, ) which satisfies (2.25) is solved in
Algorithm 2.17.

Convex domain: We solve this problem in a square domain Q = (—1,1)? with the initial
mesh in Figure 8a. The errors in L> norm between the finite element solution ¢, and
the reference solution ¢y are given in Table 2 for both methods M1 and M2 . The finite
element solution based on M2 and its difference with the reference solution ¢ are shown
in 8b and 8c, respectively. These results indicate that the solutions of Algorithm 2.17
converge to the exact solution. We further report the convergence rates in Table 3, from
which we can find that optimal convergence rates are obtained for solutions based on both
methods M1 and M2. This result is consistent with our expectation in Theorem 3.5, and

Theorem 3.6 for the biharmonic problem (2.1) in a convex domain.

Table 2: The L* error ||¢r — ¢;||1=() in the square domain on quasi-uniform meshes.

M1 0.00261 6.63931e-04 | 1.65096e-04 | 4.10355e-05 | 1.02225e-05 | 2.55318e-06
M2 | 6.66250e-05 | 9.10404e-06 | 1.17798e-06 | 1.49996e-07 | 1.89341e-08 | 2.37885e-09
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Figure 8: The Square domain: (a) the initial mesh; (b) the solution ¢-; (c) the difference
|or — ¢7]; (d) the Stokes solution u;; (e) the Stokes solution us; (f) the pressure.

Table 3: Numerical convergence rates in the square domain with uniform meshes.

M1

M2

H' rate of ¢;

L? rate of ¢;

H' rate of ¢;

L? rate of ¢;

j=4| 09763
j= 0.9935
j=6| 0.9935
j=7| 0.9995
j=8| 0.9995

1.9588
1.9889
1.9972
1.9993
1.9998

1.9751
1.9903
1.9959
1.9982
1.9991

2.9964
2.9960
2.9969
2.9981
2.9986

Non convex domain. We solve this problem in an L-shaped domain 2 = ) \ ©; with

Qo = (—1,1)* and Q; = (0,1) x (—1,0) and use the initial mesh in Figure 9a. The errors

lér — |l L) based on methods M1 and M2 are given in Table 4. The finite element

solution based on M2 and its difference with the reference solution are shown in 9b and
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9c, respectively. These results indicate that the solutions of Algorithm 2.17 converge to the

exact solution in a nonconvex domain.

Table 4: The L error ||ug — gb;?H () in the L-shaped domain on quasi-uniform meshes.

J=3 J=4 J=5 J=6 Jj=7 Jj=38
M1 | 6.85397e-04 | 1.91224e-04 | 4.36547e-05 | 1.00564e-05 | 3.16496e-06 | 5.81197e-07
M2 | 8.74987e-04 | 3.94122e-04 | 1.77980e-04 | 8.26205e-05 | 3.86434e-05 | 1.81330e-05

I = gl
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Figure 9: The L-shaped domain: (a) the initial mesh; (b) the solution ¢-; (c) the difference
|lur — ¢7|;(d) the Stokes solution u;; (e) the Stokes solution u,; (f) the pressure.

5.1.2 Convergent Rates on Graded Meshes

Example 5.2. In this example we continue with the non convex domain in Example 5.1 on
a sequence of graded meshes (including uniform mesh). To resolve the singularity due to
re-entrant corner, we also use the graded mesh generated by iFEM [34]. The initial mesh

and the graded mesh after 2 and 4 mesh refinements are shown in Figure 10a, Figure 10b,
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and Figure 10c respectively. In Table 5, we show the numerical convergence rates of finite

element approximations of the biharmonic problem for the methods methods M1 and M2.

,,,,,,
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Figure 10: The L-shaped domain (Example 5.2): (a) the initial mesh; (b), (c) the graded
mesh after two and four mesh refinements respectively with x = 0.2.

We find on uniform meshes (x = 0.5) that the H' convergence rate for the method
M1 is optimal with R = 1, and that of the method M2 is suboptimal with R ~ 1.1540.
Both of them are consistent the theoretical result in Theorem 3.5 in an L-shaped domain,
that is R = min{k, a + 1,2a} ~ min{k, 1.54448,1.0890}, where « is given in Table 1 with
w = 3T We also find that the convergence rates for the method M1 are optimal on graded
meshes with x < 0.5, and that of the method M2 are optimal on graded meshes with
k < 0.3, which are consistent with the theoretical result in Theorem 4.19, namely, the
optimal convergence rate can be obtained when x < 9% = 0.5 for method M1, and
k < 27 2 0.28 for the method M2.

The L? convergence rates of both methods M1 and M2 on uniform meshes are subopti-
mal with R ~ 1.0616 and R =~ 1.0805 respectively, which are consistent with the theoretical
result in Theorem 3.6 with R = min{k+1, a+2, 2o} ~ min{k+1, 2.54448,1.0890} = 1.0890.

On graded meshes, the convergence rates of the method M1 are optimal with x < 0.3, and
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that of the method M2 are optimal with x < 0.1, which are consistent with the theoreti-
cal result in Theorem 4.20, namely, the optimal convergence rate can be obtained when

k< 9750 ~ 0.28 for the method M1, and « < 97 A 0.15 for the method M2.

Table 5: Convergence history of finite element approximation of the biharmonic problem
in the L-shaped domain.

H, rate of ¢; L, rate of ¢;
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
Jj= 0.8324 0.8549 0.8902 0.9178 0.9430 0.9427 | 1.7882 1.8026 1.8387 1.8796 1.9381 1.8915
j=251]0.9530 0.9606 0.9707 0.9781 0.9854 0.9830 | 1.9369 1.9422 1.9541 1.9689 2.0061 1.6962
M1 | j=6|0.9871 0.9896 0.9925 0.9944 0.9963 0.9947 | 1.9840 1.9848 1.9876 1.9938 2.0123 1.3203

J=710.9965 0.9973 0.9981 0.9986 0.9991 0.9982 | 1.9963 1.9962 1.9966 1.9938 1.9670 1.1064
j=810.9990 0.9993 0.9995 0.9996 0.9998 0.9994 | 1.9991 1.9991 1.9990 2.0022 1.8482 1.0616
j=4118894 19056 1.9282 1.9455 1.9280 1.7161 | 3.0413 3.0513 3.0289 2.5176 1.5439 1.2040
j= 1.9578 1.9686 1.9777 1.9825 1.9281 1.5562 | 3.0551 3.0392 3.0111 2.1078 1.4309 1.1106
M2 | j=6|1.9822 1.9883 1.9923 1.9935 1.8868 1.3666 | 3.0485 3.0179 2.9904 1.9412 1.4273 1.0836
j=719920 1.9953 1.9972 1.9971 1.8108 1.2280 | 3.0321 3.0077 2.9753 1.9014 1.4324 1.0787
j=28]19963 19980 1.9989 1.9983 1.7107 1.1540 | 3.0155 3.0034 2.9554 1.8934 1.4360 1.0805

In Table 6, we display numerical convergence rates of the Taylor-Hood approximations
for the involved Stokes problem in Algorithm 2.17. The H' convergence rates of u; and
the L? convergence rates of p; are suboptimal on uniform meshes with convergence rate
R =~ 0.54, which is consistent with the theoretical result R = a ~ 0.5445 in Lemma
3.4 in an L-shaped domain. On graded meshes, the convergence rates are optimal with
R = k = 2 for k < 0.05, which is consistent with the result in Theorem 4.16 and Remark
4.18, namely, the optimal convergence rate can be achieved for x < 2~ a ~ 0.08 for k = 2.

The L? convergence rates of u, are suboptimal on uniform meshes with convergence
rate R =~ 1.1854, which is consistent with the theoretical result R = 2« ~ 1.0890 in Lemma
3.4 in an L-shaped domain. On graded meshes, the convergence rates are optimal with

R = k+1 = 3for x < 0.1, which is consistent with the results in Theorem 4.17 and Remark
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4.18, namely, the optimal convergence rate can be achieved for x < 2~ a0 ~ 0.08 for k = 2.

Table 6: Convergence history of the Taylor-Hood element approximations of Stokes prob-
lem in the L-shaped domain.

H, rate L, rate

K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j=4]17060 1.8267 1.6426 1.1491 0.8049 0.6227 | 2.8364 2.9669 2.9978 2.6388 1.8795 1.4997
j=511.7359 1.8263 1.4873 1.0041 0.7337 0.5628 | 2.8748 2.9766 2.9807 2.2905 1.6907 1.3982
u; | j=6|18229 1.8343 1.3719 0.9601 0.7205 0.5474 | 2.9662 3.0000 2.9876 2.0379 1.5732 1.3152

j= 1.9011 1.8371 1.3087 0.9490 0.7189 0.5437 | 3.0288 3.0113 2.9893 1.9344 1.5049 1.2426
J= 1.9474 1.8337 1.2811 0.9465 0.7191 0.5432 | 3.0295 3.0078 2.9751 1.9035 1.4697 1.1854
j= 1.7582 1.8854 1.5888 1.0760 0.7652 0.6459
j=5 1.7120 1.8289 1.4151 0.9752 0.7205 0.5752
pj |j=6 1.8104 1.8191 1.3259 0.9522 0.7165 0.5522
j=T 1.9122 1.8192 1.2876 0.9472 0.7177 0.5451
Jj= 1.9685 1.8181 1.2728 0.9461 0.7188 0.5434

5.1.3 Re-entrant Corners on the Domain Other Than 37/2

Example 5.3. In this example we report the numerical convergence rates on a sequence of
graded meshes including quasi-uniform meshes for different re-entrant corners. We par-
ticularly use a domain with one re-entrant corner 77/4 and a domain with two re-entrant
corners 47 /3. As in example 5.1, we consider the biharmonic problem (2.1) with f = 1.
We solve this problem using Algorithm 2.17 with the methods M1 and M2. The Stokes
problem (2.24) with source term F = (0, 2)? which satisfies (2.25) is used in Algorithm
2.17.

One Re-entrant Corner. The re-entrant corner of the domain under consideration is 77 /4
as shown in the Figure 11a. Table 7 we show the numerical convergence rates of finite
element approximations of the biharmonic problem for the methods methods M1 and M2.

In Table 8 we show the numerical convergence rates of finite element approximations of
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the Stokes equation using Hood-Taylor elements.

Initial mesh P, approximation after 7 mesh refinments
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Figure 11: The domain with re-entrant corner 77 /4: (a) the initial mesh; (b) the mesh after
two refinements; (c) the solution ¢-; (d) the Stokes solution u; (e) the Stokes solution us;
(f) the pressure .

Table 7: Convergence history of finite element approximation of the biharmonic problem
on a domain with re-entrant corner 77 /4.

H, rate L, rate
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5

j=41]0.3191 0.4464 0.6193 0.7277 0.7970 0.8304 | 1.3128 1.3746 1.5045 1.6253 1.7494 1.7402
j=5|0.8357 0.8586 0.8947 0.9232 0.9495 0.9494 | 1.8048 1.8120 1.8419 1.8946 1.9239 1.4110
M1 | = 0.9540 0.9617 0.9720 0.9796 0.9876 0.9840 | 1.9455 1.9464 1.9539 1.9823 1.8609 1.0593
j=71]0.9872 0.9898 0.9928 0.9948 0.9972 0.9945 | 1.9875 1.9863 1.9863 2.0074 1.6286 0.9668
Jj=2810.9964 0.9973 0.9982 0.9987 0.9995 0.9979 | 1.9976 1.9967 1.9951 2.0145 1.4064 0.9705
j=41]18921 19088 1.9324 1.9426 1.7996 1.4043 | 3.0187 3.0426 2.8991 1.8391 1.3548 1.1034
j=519559 1.9684 19785 1.9719 1.6927 1.2181 | 3.0371 3.0318 2.7710 1.7516 1.3269 1.0426
M2 | j=6|1.9800 1.9876 1.9924 1.9774 1.5557 1.1009 | 3.0580 3.0167 2.6238 1.7473 1.3243 1.0144
j=71]19905 1.9949 1.9972 1.9747 1.4475 1.0467 | 3.0578 3.0098 2.5003 1.7506 1.3269 1.0046
j=81]1.9955 1.9978 1.9989 1.9679 1.3855 1.0244 | 3.0370 3.0062 2.4204 1.7527 1.3299 1.0027
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We find on uniform meshes (x = 0.5) that the H' convergence rate for the method M1
is optimal with R = 1, and that of the method M2 is suboptimal with R ~ 1.0244. Both
of them are consistent the theoretical result in Theorem 3.5 in a domain with re-entrant
corner 7x/4, that is R = min{k, a + 1,2a} ~ min{k, 1.50501, 1.01002}, where « is given
in Table 1 with w = %’T We also find that the convergence rates for the method M1 are
optimal on graded meshes with x < 0.5, and that of the method M2 are optimal on graded
meshes with x < 0.3, which are consistent with the theoretical result in Theorem 4.19,
namely, the optimal convergence rate can be obtained when x < 9% = 0.5 for method
M1, and x < 9750~ 0.25 for the method M2.

The L? convergence rates of both methods M1 and M2 on uniform meshes are subopti-
mal with R ~ 0.9705 and R =~ 1.0027 respectively, which are consistent with the theoretical
result in Theorem 3.6 with R = min{k+1, «+2,2a} ~ min{k+1, 2.5050, 1.0100} = 1.0100.
On graded meshes, the convergence rates of the method M1 are optimal with x < 0.3, and
that of the method M2 are optimal with x < 0.1, which are consistent with the theoreti-
cal result in Theorem 4.20, namely, the optimal convergence rate can be obtained when

K < 2 % ~ 0.25 for the method M1, and k < 97 ~ (.13 for the method M2.
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Table 8: Numerical convergence rates of the Stokes equation with Taylor-Hood elements
on a domain with two re-entrant corner 7x /4.

H, rate L, rate
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j=4]1.6837 17993 1.5243 1.0391 0.7479 0.5960 | 2.7828 2.9510 2.9322 2.0926 1.6303 1.3675
j=>5|1.6883 1.7672 1.3388 0.9136 0.6800 0.5330 | 2.8360 2.9691 2.8400 1.8554 1.4783 1.2505
6| 1.7704 1.7494 1.2364 0.8831 0.6665 0.5120 | 2.9519 3.0047 2.7247 1.7802 1.3977 1.1587
711.8522 1.7322 1.1942 0.8774 0.6649 0.5049 | 3.0342 3.0177 2.5840 1.7607 1.3604 1.0943
=81 1.9051 1.7159 1.1795 0.8767 0.6655 0.5030 | 3.0420 3.0121 2.4681 1.7559 1.3449 1.0547
4 1.8815 1.9110 1.6329 1.2072 0.9351 0.8371
1.6409 1.7726 1.3757 0.9548 0.7323 0.6449
1.6169 1.7056 1.2440 0.8902 0.6799 0.5618
1.7372 1.6897 1.1958 0.8784 0.6681 0.5265
1.8468 1.6860 1.1800 0.8768 0.6660 0.5119
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In Table 8, we display numerical convergence rates of the Taylor-Hood approximations
for the involved Stokes problem in Algorithm 2.17. The H' convergence rates of u; and
the L? convergence rates of p; are suboptimal on uniform meshes with convergence rate
R ~ 0.50, which is consistent with the theoretical result R = a ~ 0.5050 in Lemma 3.4 in a
domain with re-entrant corner 77 /4. On graded meshes, the convergence rates are optimal
with R = k£ = 2 for x < 0.05, which is consistent with the result in Theorem 4.16 and
Remark 4.18, namely, the optimal convergence rate can be achieved for x < 2”0 ~ 0.06
for k = 2.

The L? convergence rates of u,, are suboptimal on uniform meshes with convergence
rate R ~ 1.0547, which is consistent with the theoretical result R = 2a ~ 1.0100 in Lemma
3.4 in a domain with re-entrant corner 77 /4. On graded meshes, the convergence rates
are optimal with R = k + 1 = 3 for k < 0.05, which is consistent with the results in

Theorem 4.17 and Remark 4.18, namely, the optimal convergence rate can be achieved for
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k< 27 A~ 0.06 for k = 2.

Two Re-entrant Corners. The re-entrant corners of the domain under consideration is
47/3 as shown in the Figure 12a. In table 9 we show the numerical convergence rates of
finite element approximations of the biharmonic problem for the methods methods M1 and
M2. In Table 8 we show the numerical convergence rates of finite element approximations

of the Stokes equation using Hood-Taylor elements.

Initial mesh

P, approximation after 7 mesh refinments

(@ (b) ©

Taylor-Hood (P,/P,) approximation of ph after 7 mesh refinments

(d (e) ®

Figure 12: Domain with two re-entrant corner 47 /3: (a) the initial mesh; (b) the mesh
after four refinements; (c) the solution ¢ (d) the Stokes solution u;; (e) the Stokes solution
ug; (f) the pressure.
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Table 9: Convergence history of finite element approximation of the biharmonic problem
in the domain with two re-entrant corners 47 /3.

H, rate of ¢; L, rate of ¢;
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j= 0.5920 0.6429 0.7369 0.8194 0.8866 0.8695 | 1.5687 1.5706 1.6304 1.7213 1.8391 1.8665

j=610.8680 0.8871 0.9190 0.9450 0.9688 0.9615 | 1.8266 1.8404 1.8769 1.9133 1.9661 2.0075
M1 | j=7]0.9609 0.9675 0.9775 0.9850 0.9914 0.9883 | 1.9488 1.9528 1.9652 1.9752 2.0086 2.0416
Jj=2810.9891 0.9912 0.9941 0.9961 0.9977 0.9962 | 1.9875 1.9876 1.9909 1.9926 2.0247 1.9282
J=910.9971 0.9977 0.9985 0.9990 0.9994 0.9987 | 1.9972 1.9969 1.9978 1.9972 2.0336 1.5764
j=051]18100 1.8276 1.8620 1.8948 1.9149 1.7926 | 3.0626 3.0691 3.0245 2.9415 2.1881 1.6630
Jj= 1.9249 19412 19560 1.9654 1.9606 1.7814 | 3.0429 3.0607 3.0239 2.7869 1.7272 1.3274
M2 | = 1.9675 19779 1.9842 19872 19735 1.7195 | 3.0574 3.0361 3.0086 2.5517 1.6344 1.2511
j=28[19858 1.9910 1.9937 1.9948 1.9752 1.6396 | 3.0680 3.0193 3.0024 2.3341 1.6248 1.2321
Jj=9119936 1.9960 1.9973 1.9977 1.9709 1.5562 | 3.0438 3.0087 3.0002 2.2117 1.6256 1.2278

We find on uniform meshes (x = 0.5) that the H' convergence rate for the method M1
is optimal with R = 1, and that of the method M2 is suboptimal with R ~ 1.5562 which
is little bit higher than the expected. We can reach to the expected convergent rate of the
method M2 by doing at least two more mesh refinements. However, doing more than 9
mesh refinements for two re-entrant corners by using quadratic finite elements consumes
more memory space in a computer and thus unable to perform this action in a MacBook
Air (2020) with 8GB memory. Both of above results are consistent the theoretical result
in Theorem 3.5 in a domain with re-entrant corner 47/3, that is R = min{k,a + 1,2a} =~
min{k, 1.6157,1.2315}, where « is given in Table 1 for w = <. We also find that the
convergence rates for the method M1 are optimal on graded meshes with x < 0.5, and
that of the method M2 are optimal on graded meshes with x < 0.3, which are consistent
with the theoretical result in Theorem 4.19, namely, the optimal convergence rate can be

1

obtained when x < 2 % — 0.5 for method M1, and x < 2 20 = (.32 for the method M2.
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The L? convergence rate R ~ 1.5764, after 9 mesh refinements, of the method M1 on
a uniform mesh which is higher than expected due to the same reason mentioned above.
Thus more mesh refinements are needed to achieve the expected convergent rate. The L?
convergence rates of the method M2 on uniform meshes is suboptimal with R ~ 1.2278
which is consistent with the theoretical result in Theorem 3.6 with R = min{k + 1, +
2,2a} ~ min{k + 1,2.6157,1.2315} = 1.2315. On graded meshes, the convergence rates
of the method M1 are optimal with x < 0.4, and that of the method M2 are optimal with
k < 0.2, which are consistent with the theoretical result in Theorem 4.20, namely, the
optimal convergence rate can be obtained when x < 9”2 ~ 0.32 for the method M1, and

K < 2_173 ~ (.18 for the method M2.

Table 10: Numerical convergence rates of the Stokes equation with Taylor-Hood elements
on a domain with re-entrant corner 47 /3.

H, rate L, rate

K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j=51]19005 1.9629 1.9302 1.6723 1.2685 0.9488 | 2.8300 2.9720 3.0377 2.9510 2.2666 1.7101
j=061]1.8047 1.9341 1.8307 1.3633 0.9404 0.7049 | 2.7989 3.0099 3.0810 2.9030 2.0833 1.6073
u, [j=71]18000 1.9201 1.6991 1.1692 0.8393 0.6370 | 2.8519 3.0277 3.0573 2.7393 1.9614 1.5509
j=81.8848 1.9256 1.5860 1.0981 0.8183 0.6211 |2.9701 3.0352 3.0342 2.5295 1.8614 1.5034
j=9|1.9558 19350 1.5109 1.0773 0.8145 0.6171 | 3.0250 3.0237 3.0187 2.3414 1.7765 1.4532

j= 1.8958 1.9829 1.8716 2.0212 1.1019 0.8510
j=6 1.6962 1.8863 1.7041 1.4738 0.8800 0.6919
Pn | j=T7 1.7238 1.8772 1.5774 1.2053 0.8253 0.6400
j=28 1.8861 1.9057 1.5028 1.1068 0.8152 0.6232
j= 1.9968 1.9280 1.4642 1.0794 0.8138 0.6178

In Table 10, we display numerical convergence rates of the Taylor-Hood approximations
for the involved Stokes problem in Algorithm 2.17. The H' convergence rates of u; and
the L? convergence rates of p; are suboptimal on uniform meshes with convergence rate

R = 0.61, which is consistent with the theoretical result R = o ~ 0.6157 in Lemma



101

3.4 in a domain with two re-entrant corner 47/3. On graded meshes, the convergence
rates are optimal with R = k = 2 for x < 0.1, which is consistent with the result in
Theorem 4.16 and Remark 4.18, namely, the optimal convergence rate can be achieved for
k<2 % ~0.11 for k = 2.

The L? convergence rate R ~ 1.4532, after 9 mesh refinements, of the method M1 on
uniform meshes which is higher than expected due to the same reason mentioned above.
Thus, with more mesh refinements the expected rate ,which R = 2a = 1.2315, can be
achieved. On graded meshes, the convergence rates are optimal with R = k£ + 1 = 3 for
k < 0.2, which is consistent with the results in Theorem 4.17 and Remark 4.18, namely,
the optimal convergence rate can be achieved for x < 2”5 ~ 1.18 for k = 2.

5.1.4 Different Source Terms F for the Stokes Problem

Example 5.4. This example is presented to highlight the fact that the source term of
the Stokes equation in Algorithm 2.17 is not unique. In this example we continue with
the non convex domain in Example 5.1 on a quasi uniform meshes with different source
terms F for the involved Stokes problem in Algorithm 2.17. More specifically, we consider
both F = F; = (-1/2y,1/22)" and F = F, = (—y,0)7, and they both satisfy (2.25),
namely, curl F; = curl F; = f = 1. We show the convergence rates of the finite element
approximations ¢; of the biharmonic problem obtained from method M2 in Table 11, from
which we can find that both H! and L? convergence rates of the numerical solutions are
the same that obtained in Example 5.2 on uniform meshes. Moreover, we take the solution
obtained in Example 5.2 on uniform meshes as a reference solution, and compare their
differences with the solutions obtain based on F;, [ = 1,2, the H'! and L? errors as well as

the convergence rates are reported in Table 12, from which we find that the errors are small
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and decay fast (convergence rates are larger than the solution convergence rates), thus the
errors are neglectable compared with the those of the finite element approximations with
the exact solution. All these results indicate that the finite element approximations u; and
¢; are independent of the choice of the source term F as long as it satisfies (2.25), which

is consistent with the theoretical results in Lemma 2.8 and Lemma 2.16.

Table 11: Convergence history of the biharmonic approximations ¢; in the L-shaped do-
main.

F H; rate L,rate || F H; rate L, rate
j=4 | 1.6642 1.2053 j=4 | 1.6642 1.2053
j=5| 1.5234 1.1107 j=5 15234 1.1107

F, |j=6]1.3510 1.0836 | F2 | j=6 | 1.3510 1.0836
j=7 | 1.2213 1.0787 j=7 1] 1.2213 1.0787
j=8 | 1.1509 1.0805 j=8 | 1.1509 1.0805

Table 12: Errors with the reference solution and convergence rates in the L-shaped domain.

F H, error H, rate L, error Ly rate | F H, error H, rate L error L, rate
j=3 | 7.5946e-07 —— 6.8863e-08 —— j=3 | 1.5189e-06 —— 1.3773e-07 ——
j=4| 5.2615e-08 3.8514 3.4838e-09 4.3050 j=4 | 1.0523e-07 3.8514 6.9675e-09 4.3050
j=5 3.7524e-09 3.8096 1.8641e-10 4.2241 j=5|7.5048e-09 3.8096 3.7282e-10 4.2241

Fi | j=6|2.7967e-10 3.7460 1.0549e-11 4.1433 | F2 | j=6 | 5.5934e-10 3.7460 2.1098e-11 4.1433
j=7 | 2.1857e-11 3.6776 6.2232e-13 4.0833 j=7 | 4.3714e-11 3.6776 1.2446e-12 4.0833
j=8 ] 1.782%9e-12 3.6157 3.7714e-14 4.0445 j=8 | 3.5659e-12 3.6157 7.5428e-14 4.0445
j=9 | 1.5023e-13 3.5690 2.3836e-15 3.9839 j=9 | 3.0041e-13 3.5693 4.725%-15 3.9964

5.1.5 A Complex Source Term in the Biharmonic Problem
Example 5.5. This example is presented as an additional example to example 5.1 to show
the accuracy of our algorithm with a complex source term other than f = 1.

Test case 1. First, we set the source term of the bi-harmonic equation f = Z(2% +y?)~%/4 +
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cos(mx) + 1 as our complex source term. Then we solve this problem using Algorithm
2.17 and using the Argyris finite element method by setting the source term of the Stokes
problem F = (0, (22 + y?)"/* + 2 4 ;) Alternatively, we can set F in several other
ways since it is not unique. For examples F = (—(ycos(wz) + y), (z* + y?)"/*) and F =
(—yeosTahty (32 g 2)1/4 4 sTme) 4 2y are two other possibilities for the choice of f above.
In table 13 and table 14 we report the error |[ugr — ¢}~ () for uniformly refined square
and L shaped domains used in example 5.1 respectively, where (b;?, ur are the numerical
solutions to biharmonic equation in Algorithm 2.17 and the Argyris finite element solution

respectively. In table 15 we record the H; and L, convergent rates on a sequence of graded

meshes including quasi-uniform meshes for L shaped domain.

Table 13: The L* error |[ug — ¢!|| L~ () in the square domain on quasi-uniform meshes for
=2+ y*) %" + cos(mz) + 1.

j=3 j=4 j=5 Jj=6 J=7 Jj=38
M1 | 2.84053e-04 | 1.05492e-04 | 3.47262e-05 | 1.07467¢-05 | 3.19748e-06 | 8.74116e-07
M2 | 1.49839¢-05 | 1.97924e-06 | 2.54877e-07 | 3.23668e-08 | 4.67500e-09 | 5.48447e-08

Table 14: The L> error |jug — ¢ 1~(q) in the L-shaped domain on quasi-uniform meshes
for f = Z(2? + y*)~3/* + cos(mz) + 1.

j=3 j=4 j=5 Jj=6 J=7 Jj=38
M1 | 4.15461e-04 | 1.90923e-04 | 8.84911e-05 | 4.12234e-05 | 1.92680e-05 | 9.02750e-06
M2 | 4.19756e-04 | 1.87990e-04 | 8.71583e-05 | 4.07645e-05 | 1.91318e-05 | 8.98925e-06
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Table 15: Convergence history of finite element approximation of the biharmonic problem
in the L-shaped domain for f = (2% + y?) ™%/ + cos(rz) + 1.

H, rate L, rate
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j=410.8353 0.8570 0.8925 0.9200 0.9439 0.9412 | 1.7815 1.7962 1.8354 1.8784 1.9328 1.8863
j=251]0.9535 0.9608 0.9709 0.9784 0.9854 0.9828 | 1.9345 1.9405 1.9533 1.9683 1.9998 1.7293
M1 | j=6|0.9872 0.9896 0.9925 0.9944 0.9963 0.9947 | 1.9832 1.9844 1.9875 1.9934 2.0053 1.3718
J=710.9965 0.9973 0.9981 0.9986 0.9991 0.9983 | 1.9960 1.9961 1.9966 2.0000 1.9631 1.1331
j=2810.9991 0.9993 0.9995 0.9996 0.9998 0.9994 | 1.9991 1.9991 1.9990 2.0018 1.8554 1.0704
j=4118927 19086 1.9283 1.9431 1.9271 1.7471 | 3.0675 3.0763 3.0498 2.5354 1.5559 1.2652
j=51]19567 19677 19765 1.9811 1.9310 1.5924 | 3.0643 3.0488 3.0184 2.1087 1.4276 1.1207
M2 | j=6|1.9817 1.9878 1.9919 1.9930 1.8934 1.3917 | 3.0500 3.0206 2.9923 1.9402 1.4245 1.0819
j=7119918 19951 1.9970 1.9969 1.8208 1.2387 | 3.0319 3.0085 29760 1.9010 1.4311 1.0759
j=8]19962 19979 1.9988 1.9982 1.7221 1.1570 | 3.0152 3.0036 2.9560 1.8933 1.4355 1.0785

Table 16: Numerical convergence rates of the Stokes equation
on the L-shaped domain for f = Z(2? + y*)~3/* + cos(mz) + 1.

with Taylor-Hood elements

H, rate L, rate
K 0.05 0.1 0.2 0.3 0.4 0.5 0.05 0.1 0.2 0.3 0.4 0.5
j=41]1.7701 1.8725 1.7365 1.2460 0.8497 0.6600 | 2.8350 2.9471 2.9853 2.6823 1.8998 1.5330
j=51]17936 1.8790 1.5775 1.0418 0.7449 0.5700 | 2.8959 2.9928 3.0044 2.3337 1.6918 1.4039
u, | j=6|18573 1.8788 1.4269 0.9715 0.7248 0.5506 | 2.9808 3.0158 3.0053 2.0524 1.5715 1.3143
j=719176 1.8718 1.3345 0.9529 0.7216 0.5464 | 3.0303 3.0141 2.9944 1.9377 1.5038 1.2407
j=8|1.9554 1.8628 1.2919 0.9482 0.7211 0.5457 | 3.0277 3.0070 2.9789 1.9042 1.4691 1.1839
j=4 1.8457 1.9408 1.7019 1.1603 0.8042 0.6929
Jj= 1.7941 1.8941 1.4993 0.9995 0.7248 0.5820
Pn | J= 1.8526 1.8725 1.3678 0.9581 0.7163 0.5515
j=7 1.9290 1.8608 1.3048 0.9487 0.7174 0.5438
j=38 1.9744 1.8515 1.2793 0.9465 0.7187 0.5425

Tables 13, 14, 15, and 16 follow the same conclusions as in the example 5.1. Thus we

show that our method works for complex source terms.
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5.2 Numerical Tests for Algorithm 2.18
In this section we present numerical simulations for Algorithm 2.18 to validate our

|vj—v;— 1|Hl(Q

theoretical findings. Recall that R = log, | . In this section we do not present

AR IO
solution plots as they looks similar to the solution plots in sub section 5.1. We also do not
present mesh plots in this sub section since we use the same domains to solve the problems
using Algorithm 2.18 as a comparison to Algorithm 2.17. Instead we present table values
to validate our theoretical findings.

Since the convergence rate of the finite element approximation w; of the Poisson equa-
tion in Algorithm 2.18 has been well investigated in many papers (see e.g., [70, 67]), so
we will not report the convergence rates of w; in the following numerical tests.

5.2.1 A Comparison with a Reference Solution

In this example, we mainly solve the biharmonic problem (2.1) in following two meth-

ods:

e M1: Both Poisson equations are solved using linear finite elements and the Stokes

equation is solve using Mini finite elements.

e M2: Both Poisson equations are solved using quadratic finite elements and the Stokes

equation is solve using Hood-Taylor finite elements.

Example 5.6. We consider the biharmonic problem (2.1) with f = 1 in the square domain
2, we solve this problem using Algorithm 2.18 with the methods M1 and M2 on uniform
meshes obtained by the midpoint refinements with initial meshes given in Figure 8(a).

Convex Domain. We solve this problem in a square domain 2 = (—1, 1)? with the initial

mesh in Figure 8a. The errors in L> norm between the finite element solution ¢, and the
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reference solution ¢ are given in Table 17. These results indicate that the solutions of

Algorithm 2.18 converge to the exact solution in a convex domain.

Table 17: The L™ error ||[¢r — ¢;||1=(q) in the square domain on quasi-uniform meshes.

j=3 j=4 Jj=5 j=6 j=T j=38
M1 | 0.0021 | 5.4337e-04 | 1.3555e-04 | 3.3704e-05 | 8.3951e-06 | 2.0946e-06
M2 | 6.6907e-05 | 9.1130e-06 | 1.1783e-06 | 1.5000e-07 | 1.8934e-08 | 2.3789e-09

Non Convex Domain. We solve this problem in an L-shaped domain Q2 = Q \ ©; with
Qo = (—1,1)* and Q; = (0,1) x (—1,0) and use the initial mesh in Figure 9a. The errors
|¢r — ¢;]| () based on methods M1 and M2 are given in Table 18. These results indicate

that the solutions of Algorithm 2.18 converge to the exact solution in a nonconvex domain.

Table 18: The L* error |Jur — ¢/|| L~ (o) in the L-shaped domain on quasi-uniform meshes.

j=3 j=4 Jj=5 Jj==6 J=7 Jj=38
M1 | 6.0562e-04 | 2.9050e-04 | 1.5251e-04 | 7.6796e-05 | 3.8681e-05 | 1.8817e-05
M2 | 0.0017 | 7.6795e-04 | 3.2917e-04 | 1.5283e-04 | 7.1483e-05 | 3.3533e-05

5.2.2 Convergent Rates on Graded Meshes

Example 5.7. In this example we follow the Example 5.2 similarly for the Algorithm 2.18.
we continue with the non convex domain in Example 5.1 on a sequence of graded meshes
(including uniform mesh). The initial mesh and the graded mesh after 2 and 4 mesh
refinements are shown in Figure 10a, Figure 10b, and Figure 10c respectively. In Table
19, we show the numerical convergence rates of finite element approximations of the

biharmonic problem for the methods methods M1 and M2.
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We find on uniform meshes (x = 0.5) that the H' convergence rate for the method M1
is optimal with R = 1, and that of the method M2 is suboptimal with R ~ 1.1463. Both of
them are consistent the theoretical result in Theorem 3.12 in an L-shaped domain, that is
R =min{k, 5+ 2, + 1,2a} ~ min{k, 2.6667, 1.54448,1.0890}, where « is given in Table 1
with w = 37” and 3 = . We also find that the convergence rates for the method M1 are
optimal on graded meshes with x < 0.5, and that of the method M2 are optimal on graded
meshes with x < 0.3, which are consistent with the theoretical result in Theorem 4.25,
namely, the optimal convergence rate can be obtained when x < 9% = 0.5 for method

M1, and x < 9750~ 0.28 for the method M2.

Table 19: Convergence history of finite element approximation of the biharmonic problem
in the L-shaped domain.

H, rate of ¢, L, rate of ¢;

K 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
j=4109503 0.9601 0.9729 0.9867 0.9892 | 1.7592 1.8224 1.8604 1.8577 1.7675
Jj=250.9908 0.9908 0.9934 0.9978 0.9989 | 1.9500 1.9587 1.9488 1.8834 1.6836
M1 | j=60.9973 0.9975 0.9983 0.9999 1.0010 | 1.9936 1.9900 1.9639 1.8492 1.5343
J=1710.9992 0.9993 0.9996 1.0002 1.0012 | 2.0025 1.9969 1.9634 1.7943 1.3811
J=810.9998 0.9998 0.9999 1.0002 1.0010 | 2.0034 1.9984 1.9602 1.7306 1.2619
j=419061 1.9284 1.9453 1.9259 1.7193 | 3.0225 3.0100 2.6079 1.5236 1.0230

Jj= 1.9686 1.9777 1.9824 1.9267 1.5493 | 3.0199 3.0029 2.1834 1.3979 1.0082
M2 | j= 1.9883 1.9923 1.9935 1.8858 1.3523 | 3.0093 2.9914 1.9663 1.4135 1.0357
Jj= 1.9953 1.9972 1.9971 1.8100 1.2154 | 3.0040 2.9820 1.9073 1.4274 1.0568

Jj=28[19980 1.9989 1.9983 1.7101 1.1463 | 3.0018 2.9683 1.8946 1.4342 1.0705

The L? convergence rates of both methods M1 and M2 on uniform meshes are subop-
timal with R ~ 1.2619 or R ~ 1.0705, which are consistent with the theoretical result in

Theorem 3.13 with R = min{k+1,a+2, 843, a+5+1,2a} ~ min{k+1,1.0890} = 1.0890.
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On graded meshes, the convergence rates of the method M1 are optimal with x < 0.3, and
that of the method M2 are optimal with x < 0.1, which are consistent with the theoreti-
cal result in Theorem 4.26, namely, the optimal convergence rate can be obtained when
k< 9750 & 0.28 for the method M1, and x < 97 A 0.15 for the method M2.

5.2.3 Re-entrant Corners on the Domain Other Than 37/2

Example 5.8. Similar to the example 5.3, in this example we report the numerical conver-
gence rates on a sequence of graded meshes including quasi-uniform meshes for different
re-entrant corners. We particularly use a domain with one re-entrant corner 77 /4 and a
domain with two re-entrant corners 47/3. As in example 5.1, we consider the biharmonic
problem (2.1) with f = 1. We solve this problem using Algorithm 2.18 with the methods
M1 and M2.

One Re-entrant Corner. The re-entrant corner of the domain under consideration is 77 /4

as shown in the Figure 11a. In table 20 we show the numerical convergence rates of finite

element approximations of the biharmonic problem for the methods methods M1 and M2.
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Table 20: Numerical Convergence rates of finite element approximation of the biharmonic
problem on a domain with re-entrant corner 77 /4.

H; rate Lo rate
K 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

j=4]0.9490 0.9598 0.9732 0.9869 0.9865 | 1.7435 1.8107 1.8485 1.8404 1.7424
j=510.9913 0.9911 0.9937 0.9980 0.9974 | 1.9394 1.9472 1.9285 1.8483 1.6378
M1 | j=610.9976 0.9977 0.9985 1.0000 1.0001 | 1.9877 1.9800 1.9360 1.7894 1.4633
j=71]0.9992 0.9994 0.9997 1.0003 1.0006 | 1.9995 1.9884 1.9274 1.7053 1.2932
j=2810.9998 0.9998 1.0000 1.0003 1.0005 | 2.0021 1.9912 1.9154 1.6148 1.1692
j=4|17565 1.7913 1.8330 1.7931 1.5778 | 3.0707 2.9742 2.3553 1.4123 0.8719
j=25]19093 1.9325 1.9410 1.7894 1.3734 | 3.0120 2.9126 1.8590 1.2377 0.8845
M2 | ;= 1.9684 1.9785 1.9713 1.6829 1.1649 | 3.0126 2.8199 1.7492 1.2795 0.9316
j=7]19876 1.9924 19772 1.5480 1.0604 | 3.0076 2.6878 1.7453 1.3065 0.9604
j=281]1.9949 1.9972 19747 1.4430 1.0238 | 3.0050 2.5526 1.7498 1.3203 0.9787

We find on uniform meshes (x = 0.5) that the H' convergence rate for the method M1
is optimal with R = 1, and that of the method M2 is suboptimal with R = 1.0238. Both
of them are consistent the theoretical result in Theorem 3.12 in a domain with re-entrant
corner 77 /4, that is R = min{k, 5 + 2, a + 1, 2a} ~ min{k, 2.5714, 1.5050, 1.0100}, where «
is given in Table 1 for w = %T. We also find that the convergence rates for the method M1
are optimal on graded meshes with x < 0.5, and that of the method M2 are optimal on
graded meshes with « < 0.3, which are consistent with the theoretical result in Theorem
4.25, namely, the optimal convergence rate can be obtained when x < 9% = 0.5 for
method M1, and s < 9750 & 0.25 for the method M2.

The L? convergence rates of both methods M1 and M2 on uniform meshes are sub-
optimal with R ~ 1.1692 and R ~ 0.9787 respectively, which are consistent with the

theoretical result in Theorem 3.13 with R = min{k + l,a + 2,8+ 3,a + 6 + 1,2a} =
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min{k + 1,2.5050,3.5714,2.0764,1.0100}. On graded meshes, the convergence rates of
the method M1 are optimal with x < 0.3, and that of the method M2 are optimal with
k < 0.1, which are consistent with the theoretical result in Theorem 4.26, namely, the
optimal convergence rate can be obtained when x < 9”2 ~ 0.25 for the method M1, and
k < 27 ~ 0.13 for the method M2.

Two Re-Entrant Corners. The re-entrant corners of the domain under consideration is
47/3 as shown in the Figure 12a. In table 21 we show the numerical convergence rates
of finite element approximations of the biharmonic problem for the methods methods M1

and M2.

Table 21: Numerical convergence rates of the second the Poisson equation for the methods
M1 and M2 with two re-entrant corner 4 /3.

H, rate Lo rate
K 0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

j=41]0.8517 0.9021 0.9436 0.9773 0.9575 | 1.4034 1.5625 1.6811 1.7424 1.6902
j=25]0.9908 0.9859 0.9896 0.9991 0.9903 | 1.8596 1.8951 1.9074 1.8743 1.7312
M1 | j=61]0.9963 0.9953 0.9970 1.0005 0.9977 | 1.9720 1.9747 1.9600 1.8852 1.6624
j=710.9984 0.9985 0.9992 1.0005 0.9998 | 1.9988 1.9945 1.9735 1.8672 1.5593
j=281]0.9995 0.9996 0.9998 1.0003 1.0004 | 2.0035 1.9993 1.9780 1.8426 1.4590
j=4]18316 1.8640 1.8955 1.9140 1.7916 | 3.0679 3.0285 2.9741 2.3759 1.8035
j=25] 19415 19561 1.9654 1.9600 1.7804 | 3.0453 3.0175 2.8393 1.7311 1.2239
M2 | j=6|19779 1.9842 1.9872 1.9731 1.7181 | 3.0248 3.0055 2.6299 1.6149 1.1806
j=7]19910 1.9937 1.9948 1.9750 1.6378 | 3.0126 3.0013 2.3965 1.6156 1.1988
j=28]1.9960 1.9973 1.9977 1.9708 1.5543 | 3.0055 2.9999 2.2415 1.6221 1.2127

We find on uniform meshes (x = 0.5) that the H' convergence rate for the method M1
is optimal with R = 1, and that of the method M2 is suboptimal with R ~ 1.5543 which
is little bit higher than the expected due to the reason explained in example 5.3. Both

of above results are consistent the theoretical result in Theorem 3.12 in a domain with
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re-entrant corner 47/3, that is R = min{k, 5 + 2, + 1, 2a} = min{k, 2.75,1.6157,1.2315},
where « is given in Table 1 for w = 4F. We also find that the convergence rates for the
method M1 are optimal on graded meshes with x < 0.5, and that of the method M2 are
optimal on graded meshes with x < 0.3, which are consistent with the theoretical result in
Theorem 4.25, namely, the optimal convergence rate can be obtained when x < 9% = 0.5
for method M1, and s < 9750 ~ 0.32 for the method M2.

The L? convergence rate R ~ 1.4590, after 8 mesh refinements, of the method M1 on
a uniform mesh which is higher than expected due to the same reason mentioned above.
Thus more mesh refinements are needed to achieve the expected convergent rate. The L?
convergence rates of the method M2 on uniform meshes is suboptimal with R ~ 1.2127
which is consistent with the theoretical result in Theorem 3.13 with R = min{k + 1, +
2,643, a+[+1,2a} = min{k+1,2.6157,3.75,2.3657,1.2315} = 1.2315. On graded meshes,
the convergence rates of the method M1 are optimal with x < 0.3, and that of the method
M2 are optimal with x < 0.2, which are consistent with the theoretical result in Theorem
4.26, namely, the optimal convergence rate can be obtained when x < 97 %0 ~ 0.32 for the
method M1, and s < 9% ~ 0.18 for the method M2.
5.2.4 CPU Time
Example 5.9. In this example, we compare the CPU time of the proposed finite element
algorithms (Algorithm 2.17 and Algorithm 2.18) with those of H?-conforming Argyris fi-
nite element method by solving the biharmonic problem (2.1) with f = 1 in the same
square domain §2. The Stokes problem (2.24) with source term F = (0, z)” which satisfies
(2.25) is solved in Algorithm 2.17. The results of the CPU time comparison (in seconds)

are shown in Table 22. All results are tested on MATLAB R2021a in MacBook Air (M1,
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2020) with 8 GB memory.

From Table 22, we find that Algorithm 2.17 and Algorithm 2.18 are much faster than
the Argyris finite element method due to the availability of fast Stokes solvers and Poisson
solvers. Moreover, Algorithm 2.17 is faster than Algorithm 2.18, since Algorithm 2.18 has

one extra Poisson problem to compute.

Table 22: The CPU time (in seconds) of Algorithm 2.17, Aglorithm 2.18, and the Argyris
finite element method.

Convex domain as in Figure 8a Non convex domain as in Figure 9a
method\j

j=3 j=4 j=5 j=6 j=7 j=8 |j=3 j=4 j=5 j=6 j=7 j=38

Argyris FEM 3.19 10.88 27.22 113.28 461.15 1883.50| 3.62 13.49 53.58 220.43 915.98 3793.90

Algorithm 2.17(M1)| 0.07 0.29 0.51 149 512 15.72 |0.08 0.11 0.29 1.29 4.02 12.74

Algorithm 2.18(M1) | 0.07 0.07 0.19 0.82 442 24.05 |0.08 0.09 0.11 0.71 240 15091

Algorithm 2.17(M2)| 0.05 0.18 0.62 2.02 6.46 2229 |0.09 0.27 058 1.70 499 18.62

Algorithm 2.18(M2) | 0.07 0.19 0.67 296 12.06 60.08 |[0.06 0.22 024 160 7.79 41.65
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CHAPTER 6 SUMMARY AND DISCUSSION

6.1 General Conclusion
In this dissertation, we studied the biharmonic equation A?¢ = f in 2, with Dirichlet

boundary conditions in a polygonal domain. We briefly summarize our work below:

* We introduced two methods to decouple the biahrmonic equation 2.1. First we do-
coupled the biharmonic equation in to a Steady state Stokes equation and a Pois-
son equation. As a generalization to the first decoupled system we introduced the
second formulation by decoupling the biharmonic equation 2.1 in to a steady state
Stokes equation and two Poisson equations. Based on the general regularity theory
for second-order elliptic equations and Stokes equation, we reviewed the weak solu-
tions of all involved equations, and show the equivalence of solution of the proposed

systems to that of original problem 2.1.

* Based on the first decoupled formulation in section 2.3.1 we proposed finite element
Algorithm 2.17 to solve the biharmonic equation 2.1. Based on the second decou-
pled formulation in section 2.3.2 we proposed finite element Algorithm 2.18 to solve
the biharmonic equation 2.1. The involved Stokes equations in both algorithms are
solved using the Mini finite elements and the Taylor-Hood finite elements while the
Poisson equations are solved using linear finite elements and quadratic finite ele-

ments.

* We presented error analysis of Algorithm 2.17 and Algorithm 2.18 on quasi-uniform
meshes. The error estimate Theorem 3.5, Theorem 3.6, Theorem 3.12, and Theorem

3.13 show that Algorithm 2.17 produces numerical solutions that converge to the
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solution of the biharmonic problem (2.1) no matter the polygonal domain is convex
or non-convex. We note that if the domain is non-convex, the convergence rate on

quasi-uniform meshes is suboptimal.

» To improve the convergence rate, we presented the construction of graded meshes
and the regularity in weighted Sobolev space. As an intermediate step we presented
interpolation error estimate on graded mesh and then we showed the erroe estimate

results of both Algorithms 2.17 and Algorithm 2.18.

* We presented several numerical simulations to validate our theoretical results. First,
we compared our numerical solution with the finite element solution obtained using
Argyris finite element under convex and non convex domains. Those results indi-
cated that the solutions of Algorithm 2.17 and Algorithm 2.18 converge to the exact
solution in both convex and nonconvex domains. We further showed convergent
rates on graded meshes for different re-entrant corners. All those numerical conver-
gent rates followed our theoretical finding. Finally, we calculated the CPU time to
run our algorithms and the algorithm based on Argyris finite elements. We found
that our Algorithms are much faster than the Argyris finite element method due to
the availability of fast Stokes solvers and Poisson solvers. Moreover, Algorithm 2.17
is faster than Algorithm 2.18, since Algorithm 2.18 has one extra Poisson problem to

compute.

6.2 Future Work

This dissertation inspires some new research directions:
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* Some special source terms could be considered, such as the Dirac delta function at a

point in a domain [88], or line Dirac measures [67, 32].

* It would be interesting to explore the possibility to extend proposed method to
time-dependent fourth order problems and nonlinear fourth order partial differ-
ential equations, such as Swift-Hohenberg equation [93], and the Cahn-Hilliard
equation [31]. It has been explored that the fully discrete numerical schemes for
these types of equations are elliptic fourth order equations with lower order terms
[71, 72, 73, 74, 75, 98]. The extensions could involve new challenges, we will leave

it to our future work.

* The proposed method has potential to extend to sixth order or even higher order

problems.
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ABSTRACT

A C° FINITE ELEMENT METHOD FOR THE BIHARMONIC PROBLEM
IN A POLYGONAL DOMAIN

by
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Advisor: Dr. Hengguang Li
Major: Mathematics

Degree: Doctor of Philosophy

This dissertation studies the biharmonic equation with Dirichlet boundary conditions in
a polygonal domain. The biharmonic problem appears in various real-world applications,
for example in plate problems, human face recognition, radar imaging, and hydrodynamics
problems. There are three classical approaches to discretizing the biharmonic equation in
the literature: conforming finite element methods, nonconforming finite element methods,
and mixed finite element methods. We propose a mixed finite element method that effec-
tively decouples the fourth-order problem into a system of one steady-state Stokes equa-
tion and one Poisson equation. As a generalization to the above-decoupled formulation,
we propose another decoupled formulation using a system of two Poison equations and
one steady-state Stokes equation. We solve Poisson equations using linear and quadratic
Lagrange’s elements and the Stokes equation using Hood-Taylor elements and Mini finite
elements.

It is shown that the solution of each system is equivalent to that of the original fourth-

order problem on both convex and non-convex polygonal domains. Two finite element
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algorithms are, in turn, proposed to solve the decoupled systems. Solving this problem
in a non-convex domain is challenging due to the singularity occurring near re-entrant
corners. We introduce a weighted Sobolev space and a graded mesh refine Algorithm
to attack the singularity near re-entrant corners. We show the regularity results of each
decoupled system in both Sobolev space and weighted Sobolev space. We derive the H'
and L? error estimates for the numerical solutions on quasi-uniform and graded meshes.
We present various numerical test results to justify the theoretical findings. Given the
availability of fast Poisson solvers and Stokes solvers, our Algorithm is a relatively easy

and cost-effective alternative to existing algorithms for solving the biharmonic equation.



129

AUTOBIOGRAPHICAL STATEMENT

Charuka Wickramasinghe

Education

Ph.D. in Mathematics, Wayne State University, Detroit, Michigan, USA, 2022.

M.A. in Applied Mathematics, Wayne State University, Detroit, Michigan, USA, 2022.

M.A. in Mathematics, Bowling Green State University, Ohio, USA, 2017.

Diploma in Industrial Mathematics, University of Peradeniya, Sri Lanka, 2015.

B.S.(Hons) in Mathematics, University of Peradeniya, Sri Lanka, 2013.

Selected List of Awards and Scholarships

(a) Thomas C. Rumble University Graduate Fellowship, Wayne State University, 2021-

2022.

(b) Nominated for the Garrett T. Heberlein Excellence in Teaching Awards, Wayne State

University, 2022.

(c) Paul Catlin, Ph.D. Endowed Memorial Scholarship Award, Wayne State University,

2021.

(d) Excellence in Teaching Award, TRIO Upward Bound Program, Bowling Green State
University, 2021.
(e) Mahapola Higher Education Scholarship Award, Sri Lanka, 2008-2013.

Publications

[1] H. Li, C. D. Wickramasinghe, and P. Yin. A C° finite element method for the
biharmonic problem with Dirichlet boundary conditions in a polygonal domain. arXiv

preprint arXiv:2207.03838, 2022.



	A C0 Finite Element Method For The Biharmonic Problem In A Polygonal Domain
	Recommended Citation

	Dedication
	Acknowledgements
	List of Tables
	List of Figures
	INTRODUCTION
	The Finite Element Methods
	Definitions
	Main Work of the Dissertation
	Outline of the Dissertation

	THE BIHARMONIC PROBLEM
	The Biharmonic Problem
	The Poisson Equation
	The Stokes Equation

	Well-posdedness and Regularity of the Biharmonic Problem
	Decoupled Formulations of the Biharmonic Problem
	The First Decoupled Formulation
	The Second Decoupled Formulation

	Finite Element Algorithms

	ERROR ESTIMATE ON QUASI-UNIFORM MESHES
	Error Estimates Results for Algorithm 2.17
	Error Estimates Results for Algorithm 2.18

	ERROR ESTIMATE ON GRADED MESHES
	Regularity in Weighted Sobolev Space
	Weighted Sobolev Space
	Regularity Results

	Graded Meshes
	Interpolation Error Estimates on Graded Meshes
	Error Estimates Results for Algorithm 2.17
	Error Estimates Results for Algorithm 2.18

	NUMERICAL ILLUSTRATIONS
	Numerical Results For Algorithm 2.17
	A Comparison with a Reference Solution
	Convergent Rates on Graded Meshes
	Re-entrant Corners on the Domain Other Than 3/2
	Different Source Terms F for the Stokes Problem
	A Complex Source Term in the Biharmonic Problem

	Numerical Tests for Algorithm 2.18
	A Comparison with a Reference Solution
	Convergent Rates on Graded Meshes
	Re-entrant Corners on the Domain Other Than 3/2
	CPU Time


	SUMMARY AND DISCUSSION
	General Conclusion
	Future Work

	References
	Abstract
	Autobiographical Statement

