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CHAPTER 1 BACKGROUND : STANDARD MODEL
1.1 Elementary particle fields

The standard model (SM) of particle physics describes three fundamental interactions
in nature using quantum field theory. Quantum electrodynamics (QED) describs the elec-
tromagnetic interaction, which is responsible for attraction between electrons and neuclei
in atoms and molecules. Quantum chromodynamics (QCD) describes the strong nuclear
interactions between particles. QCD is responsible for the binding of quarks inside nucleons
(protons and neutrons). The weak force is behind processes such as beta decay. This weak
interaction can transmute protons into neutrons, and it played a vital role in synthesizing
heavy elements in the early stages of universe [1]. The Glashow-Weinberg-Salam (GWS) the-
ory [2,3] pointed out that electromagnetic interaction and weak interaction can be described
by a single theory, which is known as electro-weak theory.

In the SM, there are matter fields and force mediating fields. The matter fields are
associated with intrinsic spin 1/2, and they are known as fermions. Whereas force-carrying
fields are associated with integer spins. These force-carrying fields are also known as gauge
bosons.

There are four force-carrying gauge fields in SM. The photon, which is obtained by the
quantization of the electromagnetic field, mediates the electromagnetic interaction. The
massive W+ and Z" gauge bosons mediate the weak interaction. The gluons mediate the
strong nuclear interactions.

Finally, the Higgs boson is obtained by quantizing the Higgs field. Scalar Higgs field is
involved with the mechanism that generates mass to the massive gauge bosons and matter
fields except, perhaps, for neutrinos (see sec. .

The fermion fields are separated into two segments, which are known as quarks and
leptons. The quarks have six flavors, which are up (u), down (d), charm (c), strange (s), top
(t), and bottom (b). There are six leptons in the lepton family. They are electron (e), muon

(i), tau (7), electron neutrino (v.), muon neutrino (v,) and tau neutrino (v, ).



The SM elementary particle fields are summarized in figure [1.1

Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
I Il ]
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Figure 1.1: Summary of the SM elementary particles [4] .

In figure [I.1], the particles that are denoted by purple and green colors represent the
matter fields. The red color represents the spin-one gauge bosons. The color yellow represents
the Higgs boson.

1.2 Symmetries in particle physics

Symmetry transformation is an operation that can be performed on a particular system,
which leaves the system invariant. The symmetries are important because they provide
the conservation laws that govern the dynamics of the system. In particular, Noether’s
theorem connects the symmetries with the corresponding conservation laws [5]. For exam-
ple, Noether’s theorem connects the space and time translation symmetries to energy and

momentum conservation, respectively [6].



1.2.1 Discrete symmetries

Discrete symmetries are associated with the non-continuous change of the system. Under
the discrete transformations, the system suddenly changes from one state to another. In
particle physics, three important discrete symmetries govern the interactions, and they are
known as parity (P), charge conjugation (C) and time reversal (T).

The parity symmetry implies that the physical processes are invariant under flipping of
the sign of space coordinates. This can be used to test whether the fundamental interactions
are invariant under parity. The experimental evidence implies that the electromagnetic
and strong interaction are invariant under parity. However, the weak interaction does not
preserve the parity invariance [7].

The charge conjugation transformation changes the sign of all the electromagnetic charges
in the system. This implies an operator that changes the particle into an anti-particle. The
strong and electromagnetic interaction both preserve charge conjugation, whereas the weak
interaction does not remain invariant under C.

The time reversal symmetry implies that the invariance of the physical processes under
the reversal of time. For example, under the T transformation a particle moving from point
A to B along a certain path will reverse its direction from B to A on the same path [§].
The time reversal operator is an anti-unitary operator. This means the 7" operators act on

quantum numbers as well as the operators 9], which provides

T(c — number )¢ = (c — number )*T (1.1)

1.2.2 Continuous symmetries

Continuous transformations gradually change the system from its original state to an-
other. These continuous transformations play an important role in understanding elemen-
tary particle interactions. The elementary particle fields are defined using the complex-valued

mathematical spaces. Under the continuous symmetries, the physical process remains invari-



ant when the fields are rotated. For instance, electromagnetic interaction is invariant when
the fields are rotated by a complex phase ¢**, where « is a real number. This symmetry
is known as U(1) symmetry, and it is an abstract internal symmetry of the electromag-
netic field. Similarly, the massless weak boson and fermion fields satisfy another abstract
symmetry called SU(2),. These symmetries are based on the field rotations of two and
three-dimensional spaces.

As the Yang-Mills theory [10] points out, the associated Lagrangian for these interacting
fields should be invariant under local gauge transformations. This means the Lagrangian
remains the same after an internal rotation. However, this theory seems to work well only
for massless gauge fields such as photon field and gluon field. The heavy vector bosons, such
as W and Z, require another mechanism to generate their masses. For this, a scalar field
called Higgs field is employed.

Unlike the other fields, the lowest energy state of the Higgs field is a vacuum state
(a state free of excitations) with non zero field value v, where v is known as the vacuum
expectation value (vev). Thus, the system spontaneously chooses a new vacuum. This
makes the ground state only posses a subset of the symmetries of Lagrangian. This process
is known as spontaneous symmetry breaking. The broken Higgs field provide the source for
the accumulation of mass for massless fermion and boson fields (see section [11].

The standard model is specified by the special unitary group SU(3). x SU(2), x U(1)y.
QCD has non-abelian gauge symmetry called SU(3)¢c, the weak and electromagnetic in-
teractions exhibit SU(2);, x U(1)y symmetry. As stipulated by the Higgs mechanism, the
SU(2), xU(1)y breaks to electromagnetic subgroup U(1)gas. The coupling for strong, weak,
and electromagnetic interactions are given by g, for strong interaction, ¢’ for weak hyper-
charge U(1)y, and g for weak isospin SU(2)r. Y denotes the generator of week hypercharge,
and the three generators of week isospin are given by 7¢ where ¢ = 1,2, 3. For the SU(3)c¢,
there are eight generators, which are denoted by T, where a = 1, ..., 8. Since the interactions

between these fields have a complex structure, it is easier to divide the SM Lagrangian into



several sectors for the following analysis.
1.3 Constructing the SM Lagrangian
1.3.1 The gauge sector
The gauge field for strong interactions are given by G, for the SU (2), the gauge field
is given by W) and the gauge field for the U(1)y is given by B,. The corresponding

abelian/non-abelian field strength tensors for these gauge fields are given as follows:

B, = 9,8, —,B,
Wi, = 8,W — 8,Wi — ge*wiwk (1.2)

G, = 0,Gy — 0,G}, — gsfachZGf,
In the SM Lagrangian gauge sector is realized as follows:

1 1
»Cgauge = __BMVBM - Z

] Ny 1 a a,uv
; Wi WH G Gon (1.3)

4
1.3.2 The fermionic sector

The fermionic sector contains the matter fields. Also, it exhibits the SU(2), x U(1)y
symmetry, which accounts the weak and electromagnetic interactions. There are three gen-
erations of fermions each consist of neutrino (v;) with electromagnetic charge @Q; = 0, lepton
(;) with @Q; = —1, up type quark with Q; = +2/3 and down type quark with @; = —1/3.
The SU(2), determines the transformation properties of these fermion fields under weak
charge. These fields are arrange as a 2 x 1 column vector. This is known as 2 representation.
For an example, u;, and dj, together form 2 representation of SU(2),. Similarly, v.;, and e,
also transform together to form doublet. On the other hand, right handed fields transform
as singlets under SU(2)y.

The representation of U(1)y is the hypercharge of the field. The hypercharge is assigned
based on the final electromagnetic charge of the fermion. The representation of SU(3)¢ is

determined by the color charge. The left and right handed quarks comes in three colors



as 3 X 1 column vector. This is the 3 representation in SU(3)s. Leptons do not carry a
color. They are in the singlet representation of SU(3)c. Altogether, for an example, the

transformation of up type quark under SU(3). x SU(2);, x U(1)y is

1
ur ~ (3727_

2 (1.4)

The interaction between the matter and gauge fields is captured by the covariant derivative.
Dy =8, +ig B,Y +igW.r" + ig,GoT* (1.5)

Using this the fermionic part of the standard model Langrangian can be written as:

3
Licomionic = Y, (ELiDE} + QilDQY, + €xildel, + ugi Duly + diiPdy) (1.6)
i=1
where
. V; Ve v, Uy
E}, = PL - ) 3
e; e L T
L L L (1.7)
U; U c t
QL = PL = 9 ) )
d; d S b
L L L

PL/R: (1:[:"}/5)/2

1.3.3 Higgs sector
As discussed in the section [I.2] the Higgs field is needed as a mass generating mechanism

to heavy vector bosons. The Lagrangian is [11-13]:

L = (D,0) (D#0) + 512616 — 1A (6'6)" + Lo (1.9



where

o 1 ¢3 + iy
(¢) = = NG . (1.9)
¢° ¢1 + i
Here o and A\ are both real parameters. However, the minimum of the Higgs potential
is not at (¢) = 0. Thus, the potential term provides the spherical shell of minima at a
1
radius v = (”;) *. On the surface of this spherical shell there are infinitely many equivalent
vacua. The Higgs field spontaneously pick one of these vacua and breaks the symmetry. For
simplicity, consider the following vacuum field configuration:
202

($1)° == =20% ¢ =065=0¢]=0 (1.10)

More concisely,

() = (1.11)

The symmetry breaking SU(2);, x U(l)y — U(1l)g does not break all the symmetries.
For instance, our choice of vacuum given in equation is still invariant under U =
i +1m)a(@) transformation. In fact Q = % + I3 where @) is the electromagnetic charge.
Using this the above transformation can be written as U = ¢i@alo), According to the Yang-
Mills theory this is equivalent to a U(1) transformation. Therefore, the electromagnetic

interaction emerges unbroken from this symmetry breaking.

The excitation above the vacuum state of the Higgs field is given below:

olx) = (1.12)



The first term in the Higgs Lagrangian becomes

u 1 2 g*v? 1,2 g*v? 212 v?
(Df¢)(D*¢) = 5(8uh(93)) +T(W ) +T(W ) o

I3 B

(ng —¢B,)? (1.13)

Note that the mass term of a spin-1 field has the form £(mass)? x (field)?. Following from

2

this, the W, and W7 fields obtain a mass Mg, = £ 2“2. The linear combination of the fields

(ngf — ¢'B,,) also becomes massive. The Higgs field components ¢, ¢35 and ¢4 disappeared
from the interaction Lagrangian. The massive excitation of the scalar field is known as Higgs
boson.

The linear combination ¢’ Wj’ +gB,, does not appear in the above Lagrangian. Therefore,
this combination is identified as the massless photon field. The Weinberg angle is defined as

the ratio of coupling constants g and ¢’ as tan Oy, = %. Using this angle two new fields are

defined as:

B cosfy —sinfy wp (1.14)

" sinfy,  cos Oy B,
where Z,, is the Z boson field and A, is the photon field.
1.3.4 Yukawa sector
The Higgs couplings to the fermions in the SM is described by the Yukawa Lagrangian.
The Lagrangian needs to be Lorentz invariant and have mass dimension 4. Its general form

is
'CYukawa > _y’lbd_}RgbwL + C.C, (115>

where ¢ and ¢ are fermion field and scalar field respectively. y,; is the dimensionless coupling

between the scalar and fermion fields, which is known as the Yukawa coupling.



1.3.4.1 Lepton sector
Using the above definition, the Yukawa term in the Lagrangian can be obtained for the

SU(2);, doublet E = (vp,er)” as follows:
Lyukawa D — [yeer® EL + y: ELPep] (1.16)
The coupling y. is obtained using

_ Me (1.17)

Also, this can be extended to all three generations in SM. This gives a generalized lepton

sector as
Liepton > — [Yijéqu)TELi + Y;';ELz’q)eRj} ; (1.18)

where Y;; is the matrix element of the Yukawa matrix. Due to the absence of vg; fields, in
SM neutrinos do not couple to Higgs field. The neutrinos do not get their mass from the
Higgs mechanism.

1.3.4.2 Quark sector

Similarly, the Yukawa interaction between SU(2); quark doublet @ = (up, dL)T and down

type quark singlet dr can be written as

Lyuawa D — [Yadr®'Qr + y;Q  Pdg] (1.19)
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The mass generation of up type quarks is obtained by using the conjugate doublet transfor-

mation in SU(2). The conjugate Higgs doublet is given by

- 0 —i o~ ¢
¢ =ic’e* =i = (1.20)
v 0 oo -~
As an artifact of this, we obtain ¥ = —%. Using this, another gauge invariant term can be

obtained,

'CYukawa > — [yuﬂRQETQL + y:@Lq;uR] (121)

As shown before, the quark masses and the Higgs vev determine the Yukawa couplings. This

can also be generalized to all 3 generations of quarks as well. The complete Yukawa term,
—Lyvukawa = YijQp,0dR; + ViQ ,0ur; + Y ELider; + h.c. (1.22)

Also, this term is the source of all flavor interactions [14].
1.3.5 The Standard Model Lagrangian
Considering all the possible interactions between the gauge bossons, fermions and scalars

the final Lagrangian that describes the SM can be written as follows:

['SM =L fermionic + gauge +L Higgs +L Yukawa, - (123)

In the table we summarize all the SM constituents and their corresponding gauge mul-

tiplets.
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Table 1.1: Constituents of the SM

Type spin | Field | Multiplet

1 (17170)
Vector 1 w, (1,3,0)

G, (8,1,0)

En | (1,2,-1)

Qui | (32)

Spinor % €Ri (1,1,-1)
)

UR; (3a17§

dRi (3717_%)
Sacalar 0 o) (1,2,3)

1.3.6 Cabibbo-Kobayashi-Maskawa (CKM) matrix
Consider equations ((1.19) and (1.21]). They can be generalized to all three generations

of quarks in the SM.

3 3
uark u~— 1 N
Liikawa = — Z [yijuRi¢TQLj + yfjdeQLj] + h.c. (1.24)
i=1 j=1
The dimensionless Yukawa couplings now become 3 x 3 matrices. These matrices contain

18 complex parameters. As shown in the section [1.3.3] replacing the Higgs by its vacuum

configuration ¢ = (0,v/v/2)” provides the mass term.

Uy d1
E%ukawa o= (al7a27a3)R M U9 - (JI;J%JZS)RMC[ d2 —|—h.C., (125)
us d3

L L
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where

v

— %
VoA

v

u u d __
M;; = ﬁyij, M =

(1.26)

The M}, and Mglj are known as the quark mass matrices in the generation space. The
diagonalization of these mass matrices provide the quark mass eiganstates. This is done by

multiplying the mass matrices by unitary matrices Uy, Ur, D, and Dg. They are defined by

U1 u dl d
U =ULr| c , ds =Drr| s , (1.27)
Uus t ds b

L,R L,R L,R LR

where u,c,t,d,s and b are quark mass eigenstates. This gives us the diagonalized mass

matrices.
m, 0 O mg 0 O
U MU= 0 m, 0 |, DeMDr=| 0 m, 0 |- (1.28)
0 0 my 0 0 my

Also, M* and M? diagonalizes Yukawa matrices Yis = ﬁ/\/l;; and yfj = ﬁj\/lfl]

v v

These mass eigenstates (physical states) of up and down type quarks can be coupled in

charged current interactions.

d d d
TP = (g, 1) " | dy | = @ DU DL | s | =@eDy'V | s | (1.29)
ds b ), b ],

Here V = U;JDL is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and it is given
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by
Vud Vus Vub
Vorm = | Vg Ves Vo |- (1.30)
Via Vis Vi
The CKM is unitary
f i\ (7t trr rrt
vty = (ULDL) <ULDL> — DIULUID, =1 (1.31)

Since the CKM matrix is a 3 x 3 matrix it is defined by nine complex parameters (18 real
numbers). The constraint VaTbV}w = 04 reduce this to nine real parameters. The redefinition
qr, — € gy can technically remove six phases because there are six different quark fields.
However, the common phase redefinition of all the quarks does not affect the CKM matrix.
This, in turn, reduces the number of nonphysical phases to five. Altogether, there are 9—5 =
4 independent parameters to describe the CKM matrix. There is no unique parameterization
for the CKM matrices. The most common ones are “ Standard parametarization” [16] and

“Wolfenstein parameterization” [17].

1.3.6.1 Standard Parameterization

The Standard parameterization is given by

0

C12C13 S12C13 S13€
— ) )
Vekm = —512C23 — C12523513€" C12C23 — S12523513€" 523C13 ) (1'32)
i5 i5
512523 — €12€23513€ —523C12 — 512€23513€ C23C13

where s;; = sin6;; and ¢;; = cos6,;(i = 1,2,3). The phase 0 is necessary for the CP violation,
and its range 0 < § < 2m. The measurements of CPV in K decays constrain this range to
0<4d<m|[15.

The s13 and o3 are in the order of 1073, and ¢j3 = co3 = 1 [18]. This leaves 4 independent,



14
parameters
si2 = |Vus|,  s13=1[Vi|, s23=Va|, 0 (1.33)

1.3.6.2 Wolfenstein Parameterization

The Wolfenstein Parameterization can be obtained by expressing the independent parameters

in standard parameterization by A, A, p,n [19).

S12 = )\, S93 — fl/\27 8136_i6 = A>\3<Q - ZT]) (134)

This is an approximate parameterization, in which each CKM elements is expanded in power

series of small parameter A = |V,s| = 0.22. This gives us

1-% A AX(o—in)
V= —\ — X AN? +0(X). (1.35)
AN (1 — 0 —in) —AN? 1

1.3.6.3 Unitarity triangles

Unitarity relationships can be expressed by triangle relations defined in a complex plane.

For example,

VidViy + VeaVig, + ViaViy, = 0
Vusvu*b + VcchZ + VZSV;E =0
VuaVis + VeaVes + ViaVis =0
(1.36)
VidVig + VusVig + Vi Vi = 0
ViV + VeV 4 VisV = 0

VuaVeq + VusVes + Vi Vg, = 0
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The area of the unitarity triangles provide the measurement of CP violation. This measure-

ment is obtained by [20]

lJep| = 2 Aa (1.37)

where |Jop| is the Jarlskog invarient and A is the area of the unitarity triangle. There-
fore, precise measurements of the CKM parameters along with these unitarity relationships
gives us important information on CP violation. Also, unitarity triangles are important for
understanding the flavor changing neutral current processes (see sec. .

1.3.7 Flavor physics

In flavor physics, the interactions between different flavors are studied extensively. Mass-
less gauge bosons such as gluons and photons do not distinguish between different flavors.
However, the weak and the Yukawa interactions are directly affected by the flavor of the
participants in the interaction. When it comes to beyond the standard model interactions,
there may be some new degrees of freedom that are affected by the flavors.

During a flavor changing interaction, flavor quantum numbers change. There are two
types of flavor changing interactions. If the interaction is between both up type and down
type flavors or charged leptons and neutrinos, then it involves flavor changing charged current
(FCCCQC). For the interactions between either up type or down type flavors but not both
and/or either charged leptons and neutrinos but not both, then it involves the flavor changing
neutral currents (FCNC). No term in the SM Lagrangian changes flavor in Z° g and ~v

interactions. Therefore, it makes FCNC are highly sensitive to the new physics.

1.3.7.1 Weak interactions

The weak interactions are summarized in the following form

LEWV — Lcc + Lnc (1.38)

int

where Loo and Ly describe the charged current and the neutral current interactions. In
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particular, the CC is given by [15]

9 —rr—
LCC - m (J:VVJF'u + JH W ,u) y (139)

where
JE=J,+iJ. = Uy Dy + lyuve, (1.40)

Uy, is an up type quark, D is a down type quark, [ is a lepton and v is a neutrino. The NC

is given by

em g
Lno = —eJ,m A% + 2 cos Oy Ju 2", (1.41)

where e is the QED coupling. The neutral electromagnetic and weak currents are given by

St = Zf Qf?’mf
Iy =3 P (vp —apys) f

(1.42)

where

vy =T§ —2Qssin® by, a;=TJ. (1.43)

The Q) and Tgf denotes the charge and the third component of the weak isospin of the
left-handed fermion. The photonic and gluonic vertices are vector-like (V), the W# vertices
involve only vector-axial minus vector-like (V' — A) and the Z° vertices involve both V — A
and V + A structures. Also, the vertices that involve Higgs play an important role. This

relates the CP-violating decays and transitions.
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1.3.7.2 FCNC

At one loop order the possible FCNC interactions are summerized by triple and quartic
effective vertices. In the literature these vertices are known as penguin and boxr diagrams.
The name “penguin” was coined by J.Ellis [24]. Penguin diagrams are defined by a single
exchange of a W boson. Whereas, the box diagrams contain two W exchanges.

The importance of the penguin diagrams was pointed out in the work of Vainshtein,
Zakharov, and Shifman [25]. For instance, penguin diagrams are responsible for the en-
hancement of the Al = 1/2 amplitude compared to the Al = 3/2 amplitude in weak
K — 7 decays. The importance of the penguins to CP violation was first pointed out by
Bander, Silverman and Soni |26]. They showed that the interference between the tree level
diagrams and the penguin diagrams can give a large CP asymmetry in B decays.

In b transitions to lighter quarks such as s and d, the penguin effects are rather pro-
nounced. In these penguins the t quark is primarily contributing to the loop. This is
because the amplitude of the penguin is proportional to the kinematic factor (m,/My )? and
(me/Mw)? > (me./Mw)? (see sec . Also, there is a large coupling between b and ¢
because |Vj,| ~ 1. This feature of b penguins makes b — s and b — d transitions sensitive to
|Vis| and |Vig].

In particular, the decays such as b — s(d) are classified into a class of diagrams that are
known as electromagnetic penguins. In these decays a hard photon is emitted from a charged
particle. This hard photon is an excellent experimental signature. The Feynman diagram

for b — s, d~ transition is given in figure [1.2]

[ ]
p—————— ]

Figure 1.2: The electromagnetic penguin diagram [28].

The figure shows that the b — s, dy transition is a loop suppressed process. In the
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SM there exist no tree level diagrams for these FCNC transitions.
1.3.8 GIM mechanism

The suppression of the b — s(d) was further explained by the Glashow-Illiopoulos-Maiani
(GIM) mechanism. The amplitude of figure [1.2|is given by [29]

s (1+7 my g
M = eq,e,u (ps)a”( 5 )u(pb)M—%/W-], (1.44)

where

I= Y VyViF ( 2). (1.45)

1=u,c,t

@ !
1672 47 cos? Oy

The term 12— is a loop factor, and it can be given as . We insert the b quark
mass my to flip the chirality of the b quark.

In equation , the function F(x) arises by the explicit calculation of the diagram.
Since my; > My, we cannot safely Taylor expand the function F(m;/My/). The function I
is invariant under F'(x) — F(x) 4 constant from the unitarity of the CKM matrix. Under

this transformation F'(0) = 0 without loss of generality. Besides, the unitarity of the CKM

matrix elements provide Vi Vi = =37, . ViyV;i. Following from this, we obtain
m? m? m? m?
I=-V,Vi|F L) — F(=< —VVo, | F L) —F(—%)). 1.46
v (r (i) - P v (F () - P) - 00

Since my,, m, < My, the term F(m;, ./My,) can be expanded in Taylor series. This gives

m2 m2 m2 m2
IT=-V, Vi F|—-L)-FO-—)-V,V F|—-L)-F u
Vv (MW> “”Mev) V*’VM( (MW> “”MV?V)*

2
. mt * / 2 :
- F (M‘%V) ‘/;b‘/ts + F £ ucvb 'LSMQ (147)
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where €2 = A)? in the Wolfenstein parameterization. The combination of loop suppres-
sion, mass suppression and CKM suppression is provided by GIM mechanism. As a result,
the FCNC are highly suppressed in the SM. Also, the contribution from F(m?2/M2,) and
F(m?/M3%) is negligible compared to the F'(m?/M3,). Thus, the virtual top quark exchanges
dominate the b — s(d) amplitude.
1.3.9 Effective weak interactions

In the SM, the coupling of the W¥ bosons to the fermions are the only flavor changing
interactions [30]. At low energies, i.e. E < My, we can ignore the effects of the heavy
bosons. This is known as integrating out of the heavy degrees of freedom (see sec .
As a result, a full SM interaction is converted into a local four fermion interaction. The
effective Lagrangian can be expressed by a series of effective vertices and their effective
coupling constants (see sec . These effective coupling constants provide the short
distant (high energy) physics, and they are known as Wilson coefficients (C;). The long

distant (low energy) physics is given by effective operators (Q;). Since the Wilson coefficients

Qs

are associated with high energy scales, where <

~ 0.1, they can be perturbatively expanded
in a;. This is because at high energy scales the C; are obtained by matching the effective
diagrams with the full theory diagrams at the weak scale (@ ~ My). For example, the

explicit form of the first two Wilson coefficients are [30]

(1.48)

M

2
. M
Hgv instead of 2=. The <= In

2
WN
2

In equation (1.48) C} and Cs are expanded in terms of <= In

0.8. These large logarithmic terms needs to resummed to all orders.
The solution to the problem of large logarithms is by using renormalization-group (RG)
improved perturbation theory. It treats a ln% as O(1) and a; < 1. In appendix A we

provide the RG evaluation of the dominant Wilson coefficients of B — X,7.
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CHAPTER 2 BACKGROUND : EFFECTIVE FIELD THEORY
APPROACH

In explaining natural phenomena, the separation of scales plays an important role. For
instance, to explain the dynamics of gasses, we use a set of macroscopic variables such
as pressure, volume, and temperature, which do not provide insight about the molecular
(microscopic) structure of the gas molecules. The molecular description of gas is not useful
to explain the most day to day phenomena. The microscopic nature of the molecules is
needed to understand the chemical structure of these atoms [31]. In the above example, the
macroscopic view of gasses is the effective theory of the microscopic picture. This effective
approach is prevalent in many branches of Physics. As another example, in the quantum
mechanical (QM) description of a hydrogen atom does not involve in dynamics of quarks
and gluons inside the proton. However, if we zoom in to the hydrogen nucleus, then the
dynamics of the quarks and gluons inside the proton becomes essential. More rigorously, the
term “zoom in” can be thought of as an increase in the energy scale that is being probed.
2.1 Operator product expansion (OPE)

The effective description of a decay process is given by the effective Hamiltonian. For

instance, consider the effective Hamiltionian for 5 decay,

G
Hepy = 7; cos O [uy, (1 —v5) d @ ey (1 — v3) ve] (21)

where equation (2.1)) describe the underlying quark process of the [ decay and 6. is the

Cabibbo angle. This effective interaction is shown in figure [2.1}
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d u
d u
W _
/\Ae\
v e
(a) ()

Figure 2.1: Underlying quark process of  decay. (a) represent the SM description and (b)
represent the effective representation [32] .

In general, the phenomenology of any weak hadronic decay is given by the following

effective Hamiltonian.

Hors = 25 30 Ve Cil) ) 22)

Here @); are relavent local operators that govern the particular decay, C;(u) are the Wilson
coefficients, which describe the strength of a given operator that enters the Hamiltonian
and Vi, is the relevent CKM matrix element to the decay. Simply, the equation
can be thought of as a series of vertices multiplied by effective coupling constants C; [32].
This effective series is known as an operator product expansion (OPE) [33-35]. The local
operators (vertices) in the OPE involved with the strong and weak interactions, and they
can be classified with respect to the Dirac structure, color structure and the type of quarks
and leptons relevant for the decay.
2.1.1 OPE for B meson decays

The B meson is a bound state of a b quark and a parton (light quark). The decay of B

is governed by the processes that involve W, Z and ¢ quark, and they represent the physics
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at short distance (high energy) scales O(My.z, m;). At the long distance (energy~ Aqcp)
scale, the hadronization process govern the decay since as(Aqep) ~ O(1), where at Agep the
nonperturbative effects become prominent. The hadronic decay at O(m;) is given by effective
point like vertices, which are represented by local operators ();. The Wilson coefficients can
be thought of as the coupling constants associated with these @);.

For instance, the non-leptonic B meson decays involve the following set of local operators.

Current-Current:

(2.3)
Q1= (Cabp)y_4 (35ca)y_, Qo= (b)v_a(5c)v_a

QCD-Penguins :
Q?) = (gb)V—A Zq:u,d,s,c,b(qq)V—A Q4 = (gabﬁ)V—A Zq:u,d,s,c,b (ngJoc)V,A (24)

Qs = (8b)v-a Zq:u,ds,c,b(gq)V+A Qo = (Sabs)y_4 Zq:u,ds,c,b (CYBQa)VJFA

Electroweak-Penguins :
Q7 =
Qo =

(gb)V_A Zq:u,d,s,c,b €Q(qq)V+A QS = % <§&b@)V7A Zq:u,d,s,c,b €q (qﬂQOt)V+A ’ (25)

[\J[e] [N [eN]

(gb)V*A Zq:u,d,s,c,b €q (QQ)V—A QlO = % (gabﬁ)V—A Zq:u,d,s,c,b €q ((jBQa>V_A

where o and 3 are corresponding color indices, e, is the electric charge of quarks. The oper-
ators Qq, Q3¢ and Q7, Qy are generated due to the tree level W exchange, gluon penguin
and 7y, Z° penguin diagrams respectively. The Wilson coefficients provide the contribution
of the short distant ( energy scale higher than ) physics. Since QCD is asymptotically free,
these Wilson coefficients can be perturbatively calculated. The C; include the contributions
from the t quark, W, Z, Higgs and SM extensions. In general, Wilson coefficients depend
on m; and the masses of new particles from SM extensions.

The scale i separates the physics contribution to the decay amplitude to long distance

and short distance. Short distance physics governs the interaction at energies that are higher
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than the value of ;. Whereas, long distance physics governs the interaction at the energies
lower than the value of . In practice p is chosen at the order of m, (mass of the decaying
hadron). Since p = O(myp) > Aqep, the C; can be calculated perturbatively in B decays.
Long distance physics are contained in local matrix elements (Q;(x)). Using the renor-
malization group equation (RGE) we evolve the scale from p = O(My) down to O(my).
The full amplitude is independent of u, and it implies the cancellation of the p dependence

in C; with the p dependence of (Q;(1)).

2.1.1.1 Inclusive and exclusive B decays

Ezclusive decays imply the measurement of energy and momenta of all the final state parti-

cles. Whereas, in inclusive decays the probability of particle decay into a sum of final states

(X) with a given set of global quantum numbers such as energy and momentum is measured.
The amplitude for exclusive decays such as B decay in to final states F' = wvv, nm, DK

is given by

Gr

AM — F) = (F[Hess| B) =

Z VermCi(p) (F|Qi(n)| B) (2.6)
where (F'|Q;(p)| B) are the hadronic matrix elements of operators @); between the initial
B meson state and the final state F'. Evaluation of this matrix element is necessary for
the calculation of the exclusive amplitude. The Wilson coefficients C;(1) in equation ([2.6))
depends on both the scale p and the renormalization scheme that was used for local operators.
This is calculated in the renormalization group improved perturbation theory. The hadronic
matrix elements (Q);) also depend on both p and the renormalization scheme.

The evaluation of (Q;(u)) requires nonperturbative methods such as lattice calculations,
the 1/N, expansion (N, is the number of colors), QCD sum rules, hadronic sum rules, chiral
perturbation theory and so on. Also, for some B meson decays these matrix elements can

be analyzed using the heavy quark effective theory (HQET).
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The amplitude for an inclusive B decay is given by

A(B = X) = L S Vi Cil) (£ Qi) B) 2.7)

V2 i

Unlike the exclusive decays, the scheme dependence in inclusive decay matrix elements can
be effectively evaluated. Because of this, the cancellation of this scheme dependence with
the scheme dependence in C; can be systematically studied [36]. Therefore, studying the
inclusive B meson decays become important from the practitioner’s point of view.

Inclusive decays have two main advantages over exclusive decays.

e The bound state related effects such as Fermi motion [36] of heavy quark inside the

hadron can be systematically described by heavy quark expansion

e The bound state effects related to the final state hadrons are removed due to the

consideration of final state as a sum of hadronic channels.

The second feature is realized due to the application of quark hadron duality |37,38]. This
suggests that at high energy scales (u) the cross section of hadronic decays, which are
averaged over the energy range, can be approximately given by the cross sections that are
evaluated by quark and gluon pertrurbation theory.
2.2 Heavy quark effective theory (HQET)
2.2.1 Heavy quark symmetry

Due to asymptotic freedom [40] at large momentum transfer (short distance scale), the
effective coupling constants C; become small. Whereas at low energy transfer (long-distance
scale), the coupling becomes strong, and the process becomes nonperturbative. This prop-
erty of QCD makes studying the processes that include decay of heavy quarks easier than
the processes that include only the light quarks. These nonperturbative phenomena are
dominated at the scale Ryaq ~ 1/Aqep ~ 1 fm [41]. This scale also determines the size of
the hadrons. When a mass of a quark (M) is much larger than the Aqep (Mg > Agep),

then we call it a heavy quark. In the SM ¢, b and t quarks are considered as heavy.
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The system of heavy quark and light quarks is a bound state, which is complicated to
analyze. The typical momentum exchange between these heavy and light constituents are
of O(Aqep). This bound state of heavy quark and light quarks can be thought of as heavy
quark sitting at the center of the strongly interacting cloud of partons (light quarks). The
corresponding Compton wavelength (Ag) for a heavy quark is much less than the size of
hadron A\g < Rhaq. This means the heavy quark’s quantum numbers are resolved at very
small distances compared to Ry.q. In contrast, the soft gluons exchanged between the heavy
quark and the light quarks are resolved at much larger distances than the heavy quark. Due
to this, the light degrees of freedom become blind to the flavor and spin orientation of the
heavy quark. These light quarks will only feel the color field generated by the heavy quark,
and it is extended over a larger area compared to the scale of the heavy quark. As shown
above, this nature of the interactions between heavy quark and the partons provide a clear
separation of scales, which makes this bound state a suitable candidate for an EFT analysis.

Since the heavy quark is irrelevant for the effective analysis, we use the limit Mg — oo in
deriving the theory. Also, in this limit, the differences between various hadronic states that
have different heavy flavors tend to have the same configuration. In fact, the configuration
of these different hadronic states is determined by the configuration of the light quarks. This
property provides the relation between the heavy meson states such as B, D, B* and D* or
between the heavy baryon states such as A, and A.. This means if we change the heavy
quark with velocity v in the system with another heavy quark with the same four-velocity
and different flavor or spin, the configuration of the light quarks remains the same. Both
heavy quarks will remain as static color sources. Therefore, we obtain a new symmetry in
the effective theory, which includes N, number of heavy quarks. This symmetry is known
as heavy quark symmetry, and it is SU(2N},) internal continuous symmetry [41].

2.2.2 Constructing the HQET Lagrangian
Since the presence of the heavy quark is irrelevant for the configuration of light quarks,

at low energies, we can construct a low energy theory in which the heavy degrees of freedom
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does not appear. This is known as the “integrating out”. This integrating out procedure is
similar to the above discussed Fermi theory of weak interactions.

The heavy quark effective theory (HQET) is constructed to simplify the complicated
interaction between the heavy quark and the partons by the exchange of soft gluons [42-45|.
The heavy quark masses M is the high energy scale of the theory. Whereas, we construct
the theory to study the interactions at the scale of Aqcp. As shown in the section m,
scale i separates long distance and short distance physics contributions. The short distance
physics are obtained at the energy scales larger than the heavy quark mass. By considering
these two limits for the scale p1, we introduce the scale as in the range Aqep < p << Mg [41].

Since we assume the heavy quark is static inside the heavy hadron’s rest frame, heavy
quark’s velocity is equal to the hadron’s velocity v. Therefore, the momentum of the heavy

quark inside the bound state is given by
P = Mou" + k", (2.8)

where v is the four-velocity of the heavy meson, and it is given by v = (1,0,0,0). The
v-v = 1 and k is the residual momentum. The k determines the off-shellness of heavy
quarks due to the interactions with light partons. This provides £ ~ Aqcp < Mgv. The
changes to the heavy quark velocity v due to these soft interactions are small, and they
vanish as Aqcp/mg — 0.

As shown in [30,31] the near on shell Dirac spinor has two large and two small components,

using this, the quantum field for the heavy quark can be defined as follows:
Q(x) = e”™Me?[h, () + H,(z)]. (2.9)

, 1
Where h,(z) = eZMQ”'I#Q(x) represents the large “upper” component and H,(z) =

4 1-—
eZMQ”"”MQ(x) represents the small “lower” components. These large and small com-

2
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ponent fields satisfy ¢h, = h, and yH, = —H,. Now the full QCD Lagrangian
Lo=Q(iD—mg)Q 210
can be re written as follows:
Lo = hyiv - Dh, — H, (iv - D + 2mg) H, + h,ilp | H, + H,ilp | h,, (2.11)

where D = D" — v*v - D is the orthogonal component of the covariant derivative to the
heavy quark velocity (v- D, = 0). In the rest frame of the heavy quark D, only contains
the spatial components of the covariant derivative (D, = (0, D)). From equation , we
find that h, describes massless degree of freedom. Whereas, the H, describes a heavy degree
of freedom with mass 2Mg. The third and fourth terms in the equation describe
pair creation and anhilation of heavy quark and heavy anti-quark. These heavy degrees of
freedom can be eliminated using the equation of motion. The HQET equation of motion

provides
(iv- D+ 2Mg) H, = ip  h, (2.12)

by solving the equation (2.12)) for H,

1

Hy=-—— i h, 2.1
2]\4Q+z'v-DZ"DL (2.13)

This eliminate the small component of the heavy quark field in the equation (2.11]).

Leg = hyiv - Dhy + hyilD | D, h, (2.14)

oMo +iv-D'

In momentum space the derivatives that are acting on h,, produce powers of residual momen-

tum k. Because of k < Mgv, we expand the equation (2.13) in a Taylor series. Applying
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this expansion in equation (|2.14]):

o _ D, . iv-D\"\
Eeﬁ—hvzv.th+hv2MQ (an;( 2M@) )upth (2.15)

For n = 0 the above expression can be further simplified using the following identity

lpiwL = guuDiDlj_ - iUuVDT_Di (216)
where 0, = %[y,,7]. Following from this the resulting Lagrangian is obtained as an
expansion in 1/Mp.

Cor—h (v D2~ 9 o aw\p oL (2.17)
eff = iy | U - - — 727 O v — | .
! oM,  AMg " M

where, G*” is Chromo-electromagnetic field strength tensor.

In the limit Mg — oo only the first term in equation (2.17)) remains
Loo = hyiv - Dhy,. (2.18)

2.2.2.1 Operators at order O(1/Mg) in the HQET Lagrangian
Consider the second and the third terms in equation (2.17)). The operator,

1 - 1~y
in= g7y (1DL)" hy = —577—hy(iD) Dy, 2.1
O = gy (1D1) s = =y hu(iD) (219

is the kinematic energy of the heavy quark’s residual motion. The operator, O, defined in

equation (2.20)) is the color-magnetic coupling between heavy quark spin and gluon field.

Onmag = ﬁﬁvawG“”hv — _J\Z hyS - Beh, (2.20)
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where S are the Pauli spin matrix elements, and B = —%eij *GJ* which are the components
of color magnetic field. [46-48].
2.3 Non-relativistic QCD

HQET describes systems that include a single heavy quark and light partons. In HQET
the heavy quark’s kinetic energy is considered as a power correction. When considering
multiple heavy quarks the strong interaction between them at short distances is determined
by a single gluon exchange [12]. This gluon exchange is defined by a Coulomb potential,
and for QQ in a color single state this potential is an attractive potential. This attractive
potential is then compensated by heavy quark kinetic energy. This makes the kinetic energy
of the heavy quark field play an important role in stabilizing the heavy mesons. The heavy
quark kinetic energy cannot be treated as a power correction. Thus, we use a different power
counting scheme in NRQCD compared to HQET. This difference is further illustrated in the
following example.

Consider the figure [2.2] which represents a box diagram with two heavy quarks exchange

gauge particles (gluons or photons).

>
| -

Figure 2.2: Box diagram for two heavy quark exchanging gauge particles

The integral I that corresponds to the figure is given by [31]

I~ / dlq 1 ! 1 L (2.21)
(2m)? q° + ie —q° +ie (¢ + k)% + ie (¢ — k)% + i€ '

In the equation (2.21)), we find two poles at ¢° = Zie. These poles are coming from
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the heavy quark propagators, and they cause a “pinch singularity”. As a result, we cannot
deform the contour of the integration without crossing one of these poles [31]. To overcome
this singularity we need to introduce a new power counting scheme. In this new power
counting scheme the importance of the heavy quark kinetic energy is pronounced.

In NRQCD the quarkonium is described by an effective Lagrangian, which is expanded
as a power series in v/c, where ¢ is the vacuum speed of light. The NRQCD Lagrangian can
be obtained by using the ¢ — oo limit in the full QCD Lagrangian.

2.3.1 NRQCD Lagrangian
As shown above, the difference between the HQET and NRQCD is manifested in the first

two terms of the effective Lagrangian.
D2
L=Q:D"Q + QTQ—Q. (2.22)
m

In HQET the first term is of O(Aqcp) and second term is considered as a correction term
of O(Agcp/m). Whereas, in NRQCD both terms are of O(mw?). Because of this, the heavy
quark propagator in both effective theories have different forms. For instance, the heavy
quark propagator in HQET is given by i/ (k° + i€). The NRQCD heavy quark propagator
is given by

1
(K0 — K2/2m + ie)

(2.23)

This full NRQCD propagator causes problems in matching calculations. As shown above,
the HQET propagator is m¢ independent. Because of this we count the powers of 1/mg
directly from the vertex factors. For instance, if s < r the effective vertex of O(1/myg,) does
not provide any contribution to terms of O(1/mg). Then the matching in HQET is done
by expanding Greens function to the desired order in 1/mg. But the NRQCD propagator
contains additional power suppressed factors. These factors can wreck the simple power

counting of Greens function [31]. The solution for this problem is provided in [55].
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In [55] the full NRQCD propagator is expanded, and the extra terms were treated as a

perturbation. The expansion of full NRQCD propagator is given by

1 1 k?

K —K2/2m +ie kO * 2m (k0)?

T (2.24)

The series expansion of propagator prevents the appearance of positive powers of the mass
terms. Whereas, the full NRQCD propagator provides these positive powers. Thus, by
expanding the NRQCD propagator the NRQCD and HQET matching conditions can be
computed using the same procedure.

The NRQCD Lagrangian upto dimension seven (O(1/m?)) is provided in equation (4.43]).
This Lagrangian is computed to one loop, and it only considers the terms that are bilinear
in fermions [55]. In equation (4.56)) we provide the dimension eight Lagrangian. This is first
obtained in our work [56].

2.4 Applications
2.4.1 Heavy quark spectroscopy

As shown in the section the dynamics of hadronic bound state with one heavy
quark does not depend on its heavy quark’s flavor or spin. Because of this, states with
different heavy quark flavors can be related to each other. The hadronic states, therefore,
are classified by the quantum numbers of the light degrees of freedom [59]. From the spin
symmetry we find that the total spin of these partons are doubly degenerated with total spin
J=j+1160]

The mass of a hadron Hy is related to it’s heavy quark as follows:

2

L AM
Mpq = Mg+ A+ o7 + 0 (1/M§), (2.25)

Q

where A = Mp, — Mg and AM? is originated from the order 1/Mg terms in effective
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Lagrangian. In particular, the mass splitting (AM?) for heavy hadrons are defined as

3
AM? = =)\ +2 {J(J-}-l)—ﬁ} A2,

(2.26)

where A\; and Ay are nonperturbative parameters, which parametrize the kinetic energy and

the chromo-magnetic interaction of heavy quark in heavy hadron. For instance, consider the

B and B* mesons. These hadronic states are the members of spin doublet j = %, and they

are ground-sate pseudo scalar (J = 0) and vector (J = 1) states respectively. Using the

equations ([2.25) and ([2.26)) we obtain

S V)

Mg = M,+A— 2L 272
B bt oM, 2M,
Y Ao

My = My+A— 2L 4 72
B bt 2Mb+2Mb

Therefore, the mass splitting between these states is given by

Mpz. — M3 = 44Xy + O (1/M,)

PDG average for the B and B* mass spliting is

M3, — M3 = 0.478 4+ 0.003 GeV?

From this we obtain

Ao = 0.119 + 0.001 GeV?

These results are obtained by assuming the m;, — oo limit.

(2.27)

(2.28)

(2.29)

(2.30)

The nonperturbative parameter \; contains the information about “smearing” in heavy
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quark momentum [63]. This parameter is defined as

2\; = —(Hg|h,D? h,|Hg). (2.31)

The A; can be calculated using the QCD sum rule approch [63]. Theoretical estimate for the

A1 is given in [64].



34

CHAPTER 3 BACKGROUND : THE B — Xgy DECAY

The inclusive radiative B — X, decay is an important new physics probe. Since this is a
FCNC process, it does not occur at tree level in the SM. Therefore, it can be highly sensitive
to new physics. In particular, these new physics sources can modify the Wilson coefficient
C7,, and they may introduce new weak phases that can enhance the SM CP asymmetry.

The b — s7v is the underlying partonic decay of the inclusive B — X v decay. This b
to s transition is one of the most reliably calculable FCNC processes in SM [66]. The final
states X, represent a final state that contains a s quark

The current SM next to-next to leading (NNLO) prediction for the B — X,y branching
ration is BY! = (3.36 £ 0.23) x 10* [27,/69]. The experimental world average is ByE =
(3.3240.15) x 10~* [7T0H76]. The experimental uncertainty on the branching ratio is expected
to reduce from £4.5% to around +2.6% in future thanks to Belle II measurements [79]. With
these new precision measurements, SM prediction can strongly constrain the BSM. Therefore,
improving the precision of the theoretical prediction is important.

The uncertainty of the SM prediction arise from several sources. These uncertainties
were combined in quadrature to obtain the total uncertainty (+6.8%). The breakdown of
these uncertainties is as follows: The nonperturbative contribution to the uncertainty is
+5% [78], parametric uncertainty is +2%, perturbative uncertainty is +3%, the uncertainty
from interpolating the charm mass in two-loop is £3% [69].

Since the nonperturbative uncertainty provides the largest contribution to the total un-
certainty, we would like to explore the possibility of improving this estimate. The question
that we are prompt to ask is “how do we reduce this uncertainty?”. In the following work, we
address the issue of reducing the nonperturbative contribution of the theoretical prediction.
3.1 The inclusive decay rate

The inclusive decay rate for the B — X, is obtained by using the optical theorem. This

theorem relates the decay rate to the imaginary part of the forward scattering amplitude.
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The B — X,y decay is can be written as
_ 1 _ _
I‘(B—)Xsy) = —Im<B|T|B>, (3.1)
Mp

where T is related to the effective Lagrangian. However, instead of effective Lagrangian we

use the effective Hamiltonian (Heg)

T—i / AT {Hog(2), Hor(0)) (3.2)

where Hg is obtained after integrating out the W boson [78]. The effective Hamiltonian is

given by
G
Hog = 7’; d A (01 QI+ CoQi+ > CiQi+ Cry Qry + Csg QSg) . 33)

where \, = V, V"

qs’

g=u,c i=3,...,6
C; are the Wilson coefficients and (); are the effective operators. This
Hamiltonian describes the underlying are weak interaction in the decay process.

The decay rate and the photon spectrum related to the restricted discontinuity of forward

scattering matrix element [78].
dl' (B — Xy7) o< DisCrestr {z’/d‘lx <B ‘Hlﬁ(x)Heﬁ(O)’ B>] : (3.4)

where the restricted discontinuity implies that the discontinuity is restricted by the require-
ment that the cut must be applied on photon and strange quark propagators.
3.1.1 Kinematics of the decay

In its rest frame, the B meson is decaying into a hadronic jet, which carries a momentum
Py, and to a photon, which carries a momentum ¢. The momentum of the heavy hadron
is Mpv = Px + q, where v is the four velocity of the B meson. In the B meson rest frame
v = (1,0,0,0). We can align ¢ in the negative z direction and define two light-like vectors

n* = (1,0,0,1) and 7" = (1,0,0,—1). These n and n vectors satisfy n+mn = 2v, n.-n = 2
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and n-v=mn-n=1[80]. In general, any four vector can be decomposed as

p Pk
a“:ﬁ-a%+n-a%+a’i. (3.5)

For the choice of v, n, i the transverse component (L) is spanned by (0, 1,0,0) and (0,0, 1,0).

These transverse indices can be contracted using

» ntn” +n’nt P
g'=g" - — "= 56“ PRang (3.6)

5 v €L
where we use the following convention for the levi-civita tensor €y03 = 1.

The conservation of four momentum provides that there is only one independent kine-
matical variable in B — X,y decay that is the photon energy F..
3.1.2 Factorization

At the leading order the B — X,y decay can be thought of as a decay of constituent b
quark decaying into an s quark and a photon. This constituent quark decay is expressed by

the electromagnetic dipole operator @7,
Qry = 55250, (14 v5)FHb. (3.7)

However, this is not the only way to produce a photon. For instance, a gluon or a quark pair
that was produced at the weak vertex can be converted to a photon, and these processes are
described by the operators Qs, = (—g/87%) M50, G* (1 + 75) b and Qf = (¢b)yv_a(5¢)v_a
respectively. The effective Hamiltonian for B — X,v needs to account for all of these
operators to accutrately describe the decay process.

The major contribution to the effective Hamiltonian arises from the operators Qf, Q7
and Qs, [78]. This is because the Wilson coefficients of these operators are relatively larger
than the rest.

At the leading order the only the operator pair ()7, — Q)7, contributes to the decay rate.
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The contributions from operators such as Qf and Qs, give higher order contributions, and
they either “cost” a factor of a;; or 1/my, in the decay rate calculation.

The shape of the B — X, photon spectrum probes the nonperturbative hadronic physics
in the decay. At the leading order this photon spectrum is related to a universal shape
function that parametrizes the b quark momentum in the B meson bound state. This
shape function also parameterizes the leading order bound state effects of semileptonic decay
B — X,lv. However, the contributions of operators other than Qr, — Qr7, to B — Xy
make the analysis of the photon spectrum more involved than the semileptonic B — X,lv
decays. This is manifested in their corresponding factorization theroms. For instance, the
factorization theorem for the B — X, lv decay in the end point region can be schematically

expressed as follows [81-83]:
_ =1
dr (B — X, 7) =Y — S """ @ 8", (3.8)
m
n=0 b

where the hard functions Hi(”) paramterize the physics at the scale of my, the jet functions
JZ-(”) provides the physics of hadronic final state X,, which has the invariant mass My ~
\/WQCD, and the soft function SZ-(n) describes the hadronic physics at the scale Agep.
These soft functions are defined as forward scattering non-local HQET matrix elements.
The symbol ® represents convolusion [78].

The higher order processes that were discussed above are known as resolved photon con-
tributions |78]. These processes describe the photon coupling to light partons instead of
directly connecting to the effective weak vertex. The presence of the resolved photon con-
tributions complicates the decay rate calculation compared to the processes that contain

only the direct photon coupling processes. By considering all these effects the factorization
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theorem for the B — X,v decay can be schematically represented as [78]:

ar(B—Xn) =Y % S H 0 g 5
n=0 b

1 (n) 7(n) o (n) o F(m) (n) 7(n) o on) o F(0) o F(0)
+Zm_;; o HM I @S e M+ HYIM oSt e M e .
n=1 7

i

(3.9)

Note that equation contains both direct contributions, which are similar to the contri-
butions present in equation , and resolved photon contributions. The resolved photon
contributions probe the hadronic substructure of the photon at the scale \/m . The
effect of these new sub-processes requires new jet functions jl-(n). In equation , we find
two types of resolved photon contributions. The term ), HZ-(n) Ji(n) ® SZ-(n) ® ji(n) refers to sin-
gle resolved photon contribution. Whereas, the term 3, H™ J™ @ ™ @ J™ @ J™ refers to
double resolved photon contributions. The graphical illustration of B — X, factorization

is provided in the figure

Figure 3.1: Graphical illustration of the factorization for B — X,y decay [78]

Note that this notation is symbolic. Because of this different quantities in different terms

can be represented by the same symbol.
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3.1.3 Review of the known results
The factorization formula for the CP-averaged B — X, photon spectrum at the end

point region is

di'  GRo|VaViil® _,

_ 3
B am W

LGP [ damn T (mfeo + p2).0) S

—P+

(3.10)

+%;%WW%MH%M+~,
where py = my, — 2E, = O (Aqep), A is defined as A = My — m, and the ellipses denotes
the order 1/m? terms. The b quark mass is defined in the MS scheme (see appendix ).

The first line in the equation represents the leading power contribution, and an extensive
discussion regarding this contribution can be found in [80,85]. The hard function H.,(u) is
the matching coefficient, and it is H,(u) = Cr, (1) + O(a). In particular, this was obtained
by matching the leading current operator to the soft collinear effective field theory (SCET).
Also, this current receives contributions from all the operators in the effective Hamiltonian.
The dominant contribution is received from Q7,, and this is known to O(a?) [86]. The
contributions from the operators other than ()7, are known for O(«;) [78]. The H,(u)
receives virtual corrections of the scale pu; ~ my,.

By matching the current operator further onto HQET the single jet function J (p?, u) =
5 (p?) + O (ay) arises. The jet functions describe the cut dependent effects. Specifically,
J (p?, u) is obtained by the discontinuity of the quark propagator in the axial gauge [87]. In
particular, the jet function describe the properties of the final state hadronic jet. In the end

point region the mass of jet scales as pp. ~ /mpAqep.
The shape function S(w, p1) is a soft function defined by the HQET matrix element [88]:

(3.11)

S(w, ) = / ;l_t i {B) !ﬁ(m)sng;@j;(om(on B()
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where the soft Wilson line is defined by

S (z) = Pexp (ig /0 dun - Ay(z + un)) . (3.12)

—0o0

The path ordering P in equation (3.12)) means that the fields with larger u value are placed to
the left of those fields with smaller u values. The conjugate Wilson line S! has the opposite
path ordering relative to S,. The combination S, (tn)S!(0) = [tn,0] is a straight line seg-
ment, which connects the points tn and 0. The soft function S encodes the nonperturbative
hadronic physics associated with the soft scale ps ~ pi ~ Agep.

The power suppressed terms in the equation (3.10)) are given by [78§]

A
Fre () = 20 [ (161n ACh 9) S, 1) + FSSF (E,. p)
), "
Crag A 2 my(w+ 1
R (B p) = 22280 [ g, (glnw - —) S, ) + A1) s (=, 1)
T Sy P 3
Cras(p) 10 (A
Frs (B, p) = %WE/ dew S(w, 1) + dma (1) Re | (=pi ) + JE (=pi, )
—Pp+
Crag 2 A
Fi7 (B, p) = %W (_§> / dw S(w, p) + Z 0 Re fi74 (=p+, 1)
—py p——
Crag(u)2 A
Fu (Byop) = Fis (Brop) = 202 [ s ), (313)
—pP+

where

EBY (B 1) =ps S (—pgs ) + 8 (=pss 1) — t (—=pgs 1) + u(=pyy pt) — v (—=py, 1)

. (3.14)
— mag(p) [f (=po i) + f (=pe )] + O ( Z(:)) :

The soft functions in FESF are called subleading shape function, and they describe the direct

photon contributions from the operator pair @7, — @7, [89]. The definitions of the soft
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functions S, s, t, u,v, f, and fés) are given as [80,89):
<(BS)0 (STh)x_> - / dwe™ 37§ (w)
. 4 7 t (2) 1 —ilunx
i [ d ZT{(hS)O (S h)x Ly (z)} = dwe 2" " s(w)
- b

(R(O)h [0,2_] (i Dih)(z)) =
nx/2 B
i /0 dt (h(0)[0, tn] (iD, ) (tn) [tn, -] B (2_))

' /2 3 772 N ,
i /0 at((0) 510, tnlos, oG (1) [tm, 2] ()

and
2y / " / " s (1)), 1 (s'n), | (@)l [(5'),,,] )

= [ dweime s 0)

n-x/2n-x/2 (3.16)
2(—2')2/00 dt, /}:hm dt2<[(7zS)ota}k Ay |:ta (STh)x_]l[(@S)m]lu% [(STq)tmL>
= [ dweiem g,
where &, are color indices and
] (B()lh- .. h|B(v)) -

(h...h) T

The term L, in equation (3.15) is the next-to-leading term in the HQET Lagrangian, which

was defined in equation (2.17)). Following from this, we find

- (3.18)

(2):L T/ 2 C ag 7 v
£ = o [RUD bt =5 ho,ugGLh

Only the operators Qf — Qr,, Q7 — Qsy are sy — Qs arise at order 1/my, in equation ([3.10))
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The resolved photon contribution provide the largest uncertainty on the decay rate. Because
of this, it is important to understand the nature of these operators. In the next section we

describe them.

3.1.3.1 Contribution from Q{ — Qr,
In the equation ({3.13]) the direct photon contributions from Fi; are given by

Fio (B = 20 (3 Y dsS.n) (3.19)

Am —P+

The resolved photon contribution of the operator pair Qf — Q)7 is suppressed by a factor
Aqcp/my. By matching this operator pair to the SCET we obtain the diagram in the figure

(a). Also, by integrating out the (anti)-hard collinear fields we obtain the diagram in the

figure (b) [78].

L~

Z’Lz/ LY/{;
a J /?/.)_\ .
§ o
N
A he y LD
X 4 a SRt r

/ P Go\\
= =
q C’\J
Es c

(a) (b)

Figure 3.2: Figure (a) represent the diagram arised by matching the Qf — Q7, operator to
SCET. Figure (b) represents the diagram obtained by matching same process to HQET [7§].

The single resolved photon contribution of the operator Qf — @7, is given by a non local

soft function [7§]

[e'e) 2,
fraten =3 [ B 1= P (20 g ), (3.20)

oo W1 F i€ (mb + UJ) w1
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where the penguin function F' is defined as

1
F(z) = 4z arctan® (\/ﬁ) . (3.21)
The expansion of F(z) around x = 0 is
1 1 1
1—-F =— — — — ... .22
(*) = —T37 ~ 902 ~ 56027 (3:22)
The soft function g;7 (w,ws, i) is defined as
dr _. dt _,
o - —wr 7wt
<B ‘(135”) (tn)i7 (1 + 75) (S1.55) (0)irtrg (sggc;gﬁsﬁ) (r72) (sgh) (0)‘ B>
8 2Mp ’
(3.23)

where r and ¢ are defined utilizing the topology of the HQET diagrams. For example,
the weak vertex in the figure (b) is at x = tn+ x4 + z, and the vertex of the soft gluon
is defined at y =rn+y_ +y,.

The variables w and w; in equation (3.23)) are defined using the light cone projections of
parton momenta in B meson. Since the total parton momenta including b quark is equal to

Mpv, the momentum of the partons in the B meson can be given as
nepitn-k=A > n-pt+n-k=A (3.24)
i#b i#b

where k is the residual momentum and A = Mp — m,. Also, note that these light cone
projections of parton momenta n - p; and 7 - p; are non negative. This provides (n.k, n-k) >

—my for i # b. Besides, it implies —oo < n-k < A and 0 < n - p; < oo in the heavy quark
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limit. These conditions are extended to n - k and n - p; as well. Intuitively, the w in soft
function g7 can be thought of as the residual momentum component n -k of the initial state
heavy quark. The w; corresponds to either the momentum component n - p, in final state
B meson or the component —n - p, in initial state B meson. Furthermore, this implies that
—oo<w§/_\, and —o0o0 < wy < 0.

The direct photon contributions and resolved photon contributions are combined into the

final expression for Fy; in equation (3.13)) as

N CFO‘S(M)

A
Fio (Byon) = 5 (2 [ s + 3 6y fura (-paon). (329

—P+ q=c,u

where

_ Re [\Ca(w) (=A) €7, (w)]
! |)‘t|2 Re [Cl (M)C;W(M)}

A= ViV (3.26)

3.1.3.2 (@7, — (s, contribution
The direct photon contribution from the operator pair Q)7, — Qs is given by

~ Crag(p) my E/A

F7(g) (E’Ya :u) - A ﬁ 3 de(w, ,LL) (327)
vy

—Db+

The operator Qg, provides two SCET operators, and these operators are combined with the
tree level SCET operator arising in ()7,. These two operators provide the )7, —Q)s, contribu-

tion. Figure was obtained by matching the SCET operators onto HQET operators [78§].
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Figure 3.3: Figure (a) and (c) represent the diagrams arised by matching the Q7, — Qs
operator to SCET. Figure (b) and (d) represents the diagrams obtained by matching same
processes to HQET [78].

The contribution from the operator pair )7, — ()34 to the photon spectrum is provided

as [7§]

dwS(w, )
P+ (3.28)

my I 11
+ 4ms(u)—2 7 Re |:f7(8) (—pis 1) + 13 (—py )|
v

Cras(p) my 10 A
Frs (B, 1) B ﬁ?/
)

where f and fI are soft functions that encode the long distance physics. Unfortunately
there is little information on these functions. The effect of these soft functions can be roughly
approximated using vacuum insertion approzimation (VIA). In VIA, the matrix elements
are evaluated by inserting vacuum states between light quark fields. Since the Q7, — Qg4

operators involve light quark fields, the vacuum insertion model provides an estimate to the
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matrix element. Using the VIA model U and fI as obtained as 78]

/A dof W | = —ep ) (1_ 1 ){ . +2m/ooode}

2
—0o0 VIA c AB (/J“) w
A 2
F2(p) 1 1
/ dw Re f;g) (w7 ,LL) = _espec 3 (1 - m) Az—(u)7 (329)
—0o0 c B

VIA

where A\p = fooo dwe? (w, ) /w and ¢f is the leading light cone distribution amplitude
[96]. The nonperturbative quantity F'(x) is the HQET matrix element that relates to the

asymptotic value of fpv/Mp|nm,—oo and fp is the B meson decay constant.

3.1.3.3 (s, — s, contribution

The direct photon contribution of Qg — Qs is given by [7§]

a Cras(p) ([ m 2 A 2. my(w+p 1 4
FO (B, p) = F4W( ) (ZEb) / duw <§ln¥+§—§cm S(w, 1), (3.30)
v —p+

where crg is a scheme dependent coefficient. For instance, in MS scheme cyig = 0. In the
dimensional reduction scheme, which set d = 4 instead of d = 4 — 2¢ for Dirac algebra, the

cpr = 1. The equation (3.30)) is further simplified as

a Cras(p) ( my \> [N 2. my(w+p 1
v —P+

The Qgg — Qgq4 receives double resolved photon contributions. This is shown in the figure



he he

h
qq4907aa

(c) (d)

Figure 3.4: Figure (a) and (c) represent the diagrams arised by matching the Qs, — Qs
operator to SCET. Figure (b) and (d) represents the diagrams obtained by matching same
processes to HQET [78].

The double resolved contribution to the photon spectrum is given by [7§]

myp

2
2E7> fss (=P, 1) (3.32)

R (B, = dra(u)

where fgg encodes the long distance physics. This function is defined as

2 [ dw * dw
Fs(wn ) = 2 / ! / 2o () e 1) (3.33)

9 ) _owi +ie ) o wa—1€

where non-local matrix element g§g' is given by
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gggt (wa Wi, W2, ILL)

/ dT’ —iw1r / du wol / dt —iwt
= —€ —e€ —€
2 2 27

) <B ] (RS,.) (tn)T (S1.85) (tn)Ts (sgs) (tn + ui) (5S,) (r7i)Tn (s;sn) (0)T4 (S1h) (0)\ B>

2Mp
(3.34)

The matrix element in equation is obtained by summing over soft intermediate
states with strangeness S = —1 (X).
3.1.4 Resolved photon contributions to the total rate

If the photon spectrum is integrated over a much larger interval in the phase space than
the end point region (integrated rate), then the direct photon contributions can be further
simplified. Typically, the direct photon contributions are given by a series of hard coefficients

that are multiplyed by a set of forward B meson matrix elements of local operators. The

are integrated to zero. This is due to the abscence of local

) A
correction terms of order fnCD

gauge operators that can account such terms at the order A;i%. However, the resolved
photon contributions do not reduced to such matrix elements of local operators [78]. The
effects of these operators on total rate should be addressed by using non-local operators [84]

As shown in [78], single resolved photon contributions arise from the operator pairs
Qsg — Q7 and Qf — Q7. In addition, double resolved photon contributions arise from the
operator pairs (g, — (sg, @ — Qf and Q) — ()3, Direct photon contributions arise from all
the operator pairs.

The breakdown of the operators in leading order, next-to-leading order, and next-to-

next-to-leading order in HQET power counting is as follows:
e The contribution of the operators ()7, — ()7 is the leading power correction.

e The operators Qf — Q7,, Qs; — Qs and Qs, — Q7,, are order 1/m; in the power
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corrections.

e The operators Qf — Q5 and Q% — Qs, contribute at order 1/mj. Since our primary
focus is on improving the order 1/my, corrections, we do not consider these order 1/m}

operators in our analysis.

In the following, we discuss these order 1/my, corrections.
3.1.5 Contribution from nonperturbative correction
The function Fg quantifies the effects of resolved photon contributions to the total rate

78]

['(Ey) — T'(Ey)|opE
I'(Ey)|orr 7

Fe(A) = (3.35)

where A = m;, —2Ey. The I'(Ey)|opr |90] is obtained by a local operator product expansion,
which does not consider the nonlocal power corrections from resolved photon contributions.

The contribution from 1/my, operators is

A 2 Aspec
Fu(A) = Ci(p) Aiz (mZ/my, p) i OSQ(M)ZLWQS(M) 75 (H)
Cry (1) my Cry (1) my (3.36)
CSg(M))2 { Ass(A, ) Crag(p) A} '
+ Ao — In—| +...,
Cr(h) D o
where
m?2 > dw; m? — ie My
A7 i) =ecRe — |1 -F 5 | Par (w1, )
my o W1 Mpw1 12m2
spec * dw * dw
Az () = Re /;oo w1 —l—lié‘ /_oo Wo —2i€ h%) (w1, w2, 1)
Aoy duw Aoy duw C A
_ 2 1 2 cut _F uv _
Ass(A, ) = € [/Oo o /oo - —i52h88 (A, wy,wa, 1) 87r2A (ln A 1)] :
(3.37)

The functions hq7, hgs and hrg are non-local HQET matrix elements that encode the long-
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distance nonperturbative effects [78]. These soft functions cannot be determined from the
first principles, and the evaluation of their contribution to the total rate requires modeling.

In the following, we provide a concise review regarding past evaluations their contribution.

3.1.5.1 Estimating Fgl|i7

In equation ([3.37)) the soft function h;; is defined as

A A
hiz (wl,ﬁb) = /Adwgn (w,whu) %/ dwgy7 (W7w17ﬂ)
B - - ) \ (3.38)
) / i, (B|(8S:) Ointns (STeG5°S:) () (Sih) (0)] B)
TS M5

The moments of the function hq7 in equation are related to the nonperturbative
HQET parameters. Based on this feature, we can construct phenomenological models to
describe this non-local function. For instance, in [78] there were several phenomenological
models for function hy; that are related to the zeroth moment of hy7 over wi ({(wihi7(wy))).

Consider the following model

2N w? — A%}
ha7 (wbﬂ) = \/2—;0_ 0_; _ A2€ 202, (339)

where o is the width of the Gaussian function and A is a ad-hoc parameter. Scanning through

different values for o and A in h17 the maximum and minimum values for A;; obtained as |7§]

—60MeV < Aj; < 25MeV. (3.40)

Based on this estimate of Ay7 the Fg|i7 from equation (3.36))

Cy(p) Aiz (m2/my, )

e R—

(3.41)
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3.1.5.2 Estimating Fg|s

The contribution of the operator pair ()7, — (g, is obtained by using the flavor symmetry

of the strong interaction. The flavor averaged estimate of the Fg|rg is given by [78]

AV

Fp (B)lrg = ~(1£0.3)—~, (3.42)

where Ay_ is the isospin asymmetry, which is given by

r(B° —T(B
A, = L(B° = Xoy) ~T(B” = Xo) (3.43)
[(BY— X.7) + T (B~ — X.7)

Also, Fgl|zs can be evaluated by using the vacuum insertion approximation (VIA). From

equation (|3.306)

Csy (1) AT ()
Cor 1) Aovs () e (3.44)

Filrs =
In the unbrocken SU(3) flavor symmetry limit, the nonperturbative parameter A5 is
spec 8
A7I8) ’SU(?,) = especAgz)lu (345)

where egpec is the electric charge of the spectator quark (i.e egpec = 2/3 for BT and Espec =
—1/3 for B°(BY)). The soft function that encodes the long distance physics from Q7, — Qs,
operator pair can be written as a SU(3) octet matrix element. The Wigner-Ekchart theorem
is used to decompose the matrix element into isospin zero and isospin one components. The
Agl is the isospin 1 component of the SU(3) octet. Using the VIA the estimate for Ag1

is obtained as AQJVIA € [—386, —35] MeV [78]. This estimate is used in equation (3.45) to
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obtain ]:E|7g.

3.1.5.3 Estimating Fglss

In equation ([3.36) the contribution from operator pair Qs, — Qs is

_(Csal\ [, o Aes(A)  Cras(u) A
Filw = <C77(M)) {4 s(p) o~ o 1 | (3.46)

Compared to the first term, the second term in the equation (3.46) provides a very small

contribution to the Fg|zs [7§]. The first term in Fg|rs is defined using the nonperturabtive
function Ags, which was defined in equation (3.37)). Currently there is not much information

on the soft function that describes Agg, and it is, however, estimated by [7§]
Ass(A, 1) = e;A(p),  Au) >0, (3.47)

where A(u) is a parameter of order Aqcp. The electromagnetic charge of the s quark gives
e2 = 5. The range of the A(u) is defined as 0 < A(p) < 1 GeV [78]. Based on this range the

S

phenomenological estimate for the Fg|gs was obtained.

3.1.5.4 Phenomenological estimates of theoretical error

At order 1/my, Fr depends on Q1 — Q7., Qsy — @5y and Qs, — Q7,; The contribution from

each of these operators were obtained by Benzke et al. (2010) [78]:

Filn € [<1.7, +4.01%
7 (3.48)

FElsg € [-0.3,+1.9]%
and

FulVIA € [—2.8,-0.3)% )

Pl € -4 +50%  (05%C)
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In total, the estimate for Fg is obtained by using both experimental and theoretical estimates

of A%, For instance, the 2010 theoretical estimate of uncertainty using VIA is [7§].

—4.8% < Fp(A) < +5.6% (VIA for AE™). (3.50)

VIA 8)
78

is obtained by plugging the value of A(I VA,

Here the estimate for Fg|

The 2010 estimate of A%™, which is obtained using isospin asymmetry Aq_, is given by
—6.4% < Fp(A) < +11.5% (AR from Ag_), (3.51)

where Ag_ = (—1.3 £ 5.9)%, which was measured by BaBar collaboration [71,091], and the
uncertainty of Ag_ is 95% confidence level (CL) [78].
3.2 The CP asymmetry

The CP violation (CPV) due to direct photon in B — X,y arises by the interference
of a weak phases in the CKM matrix elements and the possible BSM corrections to Wilson
coefficients with the strong phases arising in the process [94]. These strong phases can be
obtained by calculating the imaginary parts of the local operators in the effective Hamiltonian
given in equation . For instance, the imaginary parts first arise at O(«) in loop diagrams

that contains ¢ quarks or light partons [94]. The CP asymmetry is given by [95],

[(B = X;7) = T(B = Xs)

Ay — 2 . 3.52
YT (B = X)) + T(B — Xg7) (3:52)

In [95] the SM estimate for CP asymmetry is provided as
—0.6% < AR, < 2.8% (3.53)

This estimate is compared to the PDG average of the experimental measurement 1.5%=+1.1%
[18]. These were first considered in [95]. The resolved photon contributions that arise in the

photon spectrum is important to the analysis of the direct CP asymmetry.
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The experimental measurement of the CP asymmetry (Ax,, (Ey)) depend on the photon
cut B, > Ey. Where Ej is in the range 1.9 GeV < Ey < 2.2 GeV, and A = my, — 2E) =
few x Aqep [95]. This cut related CP asymmetry is known as partially inclusive asymmetry
[95]. The direct photon contributions to the CP asymmetry can be expressed by using a

power series in A/my, and Agep/A. At the O(«y), the direct photon contribution to Ax,, is

i . {40 G4, Gy 40A,
Xsy

C A(QQCD
—1 — — —1 14+¢€) — @ ,(3.54
&1 mC7,Y 9 077 9mb m|:( te ) C77:| + ( m% ( )
where the (4, C7, and Cg, are the Wilson coefficients (effective couplings) of current-current
four quark operator (@), electromagnetic dipole operator (()7,) and gluon dipole operator

(Qsy) respectively. Also, the parameter A, is defined as

2 2 4 2
A %(1——ln@+—ln2@—7r—>, (3.55)

my 59 Mme O m. 15

The A. ~ Aqcp is obtained by plugging m;, = 4.65 GeV and m, = 1.13 GeV in equation
(3.55)). Following from this we obtain A, ~ 0.38 GeV. The parameter ¢ is the ratio of CKM

matrix elements, and it is defined as [94]

. — Vu . VU*SVub
s = — =
Ut V;;th

~ N (in—p) =0 (107%), (3.56)

where the parameters A, p and 1 are Wolfenstein parameters defined as A = sinfc ~ 0.22
and p,n = O(1). Only the third term in the equation (3.54) is non-zero in the SM. This
term is triply suppressed by the aj, Im(e) and (m./my)? ~ Agep/me.
3.2.1 Resolved photon contributions to the CP asymmetry

Using the factorization formula provided in equation the effects of resolved photon
operators to the partially inclusive CP asymmetry can be evaluated. For instance, these

nonlocal effects arise from the interference of ()7, — )7, amplitude with Qg“’c) — @7, and
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Q7 — Qs amplitudes. Following from this, the resolved photon contribution to the CP

asymmetry is obtained as

= mlb {Im {(1 + €) 0%} AS, —TIm {es 0%} A% +1Im g—: A ]\%} , (3.57)
where
Rty = 2hus(0)
As, = 2/4:3/% %wf (;ZZ) hur(w) (3.58)
M=z [ [ - 1w
and
f(z) =2xIn % (3.59)
In the unbroken SU(3) limit, the Mg is defined as
AL & eqpec Arg & eqpec 2f5Mp / N dww(Tw)F, (3.60)
0

where the fp is the B meson decay constant and it is evaluated as fp =~ 193 MeV [95].

The ¢¥ is the leading light cone distribution amplitude [96]. Using the models provided in

sections [3.1.5.1] and [3.1.5.3| the parameters A;; can be obtained [95]

—330MeV < A% < +525MeV,
—9MeV < AS, < +11MeV, (3.61)

17MeV < Azg < 190MeV.

The complete theoretical estimate of the CP asymmetry is obtained by combining the direct

and the resolved photon contributions. Therefore, the SM estimate of the CP asymmetry is
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obtained by using the expressions in equations (3.54)) and (3.57)), and they provide

C AL — A 40a, A

SM 1 17 17 s 1l¢

~ =11 i

AXS’Y m C77 m€3< my + 97 mb>
~ . (3.62)
A — A¢

=115 x == __"17 1 .71
( X 300Mev T %,

where the following estimates for the Wolfenstein parameters are used: A = 0.2254,
p = 0.144, n = 0.342. The Wilson coefficients are evaluated at u = 2 GeV, they are
provided as: €y = 1.204, C7, = —0.381 and Cs, = —0.175 [95].
3.3 Reevaluating the resolved photon contributions
3.3.1 Updates on the Fgl|ss

A recent update on Ag_ from Belle [93] provide Ag_ = [—0.48 £ 1.49(stat) £ 0.97(sys) £
1.15(f, — /fo0)]%, where the last uncertainty is coming from the uncertainties attached to
the production ratio of BTB~ to B°BY in T(45) decays [92]. The PDG average is Ag_ =
(—0.6 £2.0)% [71,/91L[93]. As shown in the equation (3.5I), the uncertainty of the Ag_ is

calculated in 95% CL. Using this in equation (3.42) we find

Fp|oP € 1.4, +2%. (3.63)

Comparing the estimates found in equation (3.48)) and (3.63), we find that the currently
the largest contribution to the Fg comes from the operator pair Qf —Qz,. Therefore, reducing
the theoretical error generated by this operator pair is essential for the precise calculation of

the branching ratio.
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CHAPTER 4 NEW RESULTS : ON HQET AND NRQCD OPERATORS OF
DIMENSION 8 AND ABOVE

As shown in section [3.1.5.1 the moments of the soft function h;; are related to the
HQET parameters. The contribution from the operator pair @ — Q7 is obtained using
the information on these moments. To reevaluate the @} — @7, contribution, we develop
a new model for hy; based on higher moments of hi;. These higher moments are related
to the HQET matrix elements of mass dimension seven and above. The HQET matrix
operators contain two heavy quark fields and covariant derivatives. The HQET and NRQCD
Lagrangian operators are defined up to and including dimension seven in [55]. In section
2.3 we showed that these Lagrangians differ in power counting, but they can be related to
each other using the field redefinition. The HQET/NRQCD operators up to and including
the dimension seven are provided in [55]. There are six spin-independent operators and five
spin-dependent operators at dimension seven. The comparison between the dimension seven
HQET matrix elements and dimension seven HQET and NRQCD operators provides the
following: for the spin-dependent operators the number is the same as the numbers of the
spin-dependent matrix elements considered in [62], while the spin independent number of
operators is different. Why is there a difference and what is the relation between these two
bases? [56]

More recently, the NRQED Lagrangian up to and including power 1/M* was calculated
in [99]. It includes NRQED operators of dimension eight and below. The Lagrangian was
constructed by considering all the possible rotationally invariant, P and T even, Hermi-
tian combinations of iD;, +D, E, B, and o. The analogous construction of the NRQED
Lagrangian up to 1/M? was explicitly demonstrated in [100]. For higher power of 1/M,
corresponding to higher dimensional operators, this construction becomes tedious. There
can be different choices for the form of the operators. It is not immediately clear if a pair of
operators is linearly independent and what is the total number of linearly independent op-

erators. It would be useful to find a simpler way to construct these operators. Furthermore,
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the 1/M* NRQED Lagrangian contains four spin-independent and eight spin-dependent op-
erators. This is less than the number of matrix elements considered in [62]. Presumably the
rest correspond to NRQCD operators that do not exist for NRQED. What are they?

In the following work we address these questions by considering a general decomposition
of a matrix elements into linearly independent tensors. These matrix elements have the
following form <H ‘Ez’D‘“ . 1D (s’\) h| H >, where H represent a pseudo scalar heavy meson
state, h represent the heavy quark field, and s* is the four dimension generalization of Pauli
matrices.

4.1 General method
4.1.1 Definitions
The chromo-electric and magnetic fields are defined as
Dy, D] = igE (4.1)
|D;, Dj] = —ige;;x B,
where E = E, 7%, E = B,7°, and T* are SU(3) generators. The commutator and anti-
commutators are defined as [X,Y] = XY — Y X and {X,Y} = XY + Y X respectively.
Finally, we define the matric g"* as g = diag(1, —1, —1, —1) and heavy quark four velocity
(v) as v =(1,0,0,0).
The form of a generic operator in dimension n + 3 is [61]
oY ., =h(@D")(iD")--- (iD"")Th, (4.2)
where n is a positive integer. The Dirac matrix I' in equation is expanded in the basis

{1, 95, 75V O - The T' is sandwiched between projection operator P, which is defined
by

Py=(149), (43)
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where 9 = y*v,. Using the projection operators we transform the Dirac basis as follows [61]:

1—>P+:%(1+¢)

Y = PPy = v, Py (4.4)

Yu Vs —* P+’7u75p+ = Su

(—=8)0u — Py(=1)0,u, Py = iv"eaups”, (4.6)

where the sign of the Levi-Civita tensor is €"%3 =

—1 and €p103 = 1. Since v - s = 0, there
are only three independent s#. The Dirac matrix I' then expanded into the four matrices 1

and s, as [61]:
1 1
P+FP+ - §P+TY{P+F}— §SMTI'{$MF}. (47)

Following from the equation (4.7)), the generic operator can be reduced to following two

forms:

Spin independent operators = h (iD*1) (iD#2) - - - (iD#~) h

Spin dependent operators = h (iD#1) (iD"2) - - - (iD#*) s*h

4.1.2 Constraints on matrix elements
The basis for the HQET matrix elements is constructed using the constraints obtained
from the discrete symmetries, Hermiticity of the matrix elements, HQET equation of motion,

and color structure.
4.1.2.1 Constraints from discrete symmetries and Hermiticity
HQET and NRQCD are invariant under P and T discrete symmetries. Therefore, the HQET

matrix elements and HQET and NRQCD operators also satisfy these symmetries. In the

table we provide the P and T and PT transformation of momentuum (p), four velocity
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(v), covariant derivative (iD*), and generalized Pauli matrix (s*) [56]

Table 4.1: Transformation of p,v,iD* and s* under P,T and PT symmetries

Operator | Transformation under P | Transformation under 7' | transformation under PT
p (»", —p) (»", —p) ", p)

v (09, =) (00, —7) (09, 7)

iD* (=1)*(iD*") (=1)*(iD") 1D*

s —(=1)*s* (—1)*s —s*

These transformations allow us to show that

(H|hiD™ ...iD"h| HY 2 (H |hiD" ...iD"h| H)"

(H |hiD" .. .iD***h| HY © — (H [hiD" .. .iD**s*h| H)",

(4.10)

where the complex conjugation arises due to the anti-linear 7'. It is important to note that

there is a relative minus sign between PT' transformation of spin-independent operators and

spin-dependent operators. This implies that the spin-independent matrix elements are real,

whereas spin-dependent matrix elements are imaginary.

Since hh, hs*h, and iD* are Hermitian, we use Hermitian conjugation to put further

constraints on the matrix elements

(H [niD™ .. iD* (s*) h| H)

(H|(RiDs ..iDm (s

')’ -

(H |hiD#» .. .iDM (s*) h| H)"

(4.11)

Combining the constraints from PT symmetry and Hermitian conjugation we obtain a new

symmetry, which we call “inversion symmetry”. The spin-independent (dependent) matrix
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elements are symmetric (anti-symmetric) under inversion symmetry.

The state H is a pseudo scalar. The matrix element of (H|hiD" ... iD#*(s*)h|H) can
only depend on v,, and g**/ and €*Pr7. Following the notation in [62] we define II" =
g —v*v”. In general, we have v,I1" = (0 and v, II* = 0. For v = (1,0, 0,0) we obtain IT"
and II¥ = —§%. Also, note that all four indices in €*??° cannot be orthogonal to v in a four
dimensional space-time. As a result, we can replace e*%7 — %07y, [56].

In four dimension, a given tensor can have four independent directions only. Following
from this, we found certain tensors with more than four indices become not independent
although they have different combination of indices. For instance, three indices must be
the same in the tensor I1"*e*#7y,. Because of this, not all the tensors obtained by the
permutations of IT* and €*?*?v,, can be linearly independent.

The decomposition gives a correspondence between the operators hiD" ... iD (s*)h
and non-perturbative parameters. Questions such as the linear independence of a given
set of operators, and the number of linearly independent operators of a given dimension
are answered by considering the vector space of non-perturbative parameters of a given

dimension[T] [56].

4.1.2.2 Constraints from HQET equation of motion
As shown in section [2.2.2] the equation of motion obtained from the HQET Lagrangian

provides

iv- Dh = 0. (4.12)

This equation provides that the multiplication of matrix element by v,, or v, yields zero,
and it implies that the v,, and v,, are orthogonal to v [61]. This relation holds in the

NRQED and NRQCD as well [56]. As a consequence, the operators of the form ---iv - Dy

LA potential caveat to this argument is that one can imagine an operator that has a zero matrix element.
The only such example is the operator h v - Dh, which is the first term in the HQET and NRQCD (NRQED)
Lagrangians. This term is unique in the sense that it is the only one that includes iv - D in the HQET
Lagrangian or iD; (not in a commutator) in the NRQCD (NRQED) Lagrangian.
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or ¥fiv- D--- can be removed by field redefinition.

4.1.2.3 Constraints on possible color structures
The covariant derivative D* = 0" + ig A**T* combines the unit matrix in color space (color
singlet) and a product of an octet vector field A** with octet of SU(3) color matrices.
Gauge invariance stipulates that both A#* and 0, must appear together. Because of this,
the covariant derivatives does not have an independent color singlet and octet parts .On
the other hand, the product of two covariant derivatives can be decomposed into a com-
mutator and an anti-commutator matrices. These commutators only contain a color octet
part. Whereas, the anti-commutators possess both singlet and octet parts, which cannot be
separated. The product of three covariant derivatives has an analogous structure to the two
covariant derivatives [56].

For the product of four covariant derivatives we obtain products of commutators and anti-
commutators for the first time. For instance, consider the NRQCD operator o EI T EiTb)

[101]. This operator contains a product of SU(3) color matrices, which is given by
a b 1 ab aberpc
{T,T}:gé + d**°T*. (4.13)

In equation the singlet and octet parts are not connected by gauge invariance and
they give rise to two operators with different color structure. Instead of a singlet and an
octet we can choose the basis of {T“, T® } and 0. Thus we have two different operators
with two chromo-electric fields: ¢TELE; {T* T} v and TELE}§®p. Only the first one
is generated by commutator and anti-commutators of covariant derivatives. The second
operator is generated when we consider the one-loop self-energy corrections to the first
operators. Thus a one gluon exchange between 9" and ¢ in ¢'E! E} {T T b} 1 gives the

color structures [56):

C a C a 1 1 1 a 1 a
{1, 1"}, T = {11}, (55115@- — gaij5k1> =50 b6 — G {T°,7"},, (4.14)
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where i, j,k,l = 1,2,3 and a,b,c = 1,---8. Here we used a color identity for T/T;. In
other words, when calculating observables at tree level only o' E! E} {T“, Tb} Y appears [55].

At one loop we need to consider also ¥ E! Eig®). The case of five covariant derivatives is

discussed in sections [4.2.6{and [4.3.6] The appearance of color singlet structures at one loop-

level was first pointed out in [101]. This was incorporated into our general decomposition of
matrix elements.
4.2 Spin-independent operators upto and including dimension 8
Consider the generic HQET matrix element in the form of <H |7LiD/“ o B DFn (s’\) h‘ H >
We then decompose this matrix element in terms of nonperturbative parameters multiplies
by tensors (I1#*7) [56].
4.2.1 Dimension three
The dimension 3 operator does not contain any covarint derivatives.
L Hhh Y =1 (4.15)
2My
4.2.2 Dimension four operators
At dimension four we have one covariant derivative. This matrix element needed to be

decomposed into tensor structure with one Lorentz index. The only possible choice is v, .

Using the HQET equation of motion (iv - Dh = 0) we obtain

1

hi D —
o (H |niD**h|H) = 0. (4.16)

4.2.3 Dimension five operators
Dimension five spin independent operator contains two covariant derivatives. Thus the
matrix element can be decomposed into tensor with two Lorentz indices. The natural choice

is [T##5 . Hence we have



64

ﬁ (H |hiD"iD*h| H) = a®11#2, (4.17)
H

where coefficient a(® related to nonperturbative HQET parameter.
4.2.4 Dimension six operators

We need to consider (H|hiD*iD2iD#3h|H). The tensor e?#1#2#3y, is ruled out by parity.
This is most easily seen by taking v = (1,0,0,0) which requires p, f9, 13 to be space-like.
Hence the matrix element has a an odd number of space-like covariant derivatives and is
zero by parity. The only possible tensor combination is a product of a v and II. We must

use I1#1#3 and we find only one possible non-perturbative parameter [56]:

1

—— (H |hiD"iD"*iD"h| H) = a/9T1" #3012, (4.18)
2Mp

where the coefficient a(® is a nonperturbative parameter. Under inversion IT##3prz —
HM3M1UH2 — HULU'3/U,U'2.
4.2.5 Dimension seven operators

Here we need more than one tensor structure. We can have a product of two II's or a
product of IT and two v’s. For products of two II's we can contract p1q with us, p3, or puy using
I1. The other two indices are also contracted by II. In total we have three such combinations
of two II's. Using two v’s, they can only be contracted with ps and pg giving us a fourth

tensor. In total we have

ST ]\ZH (H|hiD"iD"iDFiDMh|H) = a\JTrmmrmsm ¢ oD reieens 4

o s O (419)

It is easy to check that each tensor separately is invariant under inversion. Our notation
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for the parameters is such that the subscript denotes the first two indices that are contracted
via II’s in numerical order, and the dimension of the operators appears in the superscript.
We also use a different letters for tensors with a different number of v’s.

As was mentioned in the introduction, the NRQED Lagrangian has four spin-independent
operators. We will show in section that these can be related to the four operators above.
It should be clear already though that it is easier to tabulate the operators as was done here
than to construct them from E, D, and B.

As was pointed out in [101] and discussed in section , there can be more than
one color structure for operators constructed from four covariant derivatives. This is most
easily seen when one constructs NRQCD operators and then consider the possible color
structure, as we do in section [£.4] But we can anticipate the result by considering structures
of the form h {[iD": iD*], [iD"* iD*]} h. Tt is a symmetric product of two SU(3) color
matrices that give rise to two possible color structures: a singlet and an octet. There can be
three different structures h {[iD**,iD"2], [iD*s,iD"]} h, h {[iD"*,iD"3], [iD*2,iD"4]} h, and
h{[iD",iD*"], [iD"2 iD"*]} h, corresponding to the possible partitions of four indices into
two pairs. In order to form scalar operators, we need to multiply these structures by one of
the four possible tensors on the right hand side of equation (4.19]): [T<1#2]]#3Ha [IH1#3 M2k
[I#m#af]r2ks - and [1H1Hap29#3 . We find only two linearly independent combinations from all
of the contractions, namely, ag) — aﬁ), and b, We confirm this result in section .
We conclude that we can form only two such operators with two possible color structures
each. Including the possible color structures, there are in total six possible NRQCD (HQET)
operators.

4.2.6 Dimension eight operators

We have five covariant derivatives, so we must have an odd number of v’s. We cannot
have five v’s and there is only one tensor with 3 v’s: I[I#Hsyt2pksyts, As a result of the
inversion symmetry, tensors with one v must be of the form v*2I1 11 4 v* 1111 or v I1TI. All

together we find seven possible tensors:
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1 _

S (H|hiD"iDFiDFsi D" D" h| H) = a(182) (TTH 2T THsHs Ry THSTIRAHSH2) |
H

ag? (ITPHsTTH2Ms ba - T[H3MS [TP1 M2 4 a§85) (ITPHaTTHaka > 4 T[HPS [TH2H3 4 ) 4

bg)nmmﬂmmvm +b§?1—[“1“41_[“2“5v“3+b§85)H“1“5H“2“4U“3+

B [TH1H5 12 )13 4 14 (4.20)

Our notion is same as in section [4.2.5, but we used different letters for the coefficients of
these tensor structures.

We also need to consider the issue of possible color structures. Multiple colors structures
for a given operator arise from the anti-commutator of two color octets. For five covariant
derivatives there are two possibilities of color octets: [iDHi i D] and [iD#*, [i D™ iD#m]]. 1f
we combine them together we get two structuref? A {[iD*, iD#a], [iD#*, [iD# i D#n]]} h and
h{[iD#:,iD"s], [iD#m, [iD# iD" ]|} h. There are (}) x 2 = 20 such structures. We can also
combine {[iD",iD#i], [iD#* iDM]} with an anti-commutator of a fifth covariant derivative’f
h{iDtm {[iD"i iD#), [iD* iD"]}} h. There are (7) x 3 = 15 such structures. Contracting
each of the possible structure with the tensors on the left hand side of , we find only one
non-zero linear combination: ag)—ag?—bﬁ)—kb%) from h {iD#m {[iD*: iD"], [iD* iD"]}} h.
We will obtain the same result in section [£.4.1.4] Including the two possible color structures
there are eight operators in total.

4.3 Spin dependent matrix elements upto and including dimension 8
The spin dependent matrix elements are given by <H ’l_w'D’“ . B DHn s*h‘ H >, where n =

operator dimension-3. As we did in section [4.2] the matrix elements are decomosed into

nonperturbative constants multiplied by tensor structures that are allowed by symmetries.

2A third possible structure h {[iD*¢,iD#i], [iD*t | [iD*m iD"*]]} h is related to the first two by the Jacobi
identity.

3using a commutators does not give a new structures since [iD#m {[iD#i iDHi],[iD** iD*]}] =
{[eDr, aDrs] [iDto, [iDM, aDI ]} {[iDM, iDR, [iDf [iDHe iDM9 ]}
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4.3.1 Dimension three operators

At dimension three the matrix element contains only one covariant derivative. The
matrix element is decomposed into tensor structure with one Lorentz index, which is v#*.
Contracting the matrix element by four velocity we obtain v - s = 0 in the left hand side.

Therefore, at dimension three there are no spin dependent matrix elements.

1 _
— (H |hs*h|H) =0 4.21
o ([ ) (421)
4.3.2 Dimension four operators

The dimension four matrix element contains one covariant derivative. This provides two
Lorentz indices. The matrix is then decomposed into I1#1*. This is because the contracting
by v,, and v yields zero. For the choice v = (1,0,0,0), the D** is a space-like, which is due

to hv - D = 0. The matrix element with odd number of space-like derivatives gives zero due

to the parity. Hence at the dimension four the spin dependent matrix element vanishes.

1

0 (H |hiD" s h| H) = 0 (4.22)

4.3.3 Dimension five operators
The operator hiD"iD"2sh has three indices, all of which are orthogonal to v. As a
result, we cannot use three v’s or a product of one II and one v. There is only one possible

structure:

1

gag (H [PiD™ iD= s h| H) = iaeri=ty, (4.23)
H

The tensor e”*1#22y, is antisymmetric under inversion as required.
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4.3.4 Dimension six operators
There is only one possible tensor, a product of v and e. Thus
1 _
CTY (H |hiD"iD*iD"3s*h| H) = ia© v eriisry, (4.24)
Again the inversion symmetry is manifest.
4.3.5 Dimension seven operators

For the matrix elements of dimension seven spin-dependent operators there are five in-

dependent tensors. One has 2 v’s and € and four that have Il and e. Thus

1 _
W<H|hz’D“liD“%‘D“%‘D““sAMH) —
H
Z'dg) (HNINQGPNMM)\/U/) _ Hu4u3€pu2u1/\,0p) + idg? (H“1“3ep“2”4)‘vp _ Hmuzepu:suﬁ\vp) +

~ (7 ~ (7 .7
+ za§4)1_[“1“46"’“2“3)‘v,) + 2@53)1_[“2“36’)“1“4’\% + zb(7)v“20“3ep“1“4)‘vp, (4.25)

where we have imposed the inversion symmetry by combining tensors in the second line of
equation (4.25)) with the same non-perturbative parameters.

Naively it might seem that there are two other possible independent tensors that involve
[T namely H“l’\ep“w?’“‘lvp — H“4’\ep“3“2“1vp and H”Mep“l“?’”‘*vp - H”3)‘ep”4“2”1vp. But this
would be an over-counting. The tensor IT*€“®y, has five indices orthogonal to v, but in
four space-time dimensions there can be only three different indices orthogonal to v. Since
a # [ # pand p = v, it follows that three of the indices in the set {«, 3, p, u, v} are equal.
Therefore, if \ is equal to any p; it is also equal to some p; and hence p; = p; and already
included in the tensors of equation (4.25|).

For the dimension seven spin-independent case one can construct operators with the same
Lorentz structure but different color structure. We can check whether this is possible for the

spin-dependent operators by contracting h {[iD*i,iD#], [iD** iD*]} h with the tensors on
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the right hand side of equation . We find that all of these vanish, so there are no such
operators. We will find the same result in section [4.4.2.3]
4.3.6 Dimension eight operators

For the matrix elements of the dimension eight spin-dependent operators we can have
one tensor with 3 v’s, v“%“%“‘le"“l%%p, and tensors which are of the form v Ile. Following
the discussion above, the IT’s should depend only on y;. Once we fix v to be v#2 v*3, or
vk there are four indices left, which gives six pairs {y;, py} for II. Including the constraints

from inversion symmetry, we find

1 _
W(B]hz’D“%’D“%D"%’D“‘*z‘D“SSAh\B) =
B

(8 (8
mg; (Uusﬂmuzepuz;%)\% _ vu3Hu4u5€pu2m>\Up) + 2a§4) (Uusﬂmmepuz%)\% _ vusnusuzepmmk%) +

(8 .~ (8

2a§5)11“311“1”56p“2“4/\vp + Zag4)v“3 | I“Q““ep‘““f’Avp +

7 (8 .7(8

Zbgg) (UH2HMlﬂ36PH4N5>\Up U“4H“5”3ep“2“1/\vp) Zb§4) (v“2l_[“1“4ep“3“5’\vp DHATTHBH2 cPH3HIA
(8 (8

Zbgg)) (UMHMW&’; 6PH3#4>\UP UMHHWE’)EP#SM)\UP) Zb:(M) (UH2H#3M4€PM1M5>\UP UH4H#3AL2€PM5#1>\

7(8 7(8
Zbg5) (Uﬂznusus 6P#1u4>\vp _ UMHusmEP#smAUP) + sz(15) (vuznﬁmus EP,UULB)\,UP _ UH4H#2M1€PH5H3>\

+ o+ o+ o+ o+

ié(s) vH2 pH3 P P “5)‘Up.

The possible multiple color structures are obtained by contracting the

As for the spin-independent case we can check if there are operators with the same Lorentz
structure but different color structure by contracting h {[iD":,iD*], [iD"*, [iD*,iD*m]]} h,
h{[iD" iD"], [iD"m [iD" iD*]]} h, and h{iD#m {[iD": iD"], [iD"* iD"]}} h with the
tensors of the right hand side of equation . We find six linearly-independent combi-
nations, indicating that there will be six operators with two possible color structures. We
will find the same result in section [£.6.2] Including these possible color structures, there
seventeen NRQCD (HQET) operators in total.

vp) +
vp) +
vp) +

(4.26)
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4.4 HQET operators

Using the tensor decomposition of the spin independent and spin dependent matrix el-
ements provided in the sections and [4.3] we now relate the matrix elements to HQET
parameters. This list of HQET parameters are found in [62]. As discussed in the section
[4.1.2.3] the tree level matching of power corrections to inclusive B decays are relevant to
octet color structures. The list of HQET parameters provided in [62] are relevant to these
tree level operators. We list the color singlet operators along with the color octet operators
in the section 6.2
4.4.1 Spin independent operators

4.4.1.1 Dimension five

The dimension five spin independent operator is defined by [61]
1 - , 1
—— (H(v) |Q,iD"iD"Q,| H(v)) = A I1##2. (4.27)
2Mpy 3

In [62] the matrix elements is defined as

o (B|b, iD"iD"2b,|B) I1,,, ., = —pi2. (4.28)

Using the IT*#2I1, ,, = 3 and tensor decomposition of dimension five matrix element we
obtain —p2 = \; = 3a®. It is important to note that the p2 is not defined in the heavy
quark limit. The parameter p2 is defined using the full QCD b fields [62]. Following from

this we obtain a relation between p2 and \;, which contains 1/m; corrections.

4.4.1.2 Dimension six

The dimension six spin independent matrix element is defined as [61]

1

_ 1
W(H(UHQU iD*M D" D" Q,|H (v)) = gplﬂ’““?’v‘”. (4.29)
H
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while in [62] the same matrix element is defined as

1
2Mp

_ 1
(B|h [ZDM, [iD", iD’“"H BIB) 3 st = P (4.30)

Comparing this to equation (4.18)), we find that p}, = p; = 3a9).

4.4.1.3 Dimension seven
In the dimension seven there are four matrix elements [62]

2Mgmy = (B|b,iD,iD,iDiDsb,|B) 5 (117711 + IIPAT17° 4 [17°117)

1
3
2Mgpmy = (Blb, [iD,,iD,][iDy,iDs] b,|B) I*v7v*

2Mpms = (B

by [iD,,iD,] [iD,iDs] b,| B) IIP* 117

OMpms = (Blb {iDP, [@'D(,, [iD, @D(;]] } by| B T[T (4.31)
Using the tensor decomposition in equation (4.19)) we find

mi; =9 ag) + ag) + aﬁ) , Mo = 36(7)7 ms = 12 [ag? - aﬁ?] ,my =12 [ag) — 2@&? + aﬁ)] :

(4.32)

4.4.1.4 Dimension eight

In [62] seven spin-independent matrix elements are listed] as:
2Mpry = (B|biD, (iv- D)*iD"b|B)
2Mpry = (B|biD,(iv- D)iD"iD,iD’ b|B)

2Mprs = (B|biD,(iv- D)iD,iD”iD’ b|B)

4The change b, — b is presumably a typo in [62].
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2Mpry = (B|biD,(iv- D)iD,iD’ iD” b|B)
2Mprs = (B|biD,iD" (iv- D)iD,iD’ b|B)
2Mpre = (B|biD,iD, (iv- D)iD’iD"b|B)

2Mpr; = (B|biD,iD, (iv- D)iD”iD’ b|B) (4.33)

Comparison between these operators with our tensor decomposition in equation (4.20))

yields

r = 3¢®
ro =3 [3@582) + a%) + a&?] , T3 =3 [ag) + Baf? + a&?} , Ty =3 [agz) + ag3) + 3a(8)}

~3 [3@&8; b 4 b&?} 76 =3 [b&? b 4 3b§85] rr =3 [ ® 4 3p® 4 & ](4.34)

4.4.2 Spin dependent operators
The dimension three and four matrix elements are zero. We find the first non zero matrix

element at dimension five.

4.4.2.1 Dimension five

The dimension five spin dependent matrix element is defined as [61]

1

_ 1
Wu{(v)@v iDMiDR Q| H (v)) = 5 jePrinzdy (4.35)
H

The same matrix element is defined as [62]

1

o (B|b, [iD"*,iD"?](—ic"#2)b,| B)

My = 123 (4.36)

Using the relationship between ¢ and s* defined in equation (4.6]), we found pZ, = 3\ =
—6a). Similar to p2 in section [4.4.1.1} the relationship between pZ, and Ay receives correc-

tions at order 1/my,.
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4.4.2.2 Dimension six

The dimension six spin dependent matrix element is defined by [61]
1 - 1
M<H(’U) ‘Qv Z'Dul?:DMQ?:DMSS/\Qv|H(U)> = §p2 iUVEVul'us)\'U'uQ, (437)
The same matrix element is defined in [62] as

1

2Mp (BIb, _{ZDM iD"*,iD"] }(_iaaﬁ)bv|B> ol g0, = Pis- (4.38)
B

Comparing these expressions with the tensor decomposition obtained in equation (4.24)), we

found p? ¢ = 3py = —6a'9).

4.4.2.3 Dimension seven

In the dimension seven there are five matrix elements. They are defined as [62]

2Mpms = (B|b, [iD,,iD,][iDy,iDs|( — icag) by|B) H*117Pv7v*

2Mpms = (B|b, [iD,,iD,][iDy,iDs|( — ioag) b,|B) I*7 117117

2Mpm; = (Blby {{iDy,iDy}, [iDs,iDs] } ( — icas) b| B) N7 12711
2Mpms = (Blb, {{iD,iDy}, [iDs,iDy] }( — i0as) b, B) IO
oMpmy = <B\bv[Dp, [z‘DJ, [iDA,iD(;]H(—iJaﬁ) by|B) TIPPICTIZ . (4.39)

Comparing this result with the tensor decomposition in equation (4.25) we found

ms = 667, mg = 6 [ 20D + a7 + ag?} e = —12 [4&5 —3a) + 3a;3>]

mg = 48 [3&53 a0+ agg} L mg = 12 [5&572) — 45" —3a{0 + 2&%]} (4.40)
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4.4.2.4 Dimension eight

The dimension eight matrix elements are defined as [62]

2Mprs = (B|biD, (iv- D)*iD, (—ic"") b|B)

2Mpre = (B|biD, (iv- D)iD,iD,iD" (—ic"")b|B)
2Mpryy = (BJbiD,(iv-D)iD’iD,iD, (—ic"") b|B)
2Mpry, = (BJbiD, (iv-D)iD,iD"iD, (—ic"") b|B)
2Mpris = (BJbiD, (iv- D)iD,iD,iD" (—ic"") b|B)
2Mpri3 = (BJbiD, (iv-D)iD,iD,iD" (—ic"") b|B)
2Mpryy, = (BJbiD, (iv- D)iD,iD"iD, (—ic"") b|B)
2Mpris = (BJbiD,iD, (iv- D)iD,iD" (—ic"") b|B)
2Mpris = (BJbiD,iD, (iv- D)iD,iD" (—ioc"") b|B)
2Mpri; = (BJbiD,iD,(iv- D)iD"iD, (—ic"")b|B)

2Mpris = (BJbiD,iD, (iv- D)iD"iD, (—ic"")b|B). (4.41)

Comparing this with the dimension eight matrix tensor decomposition, which is given in

equation (4.26)), we found

rg = 66®)

rg = —6 [5@ + b1y — 5 — by — 3555?] ;710 =6 [35@ + 01y — b5+ 05 - 5@?] :
rin =6 68 + 3 + 5O + b — b } rip =6 [—Bﬁ? 0 4+ b5 + 3050 + 135185)} ,
ri = —6 [55? — b - 30 - 0 + 55?} ;714 =6 [55? + b1 + 305 + 055 + 55;?] :

rs = 6368 —a® + 3&53} 116 = 6 [ 20 +2al®) + 3@585] ,

iy =628 +2a® + 3a24] ris = 6 [3&5?3 val® ¢ aéﬁ’] ,

(4.42)
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4.5 NRQED and NRQCD operators

In the following section we will relate the NRQED and NRQCD operators to tensor
decomposition provided in sections 4.2/ and The NRQCD Lagrangian upto and including
the order 1/M? is provided in [55].

. , D? o-B D-E-E-D . o (DxE-ExD

Eﬁm&én = W{ZDt + COoaT +crg i +¢pyg NE +1csg ( e ) +
D*  {D',(DxB-Bx D)} {D? o - B} Dio - BD:

IR S et T
o, 0 DB-D+D-Bo-D ., (BiBi — EiEi) T°T" , EiEi T

Cy [ —cC P —

rvd e ALg 8M3 S TIVE

(BB, BB, BB
+Ca39 e B Ty Ve
o - (B, X B, — E, x E,)feTe o - (E, x Ey)feeTe

—cp1g? ( ° e b + ¢pag? ( T M;’) . (4.43)

The operators in the last line are specific to NRQCD they do not appear in the NRQED.
Also, in NRQED the operators corresponding to coefficients c4; and ca3 (cao and ca4) are
identical.

The NRQED Lagrangian at order 1/M* (dimension eight) is given by

[D?D-E+ E - D] {D?* [0 E|} (020 - E]
i + X290 + Cx39—

dim=
LNRGED = %UT{CXLCJ

. JD\,ExB)} . Do (DxE-ExD)D _ ¢i*%Di[d-E]D"
+ 1Cxa9 e +1cx59 e + 1Cx69 e
,0 - B[O - F] ,|E - 80 - B] ,|[B 00 - E]
+cx79 i + Cx89 o + Cx99 Y
Eio - 0B’ Bio - OF! c-Ex|O,E—-—0xB
+ CX1092[]\/[—4] + CXllQQ% + ex129? [ ;\/[4 | }?/’- (4.44)

Some of these operators need to be rewritten in a form appropriate for NRQCD operators,
e.g. not assuming that £ and B commute. We will do that below.

The general procedure we will follow is to take a general NRQCD (NRQED) operator of
the form TO1 where O is written in terms of D, E, B. We change ¢» — h and ¥' — h and

write O in terms of covariant derivatives iD* contracted with II and v. The matrix element
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of the resulting operator can be written in terms of the parameters of section 4.1} The utility
of this method is that given two NRQCD operators we can immediately determine if they
are linearly independent, based on the linear combination of parameters that corresponds to
each operator. Possible multiple color factors for operators with the same Lorentz structure
are considered separately. We will illustrate this procedure in detail below.

4.5.1 Spin independent operators

4.5.1.1 Dimension four

In equation there is one operator with time-like cavariant derivative (iD;1)) at
dimension four. The corresponding HQET operator is hiv - Dh. Therefore, the matrix
element vanishes at dimension four.

4.5.1.2 Dimension five

At dimension five, there is only one spin independent operator in equation , which is
YT D?. This operator can be written as iD#'iDF2[1#1#2, Using this operator and changing

Yt — h and ¢ — h we found
1 _
YID*) — S (H |hiD"iD"11,,,,h| H) = 3a® (4.45)

4.5.1.3 Dimension six

At dimension six, there is only one spin independent operator in equation (4.43)), which

is g¢"(D - E — E - D)y. By re-writing this equation as —uv,,11,,,, [iD", [iD"?, iD"3]] and

25T 13

changing ¢ — h and ¢ — h we found

1 _
— 10, L,y [1DM, [iD2 DM 4 — ~5i (H |hvy, 1L, [iD", [iD"2 iD*]] h| H) = —6a'®
H

(4.46)

4.5.1.4 Dimension seven
In equation (4.43)) there are six spin independent operators at dimension seven. They are
WD, gut {D'(Dx B~ B x D)} v, g%l (BB} — ELE}) T*T", —g*y! E\E{T"T"),
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¢t (Bi B} — E'E;}) ). Changing the ¢ — h and 1 — h we found

1 _
VD) e (H|RAD DD D h )y, Ty, = 3 (302 +aff) + ),

. ) 1 -
U gD (D x B — B x DY} = o (HIE (D", 1D, [iD% i) BT
— 12 (o} — 207 +al7)) .

9" (BB, — E,E;) T'T"¢,¢*)" (B, B, — E,E;) 6 —

11
5o (HIR D" D] D", D" Wl H) g o, = 3 (20 +20( +57)
o o .
—G VBB T T, —g*V B B} 6" — — oo (HIh [iD",iD] [iD" D" | B H) gy sy Oy U
H
= —3b".

(4.47)

All these linear combinations of ag), ag), aﬁ), and b7 are independent of each other. As

shown in the section [£.19] there are two operators with different color structures that has

same Lorentz structure. The linear combinations for those two operators are ag?, ag?, and aﬁ).

4.5.1.5 Dimension eight

The NRQED Lagrangian in equation provide four spin independent operators at di-
mension eight. These operators can be generalized to the NRQCD by using gyt {D?,[8 - E]} ¢ —
g {D?, |D!, E'} ¢ and gu' [8%0 - E| — gyt D?, D!, [D?, E?]|]. The operator gy {iD?, [Ex
B]'}¢ provides color octet and singlet structures, and they are $¢*¢t {iD*, ¢?*EI By {T*,T"} } ¢

and ¢?yt {iD?, €7*EIBF§* Y ). By replacing the ¢t — h and ¢ — h we obtain:
a™b

. . 1 -
g¢T[D27 {Dza El}]w — _M<H|h [Z.D'uliD‘LQ? {Z.Dlu?)a [iDWL? iDu5]}]h|H>Uﬂ4HH1H2HHSﬂ5

— 6 (3 + 50 182)
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) . 1 _
GU D, [ B} = — o (IR {iD" D", (1D [iD" D" }hIH) oy T T
H

— 6 (0afy + 20} + 203 - 3y — oY — 1),
VgD, D', [D?, E’]]|¢) —

— — (H|h[iD* [iD">, [iD"3, [iD"*, i D*5]]]]h| B)v,, 11, 1, 11

p1p iz ps

oMy
S <8a§§) +4a® + 80 — 5p® — 3p® — 7b§85)) ,

2
9 i ik i a i ik i a
SUHID, P EIBIAT T}y, g0 {iD', "V E By 6"}y —

1 1 -
S (H[R (D" {[iD", D", [iD" iD*]} 1| By, T T
22Mpy ’
8 8 8 8
=6 (ag - a§5) - b§4) + b§5)> : (4.48)

The NRQCD contains three other operators that are absent in NRQED. We will list
these operators in section [4.6.2]
4.5.2 Spin dependent operators

For the Levi-Civita tensor we used the sign convention €23 = —1 and eyo3 = +1.
Therefore, the three dimension operators such as €;,A’B’C* are generalized to the four
dimension as —ep o A*B”C*. The overall minus sign arises due to three space-like contrac-
tions. For example, the covariant derivative D* = (D° —D) provides a overall minus sign
when considering a triple product of space-like derivatives.
4.5.2.1 Dimension five
At dimension five we find the first non vanishing spin dependent operator in equation (4.43)),
and it is given by gyfe - Bip. This operator can be rewritten as —i¢fe*o’ [iDJ iD*] 1.
The generalization of the three dimensional tripple product to four dimension provides an
additional minus sign. As a result, the dimension five spin dependent matrix element is
written as €750 [iD7 iD*] — —¢ 0,07 [iD,iD#2]. Changing the ¢" — h and ¢ — h

provides:

11 _
gVTo - BY — ——— i€y’ (H |hs* [iD",iD*| h| H) = 6a°) (4.49)
H
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4.5.2.2 Dimension six

In equation (4.43)), there is only one dimension six spin dependent operator, which is igiTo -
(D x E — E x D). As shown in the above, we construct the corresponding HQET matrix

element as follows:

igVlo - (D x E — E X D)) = ————i€pnu, 50"V, (H |Rs™ {iD", [iD"2iD" ]} h| H) =

1
2My
= —12a® (4.50)

4.5.2.3 Dimension seven

In equation (4.43)), there are five spin dependent operators at dimension five. They are
g™ {D? o - B}y, g'D'a-BD"), g¢'c-DB-D+D-Bo D, g*'o- (B, x By) f**T),
and g*YTo-(E, x E) fT). At dimension seven there are no operators with multiple color

structures. Changing the 9" — h and ¥ — h provides:

1 1
o 2zepu3“4,\v H#1M2<H|h s’\{zD’“zD“Q [iD#3 iD*|}h|H) =
— 12 <3a§2) —all+ ag;))

gV {D? o B} — ——

1 1
P 226[,“2#3)\1} Hulﬂ4<H|hs iD*M[iD¥? iD¥3iD* h|H) =
—6 (—2&9 + 23 4 3al4> ,

gV’ D'o - BD'Y — ———

1
2Mpy 2

it pans0 T (H|R $¥ DM [iDP2 i DP5]i D+ | H) = —12( ™ _ a0+ aﬁ)) ,

gVlc - DB-D+D-Bo-Di) - ———

1 1
" 2Mpy 2

1 1
gle - (B, x By) f*T) — P QZGWWQMU Py, (H|h s [iDM i DF2)[iD" iD] h|H) =
() (T
=6 (2@53) - a(14) - a;?)))
1
GFle - (B, x Ey) f*T%) — P 1€y NV Uy Uy (H | B s [i DY 3 DF2] [ D3 5 DF4] b HY) =

1
~3€ ppuy pops 0 Uy (H | s* 8 DF [ D#2 i D#3)i D4 h|H )

= —6b7. (4.51)
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4.5.2.4 Dimension eight

There are eight spin-dependent dimension-eight operators in the 1/M* NRQED Lagrangian
in equation (4.44)). For the NRQCD operators we rewrite ¢ 7o' Di[9-E] D* as ¢ %o’ DI[D!, E'| D*.
The operator g*¢'o - B[ - EJi corresponds to two possible NRQCD operators 3¢%¢{o -
B,T* [D!, E|,T"}+ and ¢*¥'o - B,|D!, E'],7b. The notation is such that [D?, E¥], =
V-E,+gf*"A,-E, [101]. Similarly ¢°)![E - 8o - BJy corresponds to 3¢*¢{ ET*,[D', o -
BT}y and ¢*y'Ei[D? o - B],W, ¢*¥'[B - 8o - E]i) corresponds to %g%ﬂ{BéT“, (D' o -
E|,T"}¢ and ¢*¢'Bi[D' o - El0, ¢*)'[E'c - By corresponds to 1g*¢{EiT [o -
D, B'|,T"}¢ and ¢*¢'E'[o-D, B'|,¢, and ¢*¢![B'o -0 E']y corresponds to 1 ¢*¢{ BT, [0
D, EY), T}y and ¢*'Bi[o - D, E‘|,1). The last operator in equation (4.44)) contains two
parts: o-E X [0, E] and —o - E x [0 x B]. The second part can be expressed in terms of other
operators in equation , so we will not consider it below. The first part corresponds to
two possible NRQCD operators 3 g*¢'e¢*a' EJ Dy, EF|, {T, T} and g*¢'¢"* o' EJ Dy, E¥], 9.
Changing ¢ — h, ¥t — h we get
ig' Do - (D x E — E x D)D"%) —
1

% _
2Mpy
1o (o) 2l ) ) + 0+ 95 + 7 7).

(—0)6pppnisV Ty (LR 0D (iDP2 [iDF i DM ] }iD h| H) =

igyte o' DI[D', E'| D) —
1 _
- M%W\MMUPHMMUM (H|h s*iDM [iD"2, [iD"*, iD*]]iD**h|H) =
= 12 (2a) +2a) + 3y — B — By — 3B — B —BY)
1 ) ) ) )
590N o - BT, D' BTN, g*dlo - By D', Bt —
I
2Mp 4
—6 (33 - aly +af) — 653 — 257 + 28 — 207 + 287

€pnvussia 0 Wyapus Uy (H [ s {[iDP1,DP2], [iD", [iD™ i D™ ||} h|H) =
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1 . . . .
—92¢T{E’T“ (D', o - B],T"}y, ¢*'E! D', o - B,y —
1
oMy 4
—6 (451?2 4B 15 2y + 645) ,

Ep)\M%U L 1 PR (H|h s’\{[zD’“ iDF2], [iD"2 [iD** iD*s]|Yh|H) =

1 ) . ) )
SO UHB T [D' o - BT}, "¢ B[ D', 0 - Elutp —
1 i
- Wlepmuzm
8 ~(8 ~(8 7(8 7(8 7(8 7(8 7(8
= o (a9 + aly ol — 2B + 5~ 6 + B - ),

Vs Uy (H [P s™{[iD"iDM2], [iD™ [iD", iD"]|}h| H) =

1 ) . . )

- 2wT{E2T“ [0 -D,B,T"}y, ¢*'Ei[o - D, B¢ —

LU
2My; 4

— =6 (B — B9 — ) + 28 — 0Y)

~Eppapans V" ag Uy (| M{(iD™iD2), (1D, [iD™ i D] Y| H) =

1 , ) , ,

—92¢T{BZT“ lo- D, E, T}, g*)'Bilo - D, E'l) —

IR
2My; 4

8)  ~(8) , ~(8 78) , (8 78 , i(8)  7(8
=—6 <a§2) - a§4) + a§5) - 2b§3) + b§4) - 555) + b§4) - bgs)> ;

Epuwzusv Hkuavu4<H|hS>\{[2Dm iD"2], [iD¥3 | [iD"*, iD**]|}h|H) =

G V'€ El Dy, EM, {T*, T" W, g*Y'e’* o' El [Dy, B, ¢ —
1 =

_M§EP>\M2H5

= 6¢8). (4.52)

VP, Vs Uy (H| B s {[i DY i DF2], [iDH3 [iD*+ i D)) }h| H) =

The NRQCD contains extra operators that are not presented in NRQED. We list these
extra operators in section [4.6.2]
4.6 Applications
4.6.1 Tensor decomposition of Dimension nine spin independent HQET matrix

element

We extended the general tensor decomposition of HQET matrix elements discussed in
section 4.2 to dimension nine. At dimension nine the matrix elements contain six covariant
derivatives. The matrix element is decomposed into tensors that contains zero v’s, two v’s

or four v’s. Thus we obtain 24 tensors for the spin independent matrix element, which are
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given by

5 MH (H |hiD"iDF2i D5 DFi DP5i D h| H ) = aly) , TIHme T Hsm T Hsme
+ a§2)735 (00 CATE VTN ) (ST y (VRS § CET00 ) (L ag),% (0 AT VD s (EUEINE y (VRS § (ET) p (L
+ agg) [[H1 K3 [TH2Hs TTHARS | a( ) o (TIPS TI#2RO [ Haks | [T TTR2HsT[HaKG ) |
( ) SITrpaggressTIesne 4 gf ) o (TTPHHATI#2Re [T Haks | [T TTH2ma T[H3K6 ) |

) NG S CE ) (U a ) RV CETED ) (T a N GELE ) (TN G
4 a(9) G (T G b(192),36 (I 2 TTH3Hs ks 4 TTFUHATTHSHG h2 03 ) 4
+ b§92),46 (00 (D § (EUCRE IS § CAVEEY § G b(192)’56H“1N2HM5“6U“3U“4+
+ b@% (TTH#3 TTH2HO R4 H5 | TTHIRS TTHARS yh2hs )
+ bg)AGHulm [Haks yR2 s bﬁ%% (IIP P4 TTH216 b yits | [THUHSTTHBHG 24 ) 4
+ bﬁ)’%H“l““H’““ﬁv”Qv% + bg%%%nmusﬂuzusvusvm+
+ b§96)723 (TT#AHOTTH2H it o | [THHS TIHARS i )3 ) |
+ bg%)724 (00 G VCETERVE LY § RV ) (TN Ee 552)7251-[#1#61-[#2#5@#3@#44_

+ bg%)734H“1“6H“3"4v“21)“5 ERPNCHL § (CVLIEIE L (4.53)

The multiple color structures arise from the structures: [¢DHi D] [iD* [iD"i 1 D**]] and
[iD#i [iD#  [iD* 1 D*]]]]. However, we did not consider the possible operators arise from
these structures in this discussion.
4.6.2 NRQCD Lagrangian at order 1/M*

As shown in the sections .5.1.5 and [£.5.2.4], there are three spin independent and three

spin dependent operators that cannot be obtained from the generalization of NRQED op-
erators to NRQCD. The NRQCD operators contains commutators of chromoelectric and
chromomagnetic fields. These NRQCD operators do not arise in the NRQED. As a result,

we list the set of new spin independent operators that are obtained from the commutator
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relationships of the chromoelectric and chromomagnetic fields as follows:
gy [Ei [iDy, E']] T —
5 MH (H |h[[iD",iD"2], [iD"®, [iD**,iD*]]) h| H ) 0,00, s = —6¢®)
ig*yt [Bi (D x E+ E x D)'| T% —
- MH (H | [[iD™,iD"?] , [iD", [iD"* iD"1]) h| H) 1, Ty s Ty = 12 (bﬁ) . bg?)
ig*y! [Ei (D x B+ B x D)'] T%) —

— _—2M <H |h Dm Duz] [iD“S, [Z'l)lul7 Z'Dus]] h’H>UM1HH3#4Hu2M5 _
H

~12 (ag; 2a{¥) + ag?) (4.54)

These operators are linearly independent to the operators found in equation .

In section we considered the set of dimension eight NRQCD spin dependent
operators that are obtained by generalizing the NRQED operators. They are: Ox; =
%gQwT{a - B,[D', E‘|}¢, Oxg = %gQwT {E'[D',o - B]}¢,0x9 = %g%* {B',[D',o - E]} v,
Ox10 = 2% H{E', [0 - D, B}y, and Qy11 = 1a*y' {B’, [0 - D, E']} ¢, where the notion
follows from equation . The corresponding NRQCD operators can be obtained by
replacing the commutators by anti-commutators in these operators and vice versa. Out of
Ox7,0x9,0x19 or Ox7,O0xg,Ox11 or Oxg, Oxg,Ox11 we can choose any set of operators to
modify. In the following we modified the operators Ox7, Oxg, Ox10 to obtain their NRQCD

counterpart. We have:
1
2M 2

= —12 (3&52) — EL15 + (~124> s

@Y [B {D' o - E}, T —
1

- W§epuwzu3

=12 (ag) @y — Gza — bua + bis + bys — 535) ;

EP)\MMzU HNJMSUIM <H|h‘9 [[ZD’“,Z'D“?], {iDug’ [iDM47iDM5]}]h|H> =

VT Vg (H | sM[iDM D], {i D", [iD",iD*]}|h| H) =
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gVE' {o - D, B}, T —

1 2 - : ) ) . .
- Mﬁeﬂuzuwsvl)ﬂkmvm (HIh SA[ZDMJDW]’ {iDrs [iD", iD"*|}]h|H) =
= —12 (513 + b5 — bag + 545) : (4.55)

All these operators are linearly independent to the operators found in equation (4.52]).

4.6.2.1 Constructing the NRQCD Lagrangian at order 1/M*

Since we found the exclusive set of NRQCD operators, we list the dimension 8 Lagrangian.

im= [DQ’{DZ7EZ}] {D27[D17E1]} [Dlj[DZ’[D],E]H]
£§IRQ§D = ! {CXlg Ve + Cx29 IV + Cx39 e
L {D'", e*EIBf {T*,T"}} ,{ D', e*EIBF§®}
2M* M4
Do - (D x E — E x D)D" ¢*a'Di [D', E'] D*
M4 M4
,{o BT [D' E|,T"} ,0-B,|D E,
1 + Cxmg 1
2M M
Q{EZLTav[DZ7O-'B]bTb} QEZ;[Diao-'B]a
1 + Cxsp9 1
A 2M M
,{BiT", [o- D, E],T"} ,Bilo- D, EY,
1 + cx1169 1
2M M
,€*a'El Dy, E*], {T*,T"} e*a'EJ Dy, E*]
| PIE | + Cx1209 M
,[EL[D,E . ,[B.(DxE+ExD)]

+ iCx 409 + iCxag

+ icxs9 + 1cx6g

+ Cx709

+ Cx849

+ Cx11a9

2

+ Cx1249

+1cx159

‘ ,[E', (D x B+ B x D)
+1cx139 e +1Cx149 e

M4
o-B.{D E Bi.{D'.oc-E Ei {oc-D, B
o BDBY B D ), B DB,

+CX1692
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CHAPTER 5 NEW RESULTS : REEVALUATING THE UNCERTAINTIES
IN B — Xgv

As shown in section [3.1.5.1] the moments of the subleading shape function (gi7) are used
to construct phenomenological models for non-local function hy;. These models were then
used in estimating the Qf — Q7. contribution to the uncertainty on total rate (Fg|17). The
moments of the hy7 are related to the higher dimensional HQET matrix elements. In sections
and we constructed a general tensor decomposition of these matrix elements up to
and including dimension eight. In the following, we will use this general decomposition to
relate the higher order moments of hy; to nonperturbative HQET parameters. The updated
estimates for these HQET parameters are found in [64]. These estimates were obtained using
moments of the semileptonic B decay spectra and information based on lowest lying state
saturation approximation. Then a global fit was performed to these HQET parameters to
estimate them. In our work, we use the information on HQET parameters to estimate the
higher order moments of the hy; function. Based on these estimates we construct a new
model, and use it to better constrain Fg|;7 and the SM estimate of the CP asymmetry in
B — X,v decay.
5.1 Moments of the sub-leading shape function ¢

Equation (3.38) relates the nonlocal function hi7 to subleading shape function g;7. Since
g17 is a function of both w and wq, we consider three types of moments. They are moments of
g17 over wy alone, moments over w alone and moments over both w and w;. In the previous
sections we derive the general expression for these moments.
5.1.1 Moments in w; alone

Using equation (3.23]), we obtain the moments of g;7 over w; as follows [92]:

A 00
(wow'fgmz/ dw/ duwy Wb giz(w, wy, 1) =

= (= 1)F o (B (RSn) (0) (1L + ) it (i1 - ) (ST 9G2S, () (SLR) (0)|B)|

2A]\iB r=0’

(5.1)
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where 71 represents only the 4! and 72, n = (1,0,0,1) and 7 = (1,0,0, —1). The integrals
over w and wy, generates the delta functions of r,t. These delta functions restricts the eval-
uation of the matrix element at » = 0,¢ = 0. Using the identity in - 0 (S%(a:)O(x)Sﬂ:r)) =

Si(x)[ini - D, O(x)]Sx (), which is proved in appendix , we obtain

A )
(W gi7) = / dw/ dwy W¥ gi7(w, wi, 1) =

= (—1)kL<B|W(1 +75)ivaig [in- D, [in- D, lin- D,gG"] - ]]h| B) =

2Mp ~-
k times
_ (—1)k2]\143 (BIR(1 +35) 7 [in- D, [in- D, [in- D, [iD*in- D] ---]]h|B).
kt?:nes

(5.2)

The identity [iD“, iD”} = 1gG" was used in the last line.
The Dirac structures in the matrix elements are simplified using the projection operators
P, , which are defined in section |4.1.1} As shown in equation (4.5)), the action of projection

A. Using this we simplify the Dirac structure. For example,

operators on y*v® provides s
consider the term jiy,. The orthogonality between a and 1 provides that fy: = —ic,., 7"
Equation provides the relationship between o, and s*. Note that we used the conven-
tion €y123 = —1. As a result, we obtain ﬁ'yof — z'vpepml,\s)‘ﬁ”. The Dirac structure 7727575

is then simplified using equation (4.7)), which provides P jiv5y+ P, — —s®+. Using this we

obtain

A S
(WP gi7) E/ dw/ dwy Wk grr(w, wy, 1) =

1

2Mp

= (Z.’Upepuou_/\ﬁu - gaj_)\) (_1)k

~
k times

(B|h [in- D, [inn- D,---[in- D, [iD%in- D] ---]]s*h|B),

(5.3)

where the parameters ¢/ and ¢|” are defined in equation (3.6]). The nested commutators

in equation ([5.3) implies that the odd moments of g;; over w; vanishes. This is due to
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the odd number of commutators of Hermitian operators is a Hermitian operator. Thus
the corresponding HQET matrix element becomes real. As shown in the chapter 4l the
spin dependent matrix elements are imaginary [56]. As a result, the real matrix elements
obtained from the odd moments in w; must vanish.

We use the general decomposition constructed in the sections and to obtain the

moments in w; up to third moment. The moments of g7 over w; are listed :
A 00
(W’ g17) = / dw/ dwy gr7(w, w1, 1) = 4a®) =92\, = 202,/3
A 00
(WP wi g17) = / dw/ dwy wy gr7(w,wi, ) =0
A > 7 7 7 N7
(Wwigr) = / dw/ dwr W} gr7(w, wi,p) =4 <—4d§2) +2a%y +3a —ayy + 5(7)> =

2
= 1—5 (5m5 + 3m6 - 2m9)

A oo
(WP w? g17) = / dw/ dw W} gi7(w,wi, ) = 0. (5.4)

The zeroth moment is a known result, and the second moment was first obtained in [92].
5.1.2 Moments in w alone
The moments of g;7 over w are obtained by evaluating

A &)
(W* WP g17) E/ dwwk/ dwy gr7(w,wy, 1) =

oo o0

= [ dout [ S BIRS,) () (1 +35) S10) 75 9GP OO B) =

A
) 1 _ _
= [ dwat [ e (B (RS, (0) (1 + ) S (tn) v G2 (tn) (o) B) =
2 QMB

—00

- / 15(0) 33— (BIR(0)S,(0) (in - 0)*SL(tn) J(1 + 25) 17 1 9622 (t)h(em)| B).  (5.5)

In the above expression we used the transnational invariace of nonlocal matrix elements
along n. Using the identity SI(tn)in- D = in -9 S (tn) we obtain a general expression for

the moments over w:
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A )
<wk w(l) g17) = / dw wk/ dwy gr7(w, wy, p) =

1

= kT o - —
M(BHL (in- D)" [iD* in - D] s*h|B).

= (wpepuaLAﬁM — Jain)

(5.6)

We used the general decomposition defined in sections [4.2] and [4.3]| to obatin the moments

up to and including (w?w{g;7).

A o0
(W g17) = / dw/ dwy g17(w,wy, p) = 460 =2\, = 20%,/3

oo

ww/ dwy gi7(w,wi, 1) = —2a'%) = —p2 = —023/3

(W wi gi7) = / d
(W) gi7) = / dw WZ/ dwy g17(w, wi, p) = —2 (2&572) - &ﬁ) + dé? + 6(7)> =
1
=~ (20ms + 2my + mg)
A 00
<W3 W? 917> E/ dww3/ dw, 917(%@1,#) =

= -2 (2a§8> al® +al) + 20 + 5 — b — 2p® _§® 4 5(8)> _
1
= _B (57’8 —T9 + 27”10 +ry — 27"12 — 713 + 27”15 — 16 + T17>
(5.7)

The first moment was derived in |78], and the third and fourth moments were first derived
in [92).
5.1.3 Moments in both w; and w

General expression for mixed moments of g7 over w and w; can be obtained as follows:
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A e
(Wt gi7) = / dw wl/ dwy w* giz(w,wi, 1) = (IWP€pua, A" — ga,n) (—1)F x

X 2]\14 (B|h(in- D)' [in- D, [ini- D,---[inn- D, [iD%,in - D] ---]]s*h|B). (5.8)
B - v
k times

Using the tesnor decomposition of HQET matrix elements we found the mixed moments

of w and w; up to dimension eight matrix elements. They are :

A )
(Whwi gi7) = / dww/ dwy wy gr7(w, wy, 1) = 2 (—4a(7) + 2a§3) + 3a§4) ~(7) + b(7)>

1
= 1—5 (5m5 + 3m6 - 2m9)

A 0o
(w2 w% 917> = / dw w® / dwy wy 917(007 w1, M) =
—2 (33 - al) — 20 + al) — 30y + B + 4B + 30 — BF) + &¥) =

1
(5rg — rg — 3r1g + r11 + 3r1a + 4r13 + 3115 — 2116 + 117 — r18)

15
<W1W% Gi7) = /A dw w* /OO dwy w% gi7(w,wy, 1) =
=2 (3al) —aly — 2 + ) + 30 + B — 20 + 20 — B + B - &9) =
= %5 (=brs + 19 + 3rip + 111 — T12 — 2713 + 2114 + 3r15 — 2r16 + 717 — T18) (5.9)

These moments were all first obtained in [92].
5.2 Applications
5.2.1 Estimating the moments of subleading shape function

As shown in the section [5.1 the moments of the subleading shape function are related
to nonperturbative HQET parameters. In [64] the numerical estimates for these HQET
parameters were provided up to and including dimension eight. For this, the moments of
the semileptonic B decay spectra and lowest lying saturation approximation (LLSA) were

used [62,|102]. Using the LLSA the higher dimensional matrix elements were related to the
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lower dimensional matrix elements and to the excitation energy € [64]. This approximation
provides 50 — 100% accuracy [102]. Based on the central values and the standard deviation

provided in the table 2 of [64] we obtain the moments of the g;7 as follows:

(W g17) = 0.237 £0.040 GeV?
(Wwigr) = 0.1540.12 GeV*

(W' gi7) = 0.056 £ 0.032 GeV?
(W gi7) = 0.015+0.021 GeV*
(W gi7) = 0.008£0.011 GeV®
(W'wlgir) = 0.07340.059 GeV*
(W*wlgir) = —0.034+0.016 GeV®

ww? gy = 0.027+0.014 GeV?, 5.10
1

The errors of the HQET parameters were added in the quadrature. In [64] the errors of the
HQET parameters were reported without the correlated error. Therefore, in our work we
did not consider the correlated error as well.

Even though the relative errors of these nonperturbative parameters are large, they still
provide useful information regarding the moments of the subleading shape function. For ex-
ample, using the model provided in [78] for k7 we found that (w° w? g17) € [~0.31,0.49] GeV*.
This should be compared to the (w®w? gi7) = 0.1540.12 GeV* in equation . The range
of (w®w? g17) found in [78] is roughly three times bigger compared to the new one.

The nonperturbative HQET parameters that are defined in [62] and listed in [64] used
the full QCD b fields. Whereas, the HQET matrix elements are defined in heavy quark limit.
As a result, there is a 1/m, difference between the parameters defined in these two basis.
For instance, the relation between Ay and p%; contains a 1/my, correction term. However, this

difference is not numerically important. This is due to the relatively large error bars in our
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Figure 5.1: A comparison of the extremal models for hi; as a sum of two lowest even
Hermite polynomials times a Gaussian of width 0.5 GeV used in [78] (dashed blue) to the
same models allowed by current (2019) data (solid black). Left hand side: The model with
2010 smallest possible second moment of —0.31 GeV* compared to 2019 smallest possible
second moment of 0.03 GeV*. Right hand side: The model with 2010 largest possible second
moment of 0.49 GeV* compared to 2019 largest possible second moment of 0.27 GeV*.

moment estimates. To illustrate this further, consider the value of uZ /3 obtained in [64].
We compare this estimate of u2,/3 to the Ay, which is extracted from the B and D meson
spectroscopy. Note that the value of Ay is defined in the heavy quark limit.

We define the mass split as Ampy = mj; — my, where my is a pseudo-scalar and mj;
is vector heavy meson containing a heavy quark of mass mg. At order 1/m; the Ay =
Ampgmy /2. We extractred the value of Ay using the isospin-averaged meson mass data [18].
Following from this, we obtain Ay = 0.11940.001 GeV? for B meson data. For the D meson
data we obtain Ay = 0.13193 4 0.00002 GeV? [92].

At order O(1/m?) the expression for Ay is [103]

2 2
Ampmy — Ampm?7,

Ay (my) = (5.11)

2(mp — Kk (m.)mp)

Equation (5.11)) provides A, = 0.112 4+ 0.001 GeV®. In comparison, p%/3 = 0.118 £
0.020 GeV? [64] is equal to all these values of Ay within the error. As a result, it is cur-
rently not possible to distinguish between Ay and pZ,. Hence, in the following work we use

pé, /3 from [64], and we assume a similar behavior for all other HQET parameters. This
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situation can be improved with the availability of the future Belle II data and Lattice QCD.
These new data can improve the estimates of HQET parameters and the moments.
5.2.2 Resolved photon contributions for Qf — Q,

In the following work, we will use the moments of subleading shape function to bet-
ter constrain the resolved photon contributions from the Qf — Q7,. As shown in [7§] the

contribution from @)} — ()7, vanishes. The contribution from Q) — @7, is given by

Ci(p) Aig(m/my, 1)

.F17 — ’
o) m

(5.12)

where the nonperturbative quantity Aj; is defined in equation , and it depends on
non-local forward scattering matrix element hy7. Since the h;; cannot be obtained from
first principles, we use its moments to construct a phenomenological model to describe hq7.
Using the general decomposition provided in sections [4.2] and the numerical estimates
of HQET parameters found in [64] we construct new model to better constraint F'.

The Q] — Q7, part of the resolved photon contribution to the estimate of CP asymmetry
is given in equation . This contribution is defined by the nonperturbative parameters
A% and A$,. With the new information on the moments of subleading shape function hi7
we would like to revisit the evaluation of these nonperturbative parameters. In addition, we

consider the uncertainty generated in evaluation of charm and bottom quark masses.

5.2.2.1 Uncertainty due to the running quark masses

For the evaluation of CP averaged rate we use the m, = m.(u) defined in the MS scheme with
= 1.5 GeV. Whereas, the evaluation of CP asymmetry is carried out by using m. = m.(u)
defined in the MS scheme with p = 2.0 GeV.

The running of the quark masses is given as [15]

(1) )
Ym'  Brym’ | () — o (po)
1+<250— 253> = ] (5.13)

9
o () ] 2%

s (po)

) = m o) |

where ag, v(p), 7%, and By, are given by
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o (1) = &SU%Z) [1 g; Qs SfZ) h;?g)‘ )] (5.14)
and
o(i) = 1— B2 ( Myz) | (J\zz)
T (@) =950 + 95 (Z)
o= s (2
YO =6Cr AL =CF (SCF + 937N _ 10 f) (5.15)

Cr = N;]Q , where N is the number of color charges, and f is the number of effective
flavors. In the 2019 update of the 2018 PDG listing we found m.(m.) = 1.27+0.02 GeV [18].
The coupling constant is given by as(u = m.) = 0.38 £ 0.03 [18]. Using these values and
equation ([5.13)) we obtain m.(1.5 GeV) = 1.20 £ 0.03 GeV and m.(2.0 GeV) = 1.10 £ 0.03
GeV.

In 78] the estimate of A7 was obtained by using the m, = 1.131 GeV. This charm quark
mass is based on smaller vale of m.(m.) [104], and it was used in [90,/105] as well. This
change in the charm mass tends to slightly affect the estimates of Ay7, /~\§7.

The mass of the bottom quark is obtained by using the shape function scheme [78,83].
The updated HFLAG [106] value of my, is 4.58 & 0.03 GeV. This value should be compared
to the my, = 4.65 GeV used in [7§].

5.2.2.2 A;; estimates based on expanded penguin function

As shown in the equation , the soft function hi7, which appears in the expression of
A4z, is convoluted with the penguin function (F'(x)), where F is defined in equation ((3.21).
The expansion of the 1 — F'(z) is given in equation (3.22)), which is obtained for x > 1/4.

In the region w; < 4m?/my ~ 1.2 — 1.3 GeV we can expand the F(x) and obtain the
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Aq7 in terms of moments of the subleading shape function. Starting from the expression of

A17 I78]

3 9 .
my + w ms — 1€ mp Wi
1-F — T 5.16
{( L ) [ ((mbw)wl)}+12mg}gn<w,m,u>< )

Using the definition of hy; we have (w® Wy g17) = (W hy7). Then the expansion of the penguin

function provides [92]:

3

Agpanded _ Sl 02 o= =645 MeV + - 5.17

17 560 mg < 1 g17> + + ) ( )

where - -- denotes the contributions from the higher order moments over w;. Tradition-

ally, the contribution from the zeroth moment in w; is subtracted in equations and
(5.16), and its magnitude is —emp2Xs/(12m?2) = —42 &7 MeV. The contributors to the
uncertainty in the equation are <w0 w% g17), mp, and m.. These uncertainties were
added in quadrature.

In the past, the size of the contribution from higher operators was a concern for the
authors in [107-110]. They have noticed the numerical suppression arising from the expansion
of the penguin function [92]. They have noticed the numerical suppression arising from
the expansion of the penguin function, but the lack of knowledge of the matrix elements
prevented them from making conclusive statements.

The first term in the equation is suppressed by a factor ~ 50 compared to the
third term. However, when the third term is combined with the second moment, we obtain
—6 MeV. This is only suppressed by a factor of 7 compared to the zeroth moment. This
smaller suppression is consistent with the power counting of m? ~ myAqcp, which disfavors
the expansion of the penguin function [92].

Consider the 1/m corrections to AP ! which are obtained by expansion of F(z) in
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w/my. By definition, ASP*%d — 5ALY For 6A{) we have [92]:

Ec ecm 3e.m?
5/\517) 32 <W1W? g17) — anl;(wlw% gi7) — 280 mbe <w1wf gi7) + -
= (—9+5MeV)+ (—6+5MeV)+ (-1+1MeV)+---=-16+7 MeV +--- .

(5.18)

Again in the equation , we observe a slow convergence. Only in the third term we
see a suppression compared to the first two terms. Although 5A§17) is a Aqcp/my, correction,
equation indicates that the SA'Y is comparable in size to ASP™% Even if we add
the contribution of (W®w? gi7) to ATPded 5A§17) is only suppressed by a factor of three [92].

The A2 p,/m? correction to the AT is given by

€c €c
5A§’27) = _2mb mQ <w2 w(l) gl7> - 9m4 <CL)2 w% 917> + t
= (—08+11MeV)+ (12406 GeV)+---=04+13MeV+---. (519)

The convergence generated by the expansion of F'(x) is again provide a slow convergence

in the series. Finally, the Adc,/mj correction for AP is given by
3 €c
SA = a2 (w?w? g17) = —0.06 & 0.08 MeV + - - - . (5.20)

As we expected, the 5Ag?}) is order of magnitude smaller than the 5A§27) correction.

The Aqcp/my expansion for 0A;; works well with the exception of the first term. We
speculate that this is due to the vanishing of (w°w] gi7), which makes the zeroth term in
the expansion A7 given in equation smaller than it “should” be. Since in general for
[ > 0 the moments (w'w¥ gi7) do not vanish, there is no such suppression beyond the zeroth
term [92]. Altogether we find ASP*ded 4 5A§17) + 5Ag27) + 5Ag?}) = —22 49 MeV, where the

uncertainties were added in quadrature.
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Since the assumtons on the support of A7 and resulting expansion of the penguin function
are too restrictive 78,92, we will turn to a different approach to analyze the Aj7.
5.3 Modeling of A7

The hy7 is an even function, and it has a dimension of mass and in the heavy quark limit.
As shown in the section [3.1.3.1] the w; is defined in the domain of —co < w; < co. For
the modeling of hi7 it is beneficial to have a systematic expansion of hi7, e.g. in terms of a
complete orthonormal set of basis functions [92]. In [111] such a expansion was suggested
to describe the leading order shape function. In our work we use an expansion in terms of

Hermite polynomials multiplied by a Gaussian of width o [92]:

w2
har(wi, ) = agn Hap (i) e 27, (5.21)

where H,, are even Hermite polynomials, and the coefficients as, are related to the
moments of the hy7. In the following we refer to these models by the numbers of Hermite
polynomials they contain. It is important to note that the 2k-th moment of h;7 only depends
on the coefficients ao, with n < k, for a given value of o. This is due to the orthogonality
between Hermite polynomials. For instance, the zeroth moment of hy; only depends on ag
and the second moment of hy; only depends on ag and ay. As a result, we use the first 2k-th

moments to determine a,,, with n < k. Using (w®w} g17) = (w§ hi7) we obtain ag and ay [92]:

(W} ha7) (Wi haz) — (W) haz)

ag = ~——, as =
’ V2ol ? 4\ 27|o |3

Since the hy7 is a soft function, it can be further constrained by using |hi7(wy, 1)| <1 GeV.

(5.22)

as in [78], that it should not have any significant structures, such as peaks or zeros, outside
the range |wi| < 1 GeV. This allows us to restrict the range of o. For example, assuming
a model of a sum of two Hermite polynomials, for given values of (w{ hy7) and (w? hi7), the
requirement on significant structures only for |w;| < 1 GeV gives an upper bound on ¢ and the

condition |hy7(wy, p)] < 1 GeV gives a lower bound on o. For example, assuming the central
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values for (w hy7) = 0.237 GeV? and (w? hi7) = 0.15 GeV* gives 0.27 GeV < o < 0.62 GeV.
For other values of (w hi7) and (w? hi7) within their one standard deviation range, the range
of o can be larger, but we restrict o to be less than 1 GeV. As we will see below, this does
not affect our estimates in practice since the extremal values we obtain are for 0 < 1 GeV
anyway [92].

In the following, we consider models up to and including four Hermite polynomials. The
models with one and two hermite polynomials are defined using known moments. However,
models with three and four Hermite polynomials are defined with unknown moments.
5.3.1 One Hermite polynomial model

The o is not defined by the moments of hy7. As a result, we use both zero and second
moments to fix the value of ¢ in one Hermite polynomial model. Following from this, we
define the one Hermite polynomial model

(W) hy7) _ 3

hedell () = e 27, (5.23)

V2o
model-1

The second moment of hj¥ implies o = \/(w? hi7) /(W) hi7). This is also the condition

for as = 0 in (5.22)) [92].

When we fix the value of the second moment to (w?hy7) = 0.27 GeV*, the o exceeds

1 GeV for almost all the values of (w hi7) within its one standard deviation range. Based
on the above constrains we reject such models. Even if we include these models we obtain
Az, A%, and AS, that are included in the ranges for the two Hermite polynomials model
below. The one Hermite polynomial model provides Aj; € [—8,—1] MeV, AS. € [0,7.5]
MeV, and A% € [45,220] MeV [92].
5.3.2 Sum of two Hermite polynomial model
Including the zeroth and second moments of h;7 we construct the two Hermite polynomial
model. The corresponding coefficients ay and as for a given o are provided in equation ([5.22)).
Numerically scanning over the one standard deviation range of the moments and the

possible values of ¢ in increments of 0o = 0.01 GeV, and based on the restrictions above
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on hy7 gives Ay; € [—21,—1] MeV. The lower value is obtained for (w) hy7) = 0.197 GeV?,
(w? hi7) = 0.27 GeV*, 0 = 0.44 GeV, m, = 1.17 GeV, and my = 4.61 GeV. The upper value
is obtained for (w9 hi7) = 0.277 GeV?, (w? hi7) = 0.03 GeV*, o = 0.14 GeV, m, = 1.23 GeV,
and my, = 4.55 GeV. Thus the extremal values are obtained for extremal values of the two
moments, anti-correlated, and the extremal values of m. and m;, anti-correlated [92].

The dependence on my and m, can be illustrated as follows: consider the set (w hy7) =
0.197 GeV?, (w? hi7) = 0.27 GeV*, 0 = 0.44 GeV that leads to Aj; = —21 MeV. Changing
my = 4.61 to my, = 4.55 GeV while keeping m. = 1.17 GeV changes A7 by +1 MeV. Thus
the dependance on the value of my is rather mild. Changing m,. = 1.17 GeV to m, = 1.23
GeV while keeping m;, = 4.61 GeV changes A7 by +6 MeV. Thus the dependance on the
value of m, is more pronounced [92].

Similarly, we find the values of /~X§7. We have /~\§7 € [0,10] MeV. The lower value is
obtained for (w? hi7) = 0.277 GeV?, (w? hy7) = 0.03 GeV*, 0 = 0.14 GeV, m, = 1.13 GeV,
and m, = 4.55 GeV. The upper value is obtained for (W) hy7) = 0.197 GeV?, (w?hy7) =
0.27 GeV*, 6 = 0.58 GeV, m. = 1.07 GeV, and my, = 4.61 GeV. Again the extremal values
are obtained for extremal values of the two moments, anti-correlated, and the extremal values
of m. and my, anti-correlated [92].

Finally, we consider the A%,. Using the parameterization above we have the expression

~ 2 302{w? hy7) — (W? hir)
A% = Z hi7(0) = 1 ! . 5.24
= S hi0) = A (520

Since both moments are positive within their one standard deviation range, we can easily
make h17(0) negative by choosing a small value of o. Thus the smallest value of hy7(0)
based on |hi7(w, 1) < 1 GeV is —1 GeV. For example, for the central values of (w9 hy7)
and (w? hi7), the value of o = 0.27 GeV gives hy7(0) = —1 GeV. To make hy7(0) reach
its highest possible value, we can choose the smallest value of (w? hy7), 0.03 GeV* and the

largest value of (w? hy7), 0.277 GeVZ2. The extremal value of hy7(0) = 0.33 GeV is obtained
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for o = \/(W¥hi7)/{whi7) = 0.33 GeV. Based on this we find that A% € [—660,220]
MeV [92].
5.3.3 Sum of three Hermite polynomial model

The sum of three Hermite polynomial model is obtained by using the fourth moment of

hy7. For a given value of o we find the coefficient ag as [92]

(wf h17> - 60'2 (w% h17> + 304(w? h17>
96v/27|o|? '

The fourth moment is currently unknown since it relates to dimension 9 HQET matrix

(5.25)

ay =

elements. The impact of this moment can be assessed, however, by considering the conserva-
tive bound (wf hi7) € [—0.3,0.3] GeV®. Note that this range covers all the numerical values
obtained in equation . The bounds on A7, A, and A% were obtained by restrictions
of the values, zeros, and extremal points of hy7 to be below 1 GeV [92].

Numerically scanning over the one standard deviation range of the known zero and second
moments, the range [—0.3,0.3] GeV® for the unknown fourth moment in increments of 0.05
GeV and the possible values of o based on the restrictions above gives A7 € [—24, 3] MeV.
The lower value is obtained for (W) hy7) = 0.277 GeV?, (w? hi7) = 0.27 GeV*, (wihyr) =
0.3 GeV®, 0 = 0.32 GeV, m,. = 1.17 GeV, and m;, = 4.61 GeV. The upper value is obtained
for (w9 hi7) = 0.237 GeV?, (w?hy7) = 0.03 GeV?, (W hi7) = —0.1 GeV®, 0 = 0.34 GeV,
m. = 1.17 GeV, and m; = 4.61 GeV. The obtained range is only slightly different from
the two Hermite polynomial model and reflects our generous range for the unknown fourth
moment.

Similarly we find the range for A$,. The positive values are included in the range obtained
for a sum of two Hermite polynomials. We also get negative values in the range [—5.6, 0]
MeV. The smallest value is obtained for (w?hi;) = 0.277 GeV?, (w?hi7) = 0.03 GeV*,
(wh hi7) = —0.11 GeV®, 0 = 0.34 GeV, m. = 1.07 GeV, and m;, = 4.61 GeV.

Unlike the two Hermite polynomial model we can make hy7(0) reach a value of 1 GeV. For

example, taking the central values of the zeroth and second moment (w? hy7) = 0.237 GeV?,
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(w? hi7) = 0.15 GeV* we find that for (w}hi7) = 0.1 GeV® and ¢ = 0.25 GeV hi7(0) = 1
GeV. This result is not surprising. The moments are global properties of the function and
it is hard to restrict using them values of the function at a single point. We conclude that
for this model /~Vf7 can be as large as 660 MeV, which is the largest value possible under the
condition |hy7(wy, 1) <1 GeV [92].

5.3.4 Sum of four Hermite polynomials model

The four Hermite polynomial model is constructed by considering the conservative es-
timate of [—0.3,0.3] GeV® for the sixth moment (w{ k7). This moment is related to the
coefficient of the sixth Hermite polynomial (Hg).

Scanning over the values of the fourth and sixth moment we find that the smallest
value of A7 is —22 MeV, i.e. in the range we obtained for three Hermite polynomials.
The highest value we obtain is 5 MeV for (w?hi;) = 0.277 GeV?, (w? hi7) = 0.03 GeV*,
(whhi7) = —0.1 GeVO®, (WS hi7) = —0.2 GeV®, 0 = 0.29 GeV, m, = 1.17 GeV, and m; = 4.61
GeV. This should be compared to the maximum value of —1 MeV and 3 MeV for the two
and three Hermite polynomial models, respectively.

For /~X§7 we find positive values that are already included in the ranges of the two and three
Hermite polynomial models above. The smallest negative value we find for /~\§7 is =7 MeV for
(W0 hir) = 0.277 GeV?, (w? hi7) = 0.03 GeV?, (w? hi7) = —0.1 GeV®, (Wl hi7) = —0.2 GeV?,
o =0.29 GeV, m, = 1.07 GeV, and m;, = 4.61 GeV.

Since A}, obtains its smallest and largest possible values for the two and three Hermite
polynomial models, there is no need to check the effect of the four Hermite polynomials
model [92].

5.3.5 Sum of five and six Hermite polynomials model

Similarly, we can continue with five and six Hermite polynomial models. For this we
assume k-th moment is in the range [—0.3,0.3] GeV**2. Scanning over the ranges in incre-
ments of 0.1 GeV**2 we find that there are no solutions that satisfy our requirements on

h17(0). One reason is the fast growth of the value of H,(0). Thus the coefficient of H,(0)
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needs to be smaller to maintain |hy7(0)] < 1 GeV.

5.3.5.1 Summary
Using a two Hermite polynomial model we find A7 € [~21, —1] MeV, AS, € [0,10] MeV, and
]\3‘7 € [—660,220] MeV. Using a three Hermite polynomial model we find Ay7 € [—24, 3] MeV,
where (w? hy7) is assumed to be in the range [—0.3,0.3] GeV®. The range for A¢, is found
as AS. € [—5.6,0] MeV. Also, the larges value of A% is 660 MeV, which is based on our
assumptions for hqy7. Using the four Hermite polynomial model with similar assumptions on
the fourth and sixth moments changes the highest value of A7 to 5 MeV and the lowest
value of AS, to —7 MeV.

Altogether, we find A7 € [—24,5] MeV, AS, € [~7,10] MeV, and A%, € [—660,660] MeV
after rounding to the closes integer.
5.3.6 Phenomenological estimates

The 2010 phenomenological estimates of Fg|17 were given in section m Based on the
new estimates of Aj7, A% and A$, we update the results found in [78] and [95].

The Qf — @7, contribution to the total uncertainty was evaluated by using C(u) =
1.257,C7(p) = —0.407 (calculated at p = 1.5 GeV) and my, = 4.58 GeV. This gives [92,/112]:

Felyr € [-0.3, +1.6)% (5.26)

This should be compared to the range givn in equation (3.48|) [78]. The total uncertainty
of the rate can be obtained by using Fplg € [~0.3, +1.9]% [78] along with either F|va €
[—2.8,—0.3]% or the new experimental value from PDG, Fgly" € [—1.4,+2]%, which was

obtained in section 3.1.5.3] Scanning over various contributions give [92,/112]
—3.4% < Fg(A) < +3.2% ( using VIA) (5.27)

This new range should be compared with the 2010 range given in equation (3.50)), and it
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implies a reduction to the total error by a third. In contrast, by using the experimental

estimate the new range becomes
—2.0% < Fp(A) < +5.5%  using exp. (5.28)

Compared to the 2010 range given in equation (3.51)), the new estimate reduces the total
error by a half [92,/112].
Plugging in our new estimates for /~\1f7 and /~\(1"7 found in the section to the following

expression

Ry, - &
SM 17 17
AL = (1.15 X goori 0.71) % (5.29)

gives us —1.9% < A% < 3.3%. This should be compared to the 2010 range —0.6% <

AN < 2.8% in [95)]
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CHAPTER 6 NEW RESULTS : SEMILEPTONIC DECAYS OF HEAVY
MESONS WITH ARTIFICIAL NEURAL NETWORKS

The study of semileptonic decays is an important new physics probe. For example, the
recent analysis of semileptonic B decays provides an anomaly in measurement related by
lepton universality requirements. The advent of higher precision data provides new op-
portunities to explore whether similar anomalies exist in semileptonic decays of charmed
particles [113}{116].

Accurate theoretical description on charmed semileptonic decays provides useful infor-
mation to extract the CKM matrix elements. Specifically, the decays of charmed D°, D*,
or D, mesons provide one of the simplest way to determine the magnitudes of quark mixing
parameters [117]. To extract these CKM matrix elements we use the knowledge of matrix
elements of quark currents that describe strong interaction effects. Following from this,
we find accurate description of semileptonic transitions, which is also needed for improve-
ment of our understanding of quark hadronization mechanisms in QCD [117]. The exclusive
semileptonnic transition between two meson states makes it a suitable system to theoreti-
cally analyze matrix elements of flavor changing currents. These flavor changing currents
are parameterized by momentum dependent form factors. These form factors describes the

hadronic part of the decay amplitude given by [117]

2 2 2 2
mp — M (x) mp = M (x)

(K (m)(prc )@yl D(pp)) = Fi(q?) (Pu - T%L) +F0(q2)TQu , (6.1)

where P = pp + px(r) and ¢ = pp — px(x). The differential decay rates (dI'/dg*) provide
the means to study these form factors. By neglecting the final state fermion mass we write

the differential decay rate for the semileptonic decay D — K (7)lv, as [117]:

dU(D — K(m)lv))  G% |V

dg? = o4 P’ |Fe (@) (6.2)
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where ‘pK(,T)‘ is the magnitude of the K(m) 3-momentum vector in the D-meson rest
frame. Equation implies that only the F;(¢*) contributes for the analysis.

Accurate calculations of the non-perturbative form factors Fy o(¢?) in the whole momen-
tum range are very challenging [117]. Currently, we do not have a complete description of
these form factors. Only Lattice QCD (LQCD) [118] and QCD sum rules (QCDSR) [119]
provide a model independent description in a limited ¢? range. However, these calculations
are still improving.

We use rather general arguments based on analyticity of Fy(¢*) to put constraints on
shape of the form factors. The z expansion is one of the popular approaches that uses the
analyticity requirement to derive constraints on form factors. Here we series expand the
form factor at some point ¢ = ¢%. This series can be improved by employing a conformal

transformation to the parameter z

_ Ve —to— /iy — ¢
Vi —to+ty — ¢

where the transformation z(¢?) maps the interval —oco < ¢ < ¢, onto the line segment

(q°) (6.3)

—1 < 2z < 1. tgis a free parameter that corresponds to the values of ¢* that maps onto

2z =0, and tx = (mp & m,)? [117]. Then the form factor is expanded as

Folg?) = ﬁ > oult)2 (¢ o), (6.4)

where ®(¢?,ty) is an arbitrary function that is analytic anywhere but the unitarity cut
[117,/120,{121]. If there are poles present in between ¢*> = 0 and the beginning of the unitarity

cut, then the function ®(¢? ty) can be written as ®(q¢?,ty) = P(¢*)®(¢%, to), where P(¢?) =

2(q*,m¥). For example, in B — 7 transitions such a pole present at my = mp- [122,/123)].
For the B — 7 transitions the expansion in equation (6.4]) is converging rapidly, so only a
few terms in the expansion are really needed. Thus the results from LQCD and QCDSR can

be used to constrain the coefficients a; to provide a model-independent parameterization of
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the form factor [117].

Since the form factors cannot be obtained from the first principles, phenomenological
parameterizations are used to describe them. The “simple pole” model is the common
parameterization, where “pole” refers to the lowest mass vector resonance formed in the
t-channel with quantum numbers of the quark current [117]. For instance, the D* vector
state with quantum numbers 17 is the dominant pole in the D — wer, decay. The simple

pole model is given as follows [117]:

FY(q) = (6.5)

where F'{(0) is the value of the form factor at zero momentum recoil that has to be
fixed either from the lattice QCD or from other arguments, and ¢*> = ¢>/m%.. The mp, is
often taken as a fit parameter. However, physical masses of the states D*(2010) (for D — 7
transition) or D¥(2112) (for D — K transition) could be used as well. Using more effective

poles we construct more complicated models [117]

N

FL(0) 1 P
Fy(¢?) = == — = 6.6
Rty p o Dy o0
= ka

where « provides the strength of the dominant pole, p is the strength of the kth term
in the expansion, and v, = m%/k/ mi,, with my, are masses of the higher mass states with
vector quantum numbers. We can improve the accuracy of a given model by considering
more effective poles. For example, a popular model that is due to Becirevic and Kaidalov

(BK) [124] is given as

Fy(0)
=) - ap®)’

FPR(q") = (6.7)

where apg is a fit parameter. Note that this model is obtained for the N = 1 truncation of the
expansion in equation . As shown in the simple pole model, a good fit to experimental

distribution is obtained by considering my as a fit parameter. Further extension to the BK
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model is obtained by Ball and Zwicky [125],

F (O) T’BZqA2
FBZ 2 — + 1 ]

where rgz and apz are the shape parameters.

In this work we are interested in learning whether choosing a specific functional form
for the form factor induces a bias in the interpretation of an experimental analysis. This is
analyzed in the machine learning (ML) approach. In particular, we are using the artificial
neural networks (ANN) for this analysis. As shown in [126,/127], ANN can be used as
an unbiased estimator of data. This fact has been used by the NNPDF collaboration to
parameterize nucleon’s parton distribution functions (PDF) [128-130], and in form factor
analysis of nucleon data [131}/132].

In the following we build a statistical interpolating model based on ANNs, which con-
tains information on experimental uncertainties and correlations. Nevertheless, ANN does
not introduce theoretical bias. Following from [128,|129], we employ an approach based on
multilayer feed-forward neural networks trained using the back-propagation learning algo-
rithm [117].

6.1 Artificial Neural Networks
6.1.1 Basic facts

Recently, artificial neural networks are gaining traction in both academia and industry.
As a result, ANN are widely used in experimental particle physics analysis. Specifically,
the ANNs are extensively used in the jet finding algorithms [133]. A neural network can
be thought of as a nonlinear function that connects the input and output data. In [117],
we explored another feature of ANNs, which is their ability to provide unbiased universal

approximants to incomplete data [126}|/127]



107

Input Hidden I Hidden II Output

Figure 6.1: Structure of an artificial neural network with two hidden layers [117].

ANN mimic the structure of human neurons and consists of a set of interconnected units (see
Figure. called neurons or nodes [117]. The activation state of a neuron is determined by
the activation function (g(x)), which is determined by the activation status of the ¢ neurons
connected to it. Each pair of these neurons is connected by a synapsis, which is characterized
by a weight w;. Also, we add a threshold 6; to control the activation state (“fire”) of neurons.
In ANNs we categorize groups of neurons into layers. The first layer is called as input layer,
which is associated with the input information. In the following work we used the value of ¢*
for each bin in ¢? distribution of the CKM matrix element times the semileptonic form factor
(VeaFy(q%)) |117]. Furthermore, We used two nodes in the input layer, which improved the
stability and the efficiency of the ANN. In section [6.2.2], we provide further information on
the input nodes. The final layer of the ANN is the output layer. The output layer provides
fit for the V.qF, (¢*) data along with its uncertainty. Conventionally, the layers between
input and output layers are known as hidden layers. Our ANN employs two hidden layers.

Each of these hidden layers contain hundred nodes as well.
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6.1.2 Forward propagation
In the ANN training process we incrementally update the weights and thresholds so that

they obtain optimal set of w; and 6;. This is achieved by minimizing the error function,

Np

1

Elw,0) =5 > (o(dh) —ya)*, (6.9)
A=1

where n, is the number of pseudo-data used to train an ANN, o(q%) is the output, which
is given by the ANN’s fit for a given input data ¢%. Here the target data point ya, is
obtained from the magnitude of the CKM matrix element times the semileptonic form factor,
|V.aF', (¢*)|. Note that the differential distribution of Eq. is proportional to |V.gF, (¢2)°.
The o(¢%) is obtained using forward propagation. In order to achieve this we pass the input
through a network of hidden nodes. The output from the first hidden layer with n; number

of nodes is [117]

el _ (Z gt — 9[1]> _ (6.10)
=1

In this equation the response of each neuron is given by [117]

: (6.11)

which is the sigmoid activation function, and the summation over the ¢?> data points is
implied. The &M is then used as an input for the second hidden layer with n, number of
hidden nodes, and so on. The process is continued until the output layer of ANN is reached.
In general, we can construct the output from ¢th hidden layer with n, number of nodes

as [117]

ng
=y (Z wy]g[ﬁ—ll _ g[ﬂl) ‘ (6.12)
=1



109

where €71 is the output from the (¢ — 1)th layer. The fit of the L layer ANN o(q?) is then
defined as

o(q®) = M. (6.13)

As shown above, the error function needed to be minimized. The popular choice of mini-
mization is the gradient descent (GC). Instead, we decided to use the non-linear conjugate
gradient (NLCG) method [134}[135] to minimize equation (6.9). In each iteration the w; and

the 0; update as [117]

oF
b - _, 7=
dw ”aw[fl’
(6.14)
OF
sl = —1
06;

where 7 is the learning rate at a given iteration. The NLCG method employed here does
not require a pre-defined learning rate. The learning rate is initially determined by using
line search algorithms [134], and then iteratively updated based on the gradients that are in
a conjugate direction to original gradient used in the line search algorithm. As it turns out,
the NLCG method converges much faster than steepest descent method for the fits employed
in this in this work. For more details on the NLCG method, see Ref. [135].
6.1.3 Back propagation

The gradients of the error function are obtained by using the method of back propagation
[136]. Back propagation can be thought of as a consecutive application of the chain rule. By

applying the chain rule to the Lth layer we find [117]

A = g/ (W) [o(¢%) — y] (6.15)
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where ¢'(h!") is the derivative of the activation function with respect to A"l and
nr—1
Bl — Z w[L}gl[L_” — gl (6.16)

=1

The derivatives with respect to w; and 6; for layer L are given by [117]

E _
86 [L} A[L]é-z[L 1]7 7’ - 17 e JnL—l 9
W
oF

7

The output of equation (6.15]) is used to obtain the derivatives of the (L — 1)th layer, AE-L_I],

ABL_I] _ g/l(h[L—l])AEL]w[L] ) (618)

The procedure is repeated for the hidden layers to find derivatives of error function with

respect to w; and 6; in each layer [117],

oE

0] +[— . .
8(,(.1[[] — A,E}g‘g ﬂ, Z:l,...,ng, ]:17"'7”@717
ij
0E
39[51 —Ay], =1, ny, (6.19)

Using these we can obtain the numerical gradient of the error function and find the corrections
to the weights and thresholds.
6.2 Neural network training
6.2.1 Preparation of the data set

The neural network training is performed on the real and artificial (pseudo) data. The
pseudo data is generated based on the information from experimental data. Here we used
the uncorrelated data, correlated data, normalized data, or some combination of these data

types. These pseudo data was generated by following the method provided in [130]. The ex-
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perimental data set that is required to generate the pseudo data were provided in [137]. This
experimental data set contains both uncorrelated and correlated statistical and systematic
uncertainties. Also, the data set is provided with correlation matrices. The artificial data is

generated as [117]

Nsys Nstat
art),(k ex
\Vch+(q2)\§ 9 |Vch+(q2)}§ Py Tﬁﬁ)o't,i + ngl;g,jasys,ji + Z Tégt,mo-smt,mi (6.20)
j=1 m=1

where ¢ = 1, ..., Nqata is the number of experimental data entries, which is equal to the number
of ¢ bins. The term [VigF, (q2)]'™" is the central value of the experimental data point for
a given ¢°>. The last three terms in the right hand side of the equation provide the
variation in the pseudo data sample. These terms represent total uncorrelated, correlated
systematic, and correlated statistical uncertainties respectively. Following from the [130],
we use all these information to generate the pseudo data samples. Here each “uncertainty
term” is multiplied by a Gaussian random number rt(?, rél;g j» OF régtvm [117]. These random

numbers have the mean of zero, and their standard deviation is equal to the bin uncertainty

provided in [137]. The total uncorrelated uncertainty, oy, is defined as
Nu,sys Nu,sys

Oti = Z &sys,ji+ Z 5-stat,mz' (621)
7=1 m=1

where the gy j; is uncorrelated systematic uncertainty and gt mi statistical uncertainty.

In [137] we find the correlation matrix elements, corr(j,) as

044 = \/5'1'6']' COI'I'(‘]'7 Z), (622)

where &; is the uncorrelated uncertainty in the i-th bin of data. The ¢? values were randomly
generated with a flat prior across the entire ¢> bin. Thus, every value of dI'®™® /dg? has a

different ¢? input.
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6.2.2 Feature engineering

We divided the generated pseudo data into 100 batches (one batch per network). Each
batch has an average ¢? and a standard deviation relating to the ¢? values, which are used
to scale the each value of ¢ which we have generated. Using the scaled ¢? data as a
secondary input is recommended to improve the stability and the performance of ANNs [138].
In particular, data standardization is a popular data scaling choice, and it is defined as
G, = (4}, — @) /o, where p is the batch number and i is a single ¢* value in the batch. With
this transformed data, each of our ANNs has the structure (2, 100, 100, 1), as the two hidden
layers, each with 100 nodes, provide the most efficient structure without compromising the
performance or accuracy. With a higher number of nodes, the ANN’s fit would be more
accurate, but the training speed would also be reduced. This data transformation, along
with the conjugate gradient method, provides the minimum of the error function at 100
iterations. In contrast, steepest descent method with a constant learning rate provides a
comparable result only at 20000 iterations [117].
6.3 Form factor parameterization with neural networks

The 2 x 10° data points were generated for each of the 14 ¢* bins. As shown above, this
data set was divided to hundred subsets, and each of these subsets contains with 280,000
unique pseudo-data points. After training all networks individually, we found the average
ANN curve, with uncertainty, at every calculated ¢? value. The differential decay rate,
dl'/dq?, and the |V, 4F (¢*)| curves are shown in Fig. and Figure [6.3|respectively. Further
results of the ANN training and relevant graphs are available at the URL https://s.wayne.

edu/hepmachinelearning/.


https://s.wayne.edu/hepmachinelearning/
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x10-16(Gev-")

dr

¢ (GeV2)

Figure 6.2: The averaged ANN result for the differential decay rate plotted against the ex-
perimental measurement . The purple data points are the experimental data from |[137].
The black and cyan curves are the average value and one standard deviation, respectively,
from the output of our averaged ANN .

In figure ANN fit is compared with some common form factor models: simple pole,
the BK model (or modified pole), and the BZ model [124,[125] .

0.7F

0.6

IVed Fa(@?)]

0.1F

00 05 1.0 15 20 25
4(GeVv?)

Figure 6.3: ANN fits for |V.4F(q*)| plotted against the three models described in the
text . The black and cyan curves are the average value and one standard deviation,
respectively, from the output of our neural network. The dotted red curve is the simple
pole model. The dot-dashed green curve is the modified pole model. The dashed magenta
curve is the BZ model. The purple data points are calculated from the experimental data in

Ref [137).
The |V.qF(0)| obtained from the model fits are roughly consistent with the ANN fit of

the semileptonic decay data.
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CHAPTER 7 CONCLUSION AND FUTURE WORK

7.1 Conclusion

Flavor physics is the study of different species of elementary particles [139], and it provides
tools to expand the boundaries of SM. For example, the radiative FCNC decay B — X, is
considered as one of the standard candles of BSM [30]. As another example, semileptonic
decays of heavy mesons provide the means to extract the CKM matrix elements. Due to the
effects of QCD, these decays are plagued with nonperturbative uncertainties. Therefore, it is
important to control these uncertainties to the understand new physics in above processes.

In this work we discussed the controlling the nonperturbative uncertainties in B — X,y
and semileptonic D — wlv. In chapter {4 we provided the construction of a new basis for the
tensor decomposition of HQET and NRQCD matrix elements of any dimension. In chapter
, we used the new basis for HQET/NRQCD to obtain the higher dimensional moments of
subleading shape function. This function parameterizes the nonperturbative effects. We used
these moments to model the subleading shape function and reevaluate the nonperturbative
uncertainties. Finally, in chapter [6] we used artificial neural networks to parameterize the
shape of the form factor F, (¢?), which describes the nonperturbative effects of D — 7lv.
7.1.1 On HQET and NRQCD operators of dimension eight and above

In chapter [4, we provided the method to construct operators for the HQET and NRQCD
Lagrangians at any given dimension. Although these theories employ different power count-
ing schemes, the Lagrangians are closely related [55]. We analyzed operators that contain
two HQET fields or two NRQCD (NRQED) fields with an arbitrary number of covariant
derivatives. These matrix elements can be written as nonperturbative HQET parameters
multiplied by tensors constructed from the heavy quark velocity, the metric tensor, and the
Levi-Civita tensor. We also use constraints coming from the time-reversal (T) and parity
(P) symmetries, hermitian conjugation, and the fact that we work in 3 + 1 dimension. At
a given dimension, the number of allowed HQET operators are equivalent to the number of

HQET parameters up to a possible color factor.
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The new basis of HQET matrix elements allows us to easily determine the number of
allowed HQET/NRQCD operators at a given dimension. This decomposition of matrix
elements allows us to check whether given operators are linearly independent. The method
also allows relating operators to one another easily. Following this, we constructed the HQET
and NRQCD Lagrangian at mass dimension 8 for the first time.

As shown in [101], operators that contain symmetric product of two color matrices,
such as Y EIT*EIT ), can be decomposed in terms of a color octet and a color singlet
operators, Y1 E! B dT ) and ¢TE! Eid®). Since they only differ in their color structure,
both will give the same linear combination of parameters. Alternatively we can use the
basis of YTELEL{T*,T"} ¢ and ' E.Ej§*). The operator ¢ ELE] {T*, T*} ¢ is generated
by commutator and anti-commutators of covariant derivatives, and it is the only of the two
that appears when calculating observables at tree level. The operator ¢! E Ei§%) will be
generated when considering radiative corrections [55]. For applications to inclusive B decays,
this operator arises only at order a,/mi, beyond the current level of precision [56]. Using
the method presented above allows determining how many linearly independent operators
there are for possible different color structures.

In section [£.4] we relate the HQET parameters of operators of dimension four, five,
six, seven, and eight known from the literature to our basis. NRQCD operators up to
dimension seven and NRQED operators up to dimension eight were previously known in the
literature. We related these operators to the corresponding HQET matrix elements. The
relation between the HQET /NRQCD operators and the matrix elements allows us to write
the operators in terms of nonperturbative HQET parameters. [56].

In section |4.6, we analyzed dimension nine spin-independent HQET parameters. Here we
found 24 possible parameters (not including multiple color structures). Most importantly, we
constructed the dimension eight NRQCD operators that do not appear in the 1/M* NRQED

Lagrangian. These allow presenting for the full 1/M* bilinear NRQCD Lagrangian.
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7.1.2 Reevaluating the uncertainties in B — X,y

The section provides the moments of subleading shape function using data given
in |64] and the basis developed in chapter {4 [56]. This subleading shape function relates
to the soft function h;7, which parameterize the nonperturbative uncertainty. The function
hy7 defined in equation , and it has the following properties: it is a real and even
function over gluon momentum wy, it’s odd moments over w; vanish and it has dimensions
of mass. Based on these properties we developed a new model for soft function hi; based
on a combination of Hermite polynomials multiplied Gaussian. The explicit form of the new
model is given in section [5.3]

The hy7 is is a soft function, so one expects it not to have significant structures beyond
w; < 1 GeV. This provides other constraints such as |hi7 (w1)| < 1GeV, and it limits the
function from having structures beyond |wi| < 1 GeV. Scanning through different values of
moments, we found a new estimate for Qf — Q7. Our estimate reduced the 2010 estimate [7§]
by a third. Also, we combined the new estimate for Q7,—Qs, with our new result for Qf —Q7,
to obtain a new range for the total rate. Following from this we found that the uncertainty
of the total rate is reduced by half compared to the 2010 values [7§].

The SM prediction for CP asymmetry is obtained by nonperturbative parameters /~\1f7 and
/~\‘f7. These parameters are also related to hy7. We reevaluated their ranges using our analysis.
From this we found a new estimate for SM CP asymmetry as —1.9% < Ail\fy < 3.3%, which
is an increased range compared to the 2010 estimate [95]. This is because of the increased
range of the A%

7.1.3 Semileptonic decays of heavy mesons with artificial neural networks

The CKM matrix element |V4| can be extracted most easily from semileptonic D — 7wl
decays. This decay is parameterized by the form factor F', (¢?), which describes the hadronic
part of the decay amplitude. Experimentally, this form factor is studied by analyzing the
differential decay rate of dI'/dg*. The lack of precise information about these form factors

from the first principles of QCD is one of the main sources of uncertainties when extracting
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the CKM parameters. In spite of the recent progress from lattice QCD (LQCD), still, there
is no ab-initio approach to describe the shape of the form factors in the whole physical region
of momentum transfer ¢?.

In view of the lack of first principle calculation for decay rates, phenomenological pa-
rameterizations of form factors are used to model the shape. These models first estimate
the hadronic form factor at one kinematic point and then extrapolate based on the assumed
functional shape of the form factor. What systematic uncertainty does choosing a particular
function brings to such extrapolation? To answer this question, we use machine learning
(ML) framework. In section [6.1] we used artificial neural networks (ANN) as an unbiased
estimator of data.

We used an average of 100 feed-forward ANN with two hidden layers to obtain the
unbiased estimate for |V.4|F, (¢*). Each hidden layer contains 100 nodes [117]. The ANN
performance was improved by using NLCG optimization method. We observed that NLCG
method is 200 times faster compared to the common optimization methods such as gradient
descent. The python code for ANN, results of the ANN training and relevant graphs are
available at https://s.wayne.edu/hepmachinelearning/. The comparison between our
ANN extrapolation of |V.4|F (¢%) against the existing models is provided in figure[6.3] From
this we observe ANN fit is consistent with all the phenomenological models at low ¢? region.
This implies that the ANN successfully extrapolated the |V4|F, (¢*) data to ¢> — 0. Most
importantly, our ANN fit provides model independent parameterization of the Fy(¢?) shape
for the first time in literature. This was instrumental in developing the unitarity constraints
on the form factor, which allowed for model-independent bounds on V.4 [117].

7.2 Future work

We conclude with a remark on future developments. In section[4.1 we provided a general
method of writing down all the possible HQET operators of any given dimension. It would be
interesting to automatize the procedure using a computer program to construct these higher

dimensional operators and the NRQCD Lagrangian. Also, certain multiple color structures
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were considered separately from the general method. It would be desirable to find a method
that automatically generates these color structures.

We have not considered operators with more than two HQET or NRQCD (NRQED)
fields. The one non-relativistic fermion sector can be combined with an additional non-
relativistic field or an additional relativistic field. Results for each case were presented in
the literature [99}/140-143|, but not for an arbitrary operator dimension.

With the new information on the moments, we can better control the hadronic effects.
However, the scale dependence on 1/my, corrections is not fully controlled because, currently,
we treat them at the leading order in a. Therefore, to improve the Q{ — @7, contributions
further, we need to take account of the ay corrections.

Our model relies on the numerical estimates of the matrix elements of dimension eight
operators. Still, it could further be improved if we knew the numerical estimates of dimension
nine matrix elements. With the Belle II data, we can hope to have improvements on this.

In section 5.1} we only considered the quantities that are integrated over photon energy.
The above moment information can be used to model Qf — )7, contributions for quantities
that are not integrated over photon spectrum.

The large amount of data that will be obtained at the B factory Belle II will be ideal for
deep learning. The extraction of CKM parameters using machine learning can be further
improved with the new knowledge of optimization methods and deep learning. For example,
our work provided in section [6.1] uses the nonlinear conjugate methods (NLCG) to minimize
the error function in the training process. The NLCG is a local optimizer. Whereas stochastic
methods such as simulated annealing could have been more successful in optimizing the error
function, and they are more suitable for deep learning. This is because these stochastic
methods provide global optimization. With a large data set, we expect to develop deep

neural networks utilizing parallel computation and graphical processing units.
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APPENDIX A : RUNNING OF WILSON COEFFICIENTS (;,C7 AND Csa

The expressions for the running of Wilson coefficients Cy, C7 and Cy, are found in [12,|15].

where

Qs (MW> (2)

T ()

To evaluate the Wilson coefficients at = 1.5 GeV we use following boundary conditions

[18][744].

myz = (91.188 £ 0.002) GeV

my = (80.379 £ 0.001) GeV
a,(Mz) = 0.1181(1) (3)

mP =172.9+ 0.4 GeV

my = 4.18°9%, GeV

Note that the quark masses are given in pole mass scheme. However, pole masses of quarks

can be converted into MS scheme as follows [18]:

4as (mpole

) +o<a§>) )

mq — mé)ole (mgole) (1 o -

The top quark mass obtained in equation (4)) is scaled down to p = My,. Therefore, this

gives us mMS(u = My) = 175.05 GeV.
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In addition, the C’Q, C’gg and C£O) are given by:

0
G () = 1
0 33 —222 —8x3—ba2+Txsr __
C§7) (pw) = prEv—L Inze + 1P =
0 —3z? —z3 452242z
C () = Tt T+ — s t

where x; = m—; Also, running of the C] is given by
M2, &

1 1
C{O)(u) _ 577—12/23 + 5776/23
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APPENDIX B : USEFUL IDENTITY
The Wilson line

Sa(x) = P exp <ig/0 dun-As(a:+un)) , 7)

—00

obeys the equation in - D S;(x) = 0, where iD* = o + gA*, see, e.g., [?] for a derivation.
Thus in - 0S5 (x) = —gn - A(z)Ss(z). Taking the Hermitian conjugate of this identity gives
in - S} (x) = Si(x)gn - A(z). Consider now i - 0 (S%(x)O(:c)Sﬂx)), where O(x) is an

operator. Using the identities above we have

i - 0 (s;(x)()(x)sﬁ(x)) -
= (in- 0S5 (2))O(x)Sa(z) + Sk (x) (iR - 0 O(2)) Sp(x) + Sk(2)O(x) (ifi - DS (x))
= Si(x)gn - A(2)O(x)Sa(x) + Sk(x)(if - 0 O(x)) Sa(x) — SL(2)O(x)gh - A(x)Sa(x) =

= Si(x)[gn - A(x),0()]Sa(x) + Sk(x)[ifs - 9, O(x)] Sa(x) = St(2)[inn - D, O(x)] Sr(x}8)

In the last line we have used the identity [in-0, O(z)] f(z) = (ii-0 O(x)) f () for an arbitrary

function f(x). Thus we have the identity

i 0 (sg(a;)()(x)sﬁ(x)> = S} (x)[in - D,0(x)] Sa(x). 9)
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ABSTRACT

EFFECTIVE FIELD THEORY AND MACHINE LEARNING APPROACHES
TO CONTROLLING NONPERTURBATIVE UNCERTAINTIES IN FLAVOR
PHYSICS
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Degree: Doctor of Philosophy
The radiative decay B — X,v and semileptonic heavy meson decay D — 7l are im-
portant flavor physics probes of new physics. However, these decays are plagued with non-
perturbative uncertainties that are needed to be controlled to obtain a theoretically clean
description. In this dissertation, we provide effective field theory and machine learning ap-
proaches to controlling these uncertainties
In B — X,v, the largest uncertainty on the total rate arises from @Q; — ()7, operator
pair. This contribution is given by a soft function whose moments are related to nonpertur-
bative heavy quark effective theory (HQET) operators’ matrix elements. The extraction of
higher-order moments requires the knowledge of higher dimensional HQET operators. We
present a general method that allows for an easy construction of HQET and non-relativistic
quantum-chromo dynamics (NRQCD) operators containing any number of covariant deriva-
tives. As an application, we list, for the first time, all operators in the dimension eight
NRQCD Lagrangian. Then we use recently extracted HQET matrix elements to reevaluate
the nonperturbative uncertainty of B — X,v total decay rate and CP asymmetry.
The decay rate of semileptonic D — wlv is proportional to the hadronic form factors.
Currently, these form factors cannot be determined analytically in the whole range of avail-
able momentum transfer ¢?, but can be parameterized with a varying degree of model de-

pendency. We propose a machine learning approach with artificial neural networks trained
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from experimental pseudo-data to predict the shape of these form factors with a prescribed
uncertainty. This provides the first model-independent parameterization of D — 7wlv vector

form factor shape in the literature.
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