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CHAPTER 1 INTRODUCTION

1.1 The stable homotopy groups of sphere spectrum

The questions of determining the homotopy groups [S"**, S"] of spheres turns out to be
one of the most important questions in algebraic topology. The groups [S"** S"] are the
groups of homotopy classes of continuous based maps f : S"** — S™ between two spheres
which describe how spheres of different dimensions can wrap around each other.

The Freudenthal Suspension Theorem gives a fundamental relationship between the
groups [S"** S"] when k is fixed and n varies. To be precise, the suspension from S™ to

S™+1 induces a group homomorphism
[Sn—l—k7 Sn] N [Sn—l—k—l—l7 Sn—l—l].

This group homomorphism is isomorphic when n > k£ + 1. In other words, the groups

[S"*F 8" depend only on k when n > k + 1.

Definition 1.1. When n > k + 1, the group m, = [S™** S7] is called the k-th stable

homotopy group of spheres or k-stem.
Example 1.2. The group my = [S™, S"] & Z.

When n < k + 1 the group [S"™*,S"] is called unstable. The stable homotopy groups
have additional structure making them more amenable to compute than the unstable ones.
In this thesis, we are mostly interested in the stable case. The unstable case is one of our

long term projects which will be discussed in Chapter 6.

Example 1.3. When k£ = 1, the groups [S?%, S| = 0 and [S3,S?] = Z are unstable. The

groups [S4, 53] = [S° S1) = [S°, 5% = ... 2 Z/2 are stable.

Theorem 1.4. The group my s finite and abelian for all k > 1.



Theorem 1.5. [The Primary Decomposition Theorem| Let G be an abelian group of order

m > 1 and let the unique factorization of m into distinct prime powers be
m = pypy* - pit
then
G A XAy x--- X A
for |Ai| = pi*.

Theorems 1.4 and 1.5 suggest to study 7, one prime at a time. In other words, we will
compute the p-primary component of 7, for all primes p and then combine these components

to obtain a uniquely determined finite abelian group which is defined in Theorem 1.5.

Remark 1.6. For abelian groups the Sylow p-groups are called the p-primary components.

In this thesis we use the latter name.

In this thesis, we will focus on the 2-primary component 7 of 7. For the study at odd
primes, we suggest readers to see Ravenel’s book [31].

The knowledge about the stable homotopy groups has important applications in the
study of high-dimensional manifolds. One of the well known examples is the Kervaire in-
variant problem. Kervaire and Milnor reduced the classification of smooth structures to a
computation of stable homotopy groups.

The Adams spectral sequence appears to be one of the most effective tools to compute
the stable homotopy groups. The spectral sequence has been studied by J. F. Adams [1] [2],

M. Mahowald [4] [22], M. Tangora [35], J. P. May [25] and others [6].

1.2 Motivation for this Thesis

In 1999, Morel and Voevodsky introduced motivic homotopy theory [27]. One of its

consequences is the realization that almost any object studied in classical algebraic topology



could be given a motivic analog. In particular, we can define the motivic Steenrod algebra
A [40], the motivic stable homotopy groups of spheres [27] and the motivic Adams spectral
sequence [12]. In the motivic perspective, there are many more non-zero classes in the motivic
Adams spectral sequence, which allows the detection of otherwise elusive phenomena. Also,
the additional motivic weight grading can eliminate possibilities which appear plausible in
the classical perspective.

Let My denote the motivic cohomology of a point, which is isomorphic to Fy[7] where
7 has bidegree (0, 1) [38]. The motivic Steenrod algebra A is the My-algebra generated by
celements Sq?* and Sq**7! for all k& > 1, of bidegrees (2k,k) and (2k — 1,k — 1) respec-
tively, subject to Adem relations [40] [39]. Let Exta (Ms, My) denote the cohomology of the
motivic Steenrod algebra. To run the motivic Adams spectral sequence, one begins with
Exta (My, Ms). The cohomology Exta (My, M) has an My-algebra structure. Inverting 7 in
Exta (M, M) gives the cohomology Exta, (2, Fo) of the classical Steenrod algebra A [18].
Given a classical element, there are many corresponding motivic elements. We typically want
to find the corresponding element with the highest weight. For example, the classical element
g corresponds to the motivic elements 7%¢g for all k¥ > 1. The element 7g has weight 11, but
there is no motivic element of weight 12 that corresponds to the classical element g.

The algebra Exta (Msy, M) is infinitely generated and irregular. A natural approach is
to look for systematic phenomena in Exta (M, My). One potential candidate is the wedge
family in Exta (My, Ms).

The classical wedge family was studied by M. Mahowald and M. Tangora [21]. It is a
subset of the cohomology Exta_ (F2,F3) of the classical Steenrod algebra, consisting of non-
zero elements Pig’\ and ¢’t in which X isin A, tisin T, ¢ > 0 and j > 0. The sets A and
T are specific subsets of Exta_ (Fo2,Fs). The wedge family gives an infinite wedge-shaped
diagram inside the cohomology of the classical Steenrod algebra, which fills out an angle

with vertex at ¢g? in degree (40,8) (i.e. g* has stem 40 and Adams filtration 8), bounded



above by the line f = -s — 12, parallel to the Adams edge [1], and bounded below by the

p
line s = 5f, in which f is the Adams filtration and s is the stem. The wedge family is a large
piece of Exta (Fs,Fy) which is regular, of considerable size and easy to understand.

Using this idea we build the motivic version of the wedge. However, it appears to be
more complicated than the classical one. The highest weights of the motivic wedge elements
follow a somewhat irregular pattern. We will discuss this irregularity in more detail later.

Let A(2) denote the Mj-subalgebra of A generated by Sq',Sq® and Sq*. Let
Exta(2)(Ma, My) denote the cohomology of A(2). The finitely generated algebra
Exta(2) (M, My) is fully understood by [17]. We use a new technique of comparison to
Exta(2)(My, M) which makes the proof of the non-triviality of the wedge elements easy.
We consider the ring homomorphism ¢ from Ext (My, M) to Exta2)(My, M) induced by
the inclusion from A(2) to A. We use the map ¢ to detect structure in Exta (Ms, My). Most
of the elements studied in this article have non-zero images via ¢ [17]|. Therefore, they are
all non-trivial elements in Exta (M, My).

We define set-valued operations P and g on Exta (My, My). Classically, g is an element
of the cohomology of the classical Steenrod algebra. However, this is not true motivically.
Rather, 7¢g is an element in Exta (M, M), while g itself does not survive the motivic May
spectral sequence. Consequently, multiplication by ¢g does not make sense motivically. Also,
P is not an element in Exta (M, M) either. We instead consider the set-valued operations
P and g whose actions can be seen as multiplications by P and g in Exta ) (M, My) respec-
tively.

For any )\ in Exta(My,My), i > 0 and j > 0, let P'g/\ be the set consisting of all
clements 2 in Exta (M, My) such that ¢(z) = P'g?¢(N) in Exta 2) (M, My).

We define the wedge family via the actions of P and g. The wedge is the set consisting
of all elements in P’g/\ with ¢ > 0 and j > 0, where X is contained in a specific 16-element

subset A of Exta (M, M) to be defined in Table 5.



The motivic wedge family takes the same position and same shape as the classical one
(Figure 1). However the vertex of the motivic wedge is at 7¢? in degree (40,8, 23) having
weight 23. Note that ¢ in degree (40,8,24) does not survive the motivic May spectral
sequence [18]. Our main result, Theorem 5.8, states that the subsets P‘g/)\ are non-empty
and consist of non-zero elements for all A in A.

However, our main result is not optimal, in the sense that there exist elements of weight
greater than the weight of elements in P‘g/)\ for some values of i, j, and A. Some such
elements are listed in Table 6.

We can not even conjecture the optimal result in general. However, we know a bit more
about elements in the set efg® for ¢ > 0 and k > 0, which are part of the wedge. We will
show that Telg’ is non-empty for all + > 0 and k& > 0. We do not know whether e}g* is

non-empty in general, but we make the following conjecture.

Conjecture 1.7. The set ejg’ is non-empty if and only if & = (32¢_, 2%) — ¢ for some

integers n; > 1.
The conjecture is equivalent to the conjecture that eyg” is non-empty if and only if k + 1

is a power of 2, since

2m1 -1 2mt—1

ehgt D eog €og

By explicit computations we know that ey, epg and eyg® are non-empty and eyg? and
eog? are empty [18]. This means that the subsets egg” are non-empty sometimes but empty

other times. The analogous classical question is trivial, since efg* is a product of e} and g*.

1.3 Notation

We will use the following notation.

1. My = [Fy[7] is the mod 2 motivic cohomology of a point, where 7 has bidegree (0,1).



2. A is the mod 2 motivic Steenrod algebra over C.

3. A(2) is the M,-subalgebra of A generated by Sq', Sq* and Sq*.

W

. A, is the mod 2 classical Steenrod algebra.

5. Ext is the trigraded ring Exta (My, M), the cohomology of the motivic Steenrod alge-

bra.

=)

. Exta(o) is the trigraded ring Exta(2)(Ms, M), the cohomology of the M-subalgebra of

A generated by Sq', Sq® and Sq*.

7. Extq is the bigraded ring Exta  (Fs,F2), the cohomology of the classical Steenrod

algebra.
8. We use the notation of [19] for elements in Ext.

9. We use the notation of [17] for elements in Exta (o), except that we use a and n instead

of a and v respectively.
10. An element x in Ext has degree of the form (s, f,w) where:

(a) f is the Adams filtration, i.e., the homological degree.

(b) s+ f is the internal degree, i.e., corresponds to the first coordinate in the bidegrees

of A.
(c) s is the stem, i.e., the internal degree minus the Adams filtration.

(d) w is the motivic weight.
11. The Chow degree of an element of degree (s, f,w) is s + f — 2w.

12. The coweight of an element of degree (s, f,w) is s — w.



1.4 Organization

Here is a brief organization of this thesis.

Chapter 1. This chapter contains some background material to study the thesis. In
particular, we introduce the history of the study of the homotopy groups of spheres and how
it gives rise to the stable approach to study the homotopy groups of the sphere spectrum.
We also give a brief introduction to the motivic perspective in studying homotopy groups
which is the main purpose of this thesis.

Chapter 2. This chapter introduces the general approach to spectral sequences which is
our main tool (Adams spectral sequence, May spectral sequence) in studying the homotopy
groups of the sphere spectrum. We introduce how to construct a spectral sequence using
exact couples or filtrations. We also discuss a little bit on recovering the desired objects from
spectral sequences.

Chapter 3. In this chapter, we introduce the motivic computation program to study
the homotopy groups of the motivic sphere spectrum. The motivic Adams spectral sequence,
the motivic version of the classical Adams spectral sequence, is our main technique in this
study:.

Chapter 4. Chapter 4 studies the cohomology Ext of the motivic Steenrod algebra A
serving as the Fs-term of the motivic Adams spectral sequence. The cohomology Ext is
infinitely generated and irregular. We also discuss the cohomology of A(2), a subalgebra of
A and the hy-localization technique which are two of the most important tools in studying
Ext.

Chapter 5. Chapter 5 is the main part of the thesis where we study the C-motivic wedge
family of the cohomology Ext of the motivic Steenrod algebra. The wedge is an infinite subset
of Ext which is regular and easy enough to study. We also state two conjectures about two

other families in Ext which rise naturally from the study of the wedge.



Chapter 6. Chapter 6 is a side project. We study the motivic Lambda algebra which is
expected to be the motivic version of the classical Lambda algebra. Our purpose is to use
the motivic Lambda algebra to study the unstable homotopy groups of the motivic sphere

spectrum.



CHAPTER 2 SPECTRAL SEQUENCES

2.1 Definition

The well known definition of spectral sequences is as follows.

Definition 2.1. A spectral sequence F = {E"} consists of a sequence of Z-bigraded R

modules E" = {E] } together with differentials

d": B, — E!

p—n,q+n—1
such that E"™' =~ H,(E™).

Let Z! be the kernel of d' and B be the image of d'. Then E* = H,(E') = Z'/B! and
we can see d? as the map

&:7'/B' — 7'/B".
Repeating this process we can see E™ as Z"~1/B™! and
& 72V B 7 gt
The map d” has kernel Z"/B"~! and image B"/B"~!. Then we have the following sequence
of submodules
0=B"'CcB'c...cz’cz'cZ’°=FE"

We denote Z* = ()2, Z", B> =2, B" and E, = Z5% /B,

In practice, spectral sequences are sometimes trigraded depending on the objects we
are dealing with. For example, the motivic May spectral sequence and the motivic Adams
spectral sequence are trigraded but the classical ones are bigraded. Also, the grading of the
differential d" is not always as defined in Definition 2.5. Depending on the problems we are
working with, we can choose a suitable grading for d". The grading of a spectral sequence is

possibly different from that of another spectral sequence.
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2.2 Constructing a spectral sequence

2.2.1 Exact couples

Nowadays, people usually construct a spectral sequence by using exact couples or filtra-

tions.

Definition 2.2. Let D and F be modules over a ring R. An exact couple C = (D, E;i, j, k)

is a diagram

in which ¢, and k& are module homomorphisms satisfying Kerj = Imi, Kerk = Imj and

Keri=Imk.

Ifd=jk:E — E, then dod = (jk)(jk) = j(kj)k = 0 since kj = 0. As a result, (£, d)
has a chain complex structure and we can define the homology H.(E,d).

We construct C' = (D', E'; ', j', k') by letting

D' =i(D), E' = H,(E,d),

() + Jk(E), K@) =Ky +jk(E)) = k(y).

~
I
~
e
~
>
=
<
<
—
~.
—~
8
~—
~—
I
—
<
—~
8
~—
~—
I

In other words, 4’ is a restriction of ¢ and j' and k" are induced from j and k by passing to
homology. It is easy to check that j* and k' are well-defined. We can also easily prove the

following result.
Proposition 2.3. C' = (D', E";', j', k') is an exact couple.
By iterating the above construction we can define
™ = (D", B ™ 50 )y,

By denoting d" = j™ k™ we have the spectral sequence (E™,d"). We grade
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il = (1, =1), [j] = (0,0) and |k| = (=1,0).
As a result
i = (1,-1), || =(—n+1,n—1)and [k™]=(-1,0).
Therefore |d"| = |j™ k™| = (—n,n — 1), and we have
A" E}, = B i1

As we mentioned, this way of grading is not unique. Practitioners can choose another grading

which is helpful to his/her computations.

2.2.2 Filtrations

In algebraic topology, it is usual that we want to compute the homology H.(A) of a
chain complex A. However, this computation is not always easy to be carried out in high
dimensions. An approach is that we first look for a “simpler" version EYH,A of H,(A) then

recover the structure of H,(A) from the structure of E°H,(A).

Definition 2.4. Let (A, d) be a Z-graded complex of R-modules. An increasing filtration of

A is a sequence of subcomplexes
..CF,ACF,ACF, AC...
of A. The associated graded complex E°A is the bigraded complex defined by
E;S,qA = (FpA/Fp14A)peq
with differential d° induced by d.

The inclusions F,A < A induce the module homomorphisms i, : H.(F,A) — H,A. The

homology H,(A) is then filtered by

F,H,(A) =Imi,
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and we can define E°H, A.
We observe that an element 7 in ES’qH*A is the class of an element x at degree p+¢q in A
on the filtration F, A with respect to the quotient by F),_;A. In other words, T = x + F,,_; A.
Denote EI(,)A = [,A/F, 1A. We have the following short exact sequence of chain com-

plexes
00— F,A—"5 F,A 1 EYA —— 0

in which ¢ is the inclusion and j is the surjection. This short exact sequence induces a long

exact sequence
. —— H,(F, 1 A) —“ H,(F,A) —2— H,(E%A) -~ H, ,(F, 1A) — ...
Let D), = Hpyq(F,A) and E} , = H,,4(E)A). Then we have the following exact couple
(D', EY; iy, 4o, k).

As a result, we have the spectral sequence E"A. The following theorem is a key result to the

spectral sequence computations.

Theorem 2.5. If A=J, F,A and for each n there exists s(n) such that FyuyA, =0, then

we have the following isomorphism of modules
EX A= E H.(A).
We say that the spectral sequence { E"} converges to H,A and write
E} A= H, (A).

The key idea is that we will compute the module E°H, A via a spectral sequence and use
it to recover H,A. Unfortunately, there is no general way to recover H,A from E°H,A. It
depends on the chain complex A, the spectral sequence we are dealing with and the structure

we want to recover. We will discuss more about it in the next Section.
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The equivalence of two approaches. We have discussed two approaches to construct
a spectral sequence. They are filtrations and exact couples. These two approaches give us

the same spectral sequences.

Proposition 2.6. [26, Proposition 2.11] For a filtered differential graded module, the spectral
sequence associated to the filtration and the spectral sequence associated to the exact couple

are the same.

2.2.3 Recovering H,(A) from E*-page and the hidden extension problem

Roughly speaking, the E*°-page is just a graded filtered version of H,(A). Unfortunately,
these two objects are possibly very different from each other. The reason lies in the so-called
hidden extension problem which is as follows.

Consider an R-module M and its submodule N. Then we have the following short exact

sequence.
00— N-—M— M/N — 0.

The module M plays as H,(A), the targeted object we want to compute. The filtration is
0 C N C M and then E*-page is N/0@& M/N. The problem is that how to learn M from N

and M/N. Unfortunately, there is no unique answer for M. Let us see the following example.
Example 2.7. Consider the following short exact sequence.
0—2/2— M —Z/2 — 0.

The module M can be Z/2 & 7Z/2 or Z /4.

2.2.4 Vector space structure

The following result plays a key result in our work with spectral sequences.
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Definition 2.8. A module P is projective if for every surjective module homomorphism

f A — B and every module homomorphism g : P — B, there exists a homomorphism

h: P — A such that foh =g.

/}‘(
3 //
h. lf

s

P—% 4B

Example 2.9. Every vector space is a projective module.

Proposition 2.10. The short exact sequence

1s split, i.e. M = N & P, if P is a projective module.

Proof. Since P is a projective module and j : M — P is surjective, we have

M

//\’(
Jh .7 :
//// ]
///
%
P

pP——

in which ¢ : P — P is the identity map.

Since j o h =1, the map h is injective. Therefore, we can identify P with its image in M.
Similarly, we identify N with its image in M. For y in NN P since P = M /N, the element y
has to be zero. Then NN P = {0}. For any = in M, since we identify P with h(P) contained

in M, the element h(j(z)) is in P. Consider the element z = x — h(j(z)) we have
() = j(x) = j(h(i(2))) = j(x) — j(x) = 0,

in which the second identity is because j o h = i. As a result, z belongs to ker(j) = im(i).
Since we identify NV with i(n), we can see z as an element in N. Therefore, x = z + h(j(z))
which is a summation of an element in N and an element in P. We obtain the desired

statement. O
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Proposition 2.11. Suppose that V is a vector space and V' has the filtration Vo C Vi C
... CV, =V in which V; is a subspace of V' for all 0 < i <mn. Then

V=WeWWeW/WVie.. oV,/V,._1.
Proof. Since any vector space is a projective module, by Proposition 2.12 we have

ViZVod Vi/Vyand Vo =2V, @ Va/ V.
It implies that
Va2 Vo @ Vi/Vo @ Va/Vi.

By repeating this argument for V3, Vj, ... we get

V=WeWWweW/WVie.. . eV,/Vi

as desired. m]
Theorem 2.12. If H,(A) is a vector space, then H,(A) = E°H,(A) as vector spaces.

Proof. 1t is straight forward from Proposition 2.11 and the definition of the associated graded

algebra EYH,(A). O

Ring/Product structure and Massey product. Unfortunately, we do not have a
nice result like Theorem 2.12 to recover the product structure of H,(A) from the E*°-page.

Let us consider the following example.

Example 2.13. We filter the polynomial ring A = R[z] as follows.
Rlz] D {x) D (x*) D (22*) D 0

in which Fy = (z), Fy = () and F3 = (22?).
We consider non-zero classes T and 2z in EYA = Fy/F,. The product 7 - 2z is an element

in EYA = Fy/F3, because of degree reasons, then it is zero.
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We say that the associated graded algebra E°R[z] with respect to the given filtration
hides some of the product structure of R[z]. We do not have a general way to recover this
product structure. In the May spectral sequence, Massey products are a very efficient tool

which will be discussed in this thesis.

2.2.5 Summary

To compute a complicated homology H,A which is hard to compute directly, we can filter
A and then this filtration will give rise to a spectral sequence E" having E* isomorphic
to the associated graded module EYH,A which is a filtered version of H,A. If the E'-
page is infinitely generated, it is possible that we will never obtain the E*°-page of spectral
sequences (eg: May spectral sequence, Adams spectral sequence). However, we can restrict
our computation to some finite range, then we will definitely obtain the E*°-page up to the
chosen range after finite steps.

In this section, we only introduce the spectral sequence with module structure. In prac-
tice, spectral sequences (eg: May spectral sequence, Adams spectral sequence) can enjoy
multiplicative structure. In that case, the multiplication on E*° is induced from that on
A. Unfortunately, spectral sequences usually do not preserve the multiplicative structure of
A. Depending on the objects and the spectral sequences we are working on, we need suit-
able methods to recover the multiplicative and module structures of A. Moreover, there are
higher structures in our study such as Massey products in the May spectral sequence and
Toda brackets in the Adams spectral sequence. It is possible that we are not able to recover
the targeted objects completely from spectral sequences. We just do it as much as possible.

Usually, we input some data to a spectral sequence to learn some output. However, there
are cases that we use known outputs to study inputs via spectral sequences. This often

happens to the Serre spectral sequence.
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CHAPTER 3 THE MOTIVIC ADAMS SPECTRAL SE-
QUENCE

3.1 The motivic approach to homotopy theory

Model and Voevodsky study the motivic homotopy theory in [27]. The motivic homotopy
theory is a homotopy theory for algebraic varieties. In other words, people use the techniques
from homotopy theory to study algebraic varieties. The starting point is the category built
out of smooth schemes over a field k. In this thesis, we are mostly interested in the complex
base field C. The case over the real base field R will be our future project. Unfortunately,
this category is not good enough for homotopical purposes since it does not have homotopy
colimits serving as gluing constructions.

There is a realization functor from the motivic homotopy theory over C to the ordinary
homotopy theory. For any complex scheme X, there is an associated topological space X¢
of C-valued points. Almost any object studied in classical algebraic topology can be given a
motivic analogue. In particular, we can define the motivic stable homotopy groups of spheres.

In [18] Isaksen shows that we have very good calculational control over this realization
functor. The functor will help us not only deduce motivic facts from classical results but also
deduce classical facts from motivic results which is the key idea of our research.

The cohomology of a point. To run the motivic Adams spectral sequence, we need to

know the motivic cohomology M, of a point.

Theorem 3.1 (Voevodsky). The motivic cohomology My is the polynomial ring Fa[r] on

one generator T of bidegree (0,1).

In a bidegree (p, q), we refer to p as the topological degree and ¢ as the weight.
The polynomial ring My = Fy[7] is an Fao-vector space. It is also an A-module with trivial
actions of Sq’ for all i > 1.

The motivic Adem relation. For the motivic Steenrod operations Sq** of bidegrees
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(2k, k) and Sq**~! of bidegrees (2k — 1,k — 1) for k > 1 and a < 2b the motivic Adem

relations are as follows [40, §10].

a b—1-c ?7Q,a+b—cq c
Sq qu:Z( 4 — % )T'Sq+b Sq°.

[

The symbol ? stands for either 0 or 1, depending on which value makes the formula balanced
in weight. It is easy to prove that 7 appears when a and b are even and c is odd. By removing

7 from the motivic Adem relations, we obtain the classical Adem relation [28].

Example 3.2. We have Sq*Sq? = 7S¢®Sq' motivically since the weight of Sq®*Sq’ is 1 but

the weight of Sq*Sq? is 2. Classically, Sq*Sq® = Sq*Sq’.

Remark 3.3. The right hand side of the Adem relation can contain a monomial term. For

example, Sq'Sq? = Sq?.

The motivic Steenrod algebra. The motivic Steenrod algebra A is the ring of stable
cohomology operations on mod 2 motivic cohomology. In addition, this ring is generated by
the Steenrod operations Sq' over My, subject to the motivic Adem relations. To be precise,

we have the following result.

Theorem 3.4. [40, §11] The motivic Steenrod algebra A is the My-algebra generated by
elements Sq** and Sq** ™' for all k > 1, of bidegrees (2k, k) and (2k — 1,k — 1) respectively,

and satisfy the motivic Adem relations.

The dual of the motivic Steenrod algebra. We denote A, , = Homy, (A, M) for
the dual of the motivic Steenrod algebra. The algebra A, , has a very nice description which

will be very helpful in studying the motivic May spectral sequence.

Theorem 3.5. [40] The dual A, . of the motivic Steenrod algebra is equal to

MQ[T(),Tl, e ,51,52, .. ]

7P =T1&n
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in which
1. the generator 7; has bidegree (271 —1,2¢ — 1),

2. the generator & has bidegree (2771 — 2 20 —1).

3.2 The motivic Adams spectral sequence

Let H be the mod 2 motivic Eilenberg-Mac Lane spectrum, i.e., the motivic spectrum
that represents the mod 2 motivic cohomology. We construct an Adams resolution for the

motivic sphere spectrum S%° as follows.

K K, Ko
f2T flT foT
92 > XQ 9 > Xl 90 > X(] = SO’O

where each K; is a motivic finite type wedge of suspensions of H, X; — K, is surjective on
mod 2 motivic cohomology, and X, is the homotopy fiber of X; — K. Applying m, = 7, ,,

for each u, we have a long exact sequence

Son

W*(fs) T*(Ks>

Tu(Xapr) 294 7 (X) 7o(Xos)

We denote D; = 7,(X,) and E, = m,(K,). In particular, D} = 7,_,(X,) and E}’ =

mi—s(Ks). We also denote,
it = ms(gs) s DMLy ot
g1 =ms(fs) : DY — B},
and
ky =044y Bt — DITH

We obtain the following exact couple which gives rise to the motivic Adams spectral sequence.
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i1
D1 > D1

DN

£y

Denote d = j1k; : By — E;. We have Ey = H(FE1,d), the homology of E; with respect to
d. The Es-term of the motivic Adams spectral sequence is isomorphic to Exta (M, My).
Convergence. The motivic Adams spectral sequence converges to the homotopy groups
of the H-nilpotent completion of the motivic sphere spectrum [12]. Classically, the E..-page
E5! of the classical Adams spectral sequence is the subquotient im 7, (X)) /im m_o(Xs41)-
After computing F,, we have to use other methods such as Toda brackets to solve the

extension problems and recover the group m,(X) [18].
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CHAPTER 4 THE COHOMOLOGY OF THE MO-
TIVIC STEENROD ALGEBRA

Adams suggests the study of the cohomology Ext.; of the classical Steenrod algebra which
appears to be the Fy-page of the classical Adams spectral sequence [2]. There are at least
three different methods to compute Ext.,. Adams computed Ext. as the homology of the
cobar construction. The second method is using the May spectral sequence. The third one
is computing the homology of the classical Lambda algebra. If we do it by hand, even with
the minimal resolution of the Steenrod algebra, the cobar construction is very large and the
computation is very slow and cumbersome. The same story happens to the computation of
the homology of the classical Lambda algebra. However, nowadays with the use of modern
computers, these computations become much easier.

In this thesis, we study the cohomology Exta (My, M) of the motivic Steenrod algebra
serving as the Es-page of the motivic Adams spectral sequence which is mostly computed

by the motivic May spectral sequence.

4.1 The algebra structure and vector space structure of
EXtA(Mz,Mg)

First of all, we recall that M, has an A-module structure with trivial actions of Sq* for

all i > 1. To construct Exta (Ms, My) one begins with a projective resolution
...—>P1—>P0—>M2—>0,

in which P, is an A-projective module for all n > 0. Then we remove M, and form the

cochain complex
0— HOmA(Po,Mg) — HOmA(Pl,Mg) —_— ...

Finally, Exta (M, M) is the cohomology of this chain complex.

Moreover, the Steenrod algebra A is an Fo-vector space and we usually choose P, =
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A®A®---®A (nfactors). In addition, M is an Fy-vector space. It is easy to check that
Homap (P,, M) is an Fy-vector space for all n. As a result, Exta (M, My) is an Fy-vector
space. This vector space structure plays a key role in recovering the abelian group structure

of Exta (My, M) from the E.-page of the May spectral sequence.

4.2 The motivic May spectral sequence

We use the motivic May spectral sequence to compute the cohomology Ext of the C-
motivic Steenrod algebra. In addition, we will need some information from the cohomology
of the classical Steenrod algebra which has been verified only by machine. We construct the
motivic May spectral sequence by filtering the motivic Steenrod algebra. This filtration will
induce a filtration on the dual of the Steenrod algebra and the cobar complex. The induced
filtration will give rise to the motivic May spectral sequence.

To be more precise, we denote I to be the kernel of the augmentation map A — M.
Because of degree reasons, I is equal to the two-sided ideal of the motivic Steenrod algebra

generated by Sq' for all i > 1. Let Gr;(A) denoted the associated graded algebra
Allel/Pel’/Ps---.

The associated algebra Gry(A) is trigraded with two gradings from A and one from the
I-adic valuation which is referred as the May filtration.

The motivic May spectral sequence has the form
Es = EXté’Sif)) (Mg, Mg) = EXtZ(hC) (MQ, Mg)

Remark 4.1. The A-module structure on My is trivial since every Sq' acts by zero for
all 7 > 1 because of degree reasons. Consequently, we can define Extg,,(a)(Ma, My) and

EXtA(Mg, Mg)

We can also obtain the motivic May spectral sequence by filtering the cobar complex in

the first place.



23

Now we discuss how to study the Es-term of the motivic May spectral sequence from its
classical analog. Let I; be the ideal of the classical Steenrod algebra A, that is generated

by Sq* for all i > 1.
Proposition 4.2. [12, Proposition 5.2/
1. The trigraded algebras Gri(A) and Gry,(Ay) ®r, Fa[T] are isomorphic.

2. The quadruply-graded rings Extca)(Ma, M) and Extay (a.)(F2,F2) ®r, Fo[7] are

1somorphic.

The classical Ey-term is studied in great detail by J.P. May [24]. It can be computed as

the homology of the differential graded algebra
Fylhizli > 0,5 > 0],
with differential given by

d(his) = Y hijhicipss-
0<k<i
By Proposition 4.2, the motivic F>-term is the homology of the differential graded algebra
FQ[T, hw|’L > 0,] Z 0]

where

1. 7 has degree (0,0,0,—1).

2. hi has degree (i,2° —2,1,271 — 1),

3. hy; has degree (i,27(2° —1) —1,1,27712' — 1)) if j > 0,

with differential given by

d(hiz) = Y hijhicgie-

0<k<i
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There is no 7 in the above formula since the weights on the both sides are balanced.
The motivic May differential is given by the same formula as the classical one together
with d(7) = 0. However, the motivic and classical differentials are different in some cases.
This happens because of the motivic weight. For example, classically we have dy(h3,) =
h3, + h3,h12. Motivically, the element h?, has weight 3 whereas h3, and hi,hi> both have
weight 2. As a result, da(h3)) = 7h?, + hi hia motivically. It leads to a very important
consequence. Classically, do(h11h3,) = h{. Then hy is nilpotent in Exty(Fs, Fy). However,
motivically da(hi1h3,) = Thi;. Actually, h7 is not hit by any differentials in the motivic May

spectral sequence for all n. In other words, it is not nilpotent in Ext.

Table 1: Some differences between the classical and motivic differentials.

Classical ‘ Motivie
dg(bgo) = h?l + h%ohlg dg(bgo) = Thzlsl + h%ohlg
d2(h11520) = hill d2(h11520) = Thill

4.2.1 TFy-vector space structure

By Theorem 2.11 the E -page of the May spectral sequence preserves completely the

Fy-vector space structure of Ext. In other words, Ext= E,, as Fy-vector spaces.

4.2.2 Ring structure and Ms-module

By ring structure we mean the product structure and by My-module structure we mean
the multiplication with 7. The May spectral sequence hides some of the product structure
and M,-module structure in the sense that there exist elements x and y in Ext such that zy
is non-zero in Ext but Ty = 0 in E,, or 7z is non-zero in Ext but 77 is zero in E. In [1§]
Isaksen studied all possible hidden extensions by 7, hg, hy and hy. There are several tools

but the four main are
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. Comparing with classical hidden extensions,
2. Shuffle relations with Massey products,

3. Steenrod operations,

4. The isomorphism at Chow degree zero.

We will discuss several examples using the above methods. In [7], Bruner uses a computer
to compute the cohomology of the classical Steenrod algebra by constructing a minimal
resolution. By looking at Bruner’s computation, we can figure out a lot of classical hidden

extensions which can be used to obtain motivic hidden extensions.

Example 4.3. Classically we have the hidden extension hg - eqg = hax in Ext.. Motivically,

we have 72 - hoegg = héx in Ext.
Example 4.4. We have hg - hig = h3hycy in Ext.
Proof. We use the shuffie
h3hy(hy, ho, h3) = (h3hy, hy, ho)h3

and the Massey products (hy, ho, h3) = co and (h3hy, hi, ho) = hog. m

4.3 The cohomology Ext

Relationship between motivic and classical calculations. The following theorem
plays a key role in comparing the motivic and the classical computations, saying that they

become the same after inverting 7.

Theorem 4.5. [12, Proposition 3.5] There is an isomorphism of rings

Ext ®M2 M2 [7'_1] = EXtCl ®F2 FQ[’T, ’7'_1].
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Roughly speaking, the elements x in Ext which are killed by some power of 7, i.e. 7"x = 0

for some n, will map to zero via the above isomorphism.

1
2

The motivic Adams line of slope :. Classically, Adams shows that Ext, vanishes
above a certain line of slope %, called the Adams line, with the exception of the elements hf
in the 0-stem. Motivically, by inspection of the Adams chart [16] we see that Ext does not
vanish above the same line of slope % However, Ext vanishes above a line of slope 1. Further

inspection shows that in a large range, all elements above the Adams line of slope % are

hi-local, in the sense that they are hi-divisible and support infinitely many multiplications

by hl.
Theorem 4.6. [15, Theorem 1.1] Let s > 0, the map
hl : EXtZﬁw(Mg, Mg) — EXtASA+1’f+Lw+1(M2, Mg)

s an isomorphism if f > %8 + 2, and it is a surjection if f > %8 + %

4.4 The cohomology Ext s 9)(My, M)

The cohomology Exta(2) (M2, My) is a finitely generated algebra which is understood fully
by [17]. It plays as a “lighthouse" in our study of the cohomology Ext of the motivic Steenrod
algebra. Specifically, we can study an element in Ext via its image in Exta)(Ms, My).

The subalgebra A(2). We recall that the bigraded M is the polynimial ring Fs[7] on

one generator 7 having bidegree (0, 1).

Definition 4.7. The algebra A(2) is the My-subalgebra of the motivic Steenrod algebra A

generated by Sq*, Sq? and Sq*.

Comparison to Exta (). The inclusion A(2) — A induces a homomorphism ¢ : Ext

— Exta(2) which allows us to detect some structure in Ext via Exta (). We emphasize that
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Exta (g is described completely in [17, Theorem 4.13]. Table 2 gives some values of ¢ that

we will need.

Table 2: Some values of the map ¢ : Ext — Exty (o).

Ext Exta(o) (s, f,w)
i Pn
k dn
r n?

(
(
(
m ng (
(
(
(

Ahldo Ahl . do
g’ g2
TAhig | T-Ahy - g
hag? hy - g (205 + 3,45 + 1,125 + 2)
Pid, Pt d (8i 4 14,4i + 4,4i + 8)
Pleg Pt e (8¢ + 17,41+ 4,4: + 10)

Remark 4.8. In some cases, ¢(x) is decomposable in Exta () when z is indecomposable in
Ext. For example, the element Ahjdy in Ext is indecomposable but ¢(Ahidy) = Ahy - dy is

the product of Ah; and dp in Exta ().

Remark 4.9. We know values of ¢ by comparing the May spectral sequence computing Ext

and the May spectral sequence computing Exta (o).

4.5 Comparison to the h;-localization of Ext

If we invert h; on Ext, then Ext[h;'] becomes simpler. We can use Ext[h;!] to detect

some structure in Ext. The following theorems describe Ext[h; '] and Exta o) [hi"].

Definition 4.10 (Direct Limit). Let (I, <) be a directed set. Let {A; : i € I} be a family of
modules indexed by I and f; ; : A; — A; be a homomorphism for all 7 < j with the following

properties:

1. fi; is the identity of A;, and
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2. fir=fjro fijforalli<j<k.

The pair (4;, f; ;) is called a direct system over I.

The direct limit @Ai of the direct system (A;, fi;) is the unique up to isomorphism
module L satisfying the following universal mapping property: there are maps f; : A; — L
such that f; = f; o f;; for every pair ¢« < j, and if there is a module C' together with maps
7, + Ay = C such that 7, = 7; 0 f;; for every pair ¢ < j, then there is a unique module
homomorphism 7 : L — C with 7; = 7 o f;.

A —— C

-

L

The construction of the direct limit is as follows. Let M be the direct sum of the A;,
and let N be the submodule of M generated by all elements of the form a — f;;(a) for all
i < jand all a € A;. Then M/N, together with f; the compositions of the natural maps

A; — M — M/N, satisfy the mapping property for the direct limit.

Lemma 4.11. Let liﬂAi be the direct limit of a directed system of modules. Then for any

element x of @Ai, there exists an element a in some A; such that x = f;(a).
Proof. 1t is straight forward from the construction of the direct limit. O

Definition 4.12. The h;-localization Ext[h;'] of Ext is the direct limit of the sequence

EXtLEXt il > Ext il >

in which the map hy is multiplication with h;.

Roughly speaking, if two elements x and y in Ext satisfy hfz = h]'y for some n and
m then z and y become identical in Ext[h;']. The most important observation is that all

elements = which are killed by some power of h; in Ext, i.e. hx = 0, become zero in Ext[h]].
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Theorem 4.13. [14, Theorem 1.1] The hy-localization Ext[h;'] is a polynomial algebra

over Fo[h!] on generators vl and v, for n > 2, where:

e the element v{ has degree (8,4,4).
e the element v, has degree (2" — 2 1,2" —1).

Theorem 4.14. [14, Proposition 3.7] The hi-localization Exta () [h{Y] is a polynomial al-

gebra
Exta[hy '] = Falhi, a1, vf, vo]
in which a; has degree (11,3,7); v{ has degree (8,4,4); and vy has degree (6,1, 3).

We can use h;-localization to prove the non-existence of certain elements = in Ext. Guillou
and Isaksen [14, §5] used the May spectral sequence analysis of Ext[h;'] to determine the

localization map
L : Ext — Ext[h]"]
in a range. Some values of L are given in Table 3 [14, Table 13].

Table 3: Some values of the localization map L : Ext — Ext[h] ]

x L(z)
thl hlvf’“
Pkdy | h3viFvs
Pkeq | h3vikus

7
€09 hl’U4

There is also a localization map L : Extap) — Exta(o (A1) [14, §5.1]. The following

diagram is commutative [14].

Ext L) EXtA(g)

| L

Ext[h!] —2— Exta[h;"]
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Definition 4.15. Let ¢ be a non-negative integer. We define a(t) to be the number of 1’s in

the binary expansion of .

Lemma 4.16. Let t,k and s be non-negative integers, s > 1. We have
o oft) <t.
o a(t+k) <a(t)+alk).
o (2°) = a(t).

Proof. Suppose that ¢ = > 2™ in which m; > 0 and m; # m; if i # j. Consequently,
a(t)=n.Since t =Y ;2™ >1-n =n, we obtain the first inequality.
With the above ¢ we suppose further that & = 7 | 2% in which ¢; > 0 and ¢; # ¢; if

i # j. Consequently, a(k) = p. We have

t+k:§:2mi+§:2%
j=1

1=1

where the right hand side has n+ p powers of 2. If there is no pair (m;, ¢;) such that m; = g¢;,
then a(t + k) = n+p = a(t) + a(k). If there exists at least one pair (m;,q;) such that
m; = q; = ¢, since 2™ + 2% = 2°T! we have a(t + k) < n+p = «a(t) + a(k). Therefore,
a(t+k) <a(t)+ a(k).

The last identity can be proven by the observation that if ¢ = > " 2™, then 2% =

S me o

Lemma 4.17. The map ¢ : Ext[hy'] — Exta[hy'] takes v} to v} and for alln > 2, ¢

—3(2"—2-1) gn—2_
maps vy, to hy ( )af vy,

Proof. This statement is stated as Conjecture 5.5 in [14] by Guillou and Isaksen. They also

prove that if a “C-motivic modular forms” spectrum exists, then the conjecture holds [14,
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Proposition 6.4]. This spectrum has recently been constructed by Gheorghe, Isaksen, Krause

and Ricka [13, §5], so we obtain the desired statement. O

Lemma 4.18. The image of
¢ : Ext[hy'] — Exta(g)[hi"]

is spanned by the monomials hivi®vsa$ where a,b and c are non-negative integers for which

a(b+c) < b and d is an integer.

Proof. Denote by G the My-submodule of Ext4 (o) [h;!] spanned by the monomials hfv{*vSas

where a, b and ¢ are non-negative integers for which a(b+ ¢) < b and d is an integer.
Using Lemma 4.17 to get

2= Yje (@721
JG] 4a_.m jeJ
| | vj — h vivytag
jedJ

in which J is a sequence (ji, ..., Jm) of length m such that j, > 2 (repeats are allowed).

Consequently, the image of ¢ equals the My-submodule H of Ext a(2) [h1!] spanned by the
monomials of the form hfvi®vi alzje‘]@j%_l) in which J is a sequence (ji, ..., jn) of length
m such that jp > 2 (repeats are allowed).

Since J has length m,

am+Y (272 =1)=ad 27 <m.
jed jed

As a result, H is contained in G.

Conversely, for any monomial hv{®v5a$ for which a(b + ¢) < b, we can suppose that

b+c= ZjeJ 2/ where J is a sequence (ji,...,j,) of length r < b such that j, > 0 for k in

{1,...,r}. By replacing 27 by 277! 4 2771 as necessary, we can rewrite b + c as

b+c:z2i

el
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where [ is a sequence (iy,...,1,) of length b such that i, > 0 for k in {1,...,b}. Then

c=) 2 -b=) (2"-1).

i€l icl
This shows that G is contained in H. O

4.6 Comparison via Chow degree zero isomorphism

We remind that the Chow degree of an element of degree (s, f,w) is s+ f — 2w. The part

of Ext at Chow degree 0 is isomorphic to Ext.

Theorem 4.19. [18, Theorem 2.1.12] There is an isomorphism from Exty to the subalgebra
of Ext consisting of elements in degrees (s, f,w) such that s+ f —2w = 0. This isomorphism
takes classical elements of degrees (s, f) to motivic elements of degrees (2s+ f, f, s+ f), and it

preserves all higher structure including products, squaring operations, and Massey products.
In other words,
EXt|8+f_2w:0 = EXtCl.

Some elements of Ext at Chow degree zero and their corresponding elements in Ext, via

the Chow degree zero isomorphism are shown in the following table.

Table 4: Some elements of Ext and their corresponding elements via the Chow degree zero
isomorphism.

Ext | Extq
hi | ho
he | M
hy | hnot

hg gj P J hl

We will show in the next chapter that the element hog’ in Ext corresponds to the element

hiP’ in Ext, via the Chow isomorphism.
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CHAPTER 5 THE MOTIVIC WEDGE FAMILY

The classical wedge family was studied by M. Mahowald and M. Tangora [21]. It is a
subset of the cohomology Exta_ (F2,Fy) of the classical Steenrod algebra, consisting of non-
zero elements Pg’\ and ¢’t in which X isin A, tisin T, i > 0 and j > 0. The sets A and
T are specific subsets of Exta_(F2,Fs). The wedge family gives an infinite wedge-shaped
diagram inside the cohomology of the classical Steenrod algebra, which fills out an angle
with vertex at ¢g* in degree (40,8) (i.e. g has stem 40 and Adams filtration 8), bounded
above by the line f = %s — 12, parallel to the Adams edge [1], and bounded below by the
line s = 5f, in which f is the Adams filtration and s is the stem. The wedge family is a large
piece of Exta (Fa, Fo) which is regular, of considerable size and easy to understand. Using
this idea we build the motivic version of the wedge.

Recall that the inclusion A(2) < A induces a homomorphism of algebras ¢ : Ext —
Exta(2).

Definition 5.1. For any )\ in Ext, i > 0 and j > 0, P’g?)\ is the set which consists of all

elements x in Ext®/* such that ¢(z) = P'g?¢(\) having degree (s, f,w) in Exta ).
Example 5.2. The set g% contains m? because ¢(m?) = ¢?n* = ¢*¢(r).

Remark 5.3. We differentiate P and g with P and g. By the bold P and g we mean set-
valued operations from Ext to Ext. Remember that P and g do not exist in Ext as elements.

By P and g, we mean elements in Ext (o).

Remark 5.4. We sometimes write the symbols P and g in a different order for consistency

with standard notation. For example:
e By eog? we mean g?(ep). The set egg? is empty (See Corollary 5.30).
e By 7Ah;g/ ™! we mean the set g/(TAhg).

e By 7Pig/*! we mean PigiT!(7).
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e The same convention is applied for 7g*, Tefg* and many others.

Remark 5.5. From Definition 5.1 we have Pigiz - Pgly C P gi*byy. However, the inverse

inclusion is not correct generally. For example, by low dimension calculation [18] we have
eo - 7°g = {eo}{7%g} & TPeog = {770y, T e0g + Mo}
Definition 5.6. We define A to be the following sixteen elements of Ext.

Table 5: Sixteen elements of the set A

element | (s, f,w)  element (s, f,w)
797 | (40,823)  dor | (44,10,24)
TAhyg | (45,9,24) dom (49,11,28)
gr (50,10,28) Tedg (54,12,31)
gm | (5511,32)  TAme? | (59,13,32)
TAhey | (42,9,22) dol | (46,11,26)
( )

( )

( )

eor | (47,10,26) el 51,12,29
eom | (52,11,30) TARidoeo | (56,13,30
reod® | (57,12,33)  doeor | (61,14,34

Remark 5.7. The elements in the set A are not optimal in the sense that there may exist
elements of weight greater than the weight of elements in A (see Table 6). For example, the
element 7e3 in A has weight 29 but the element ej in Ext has weight 30. The reason for this
choice is that our proof for Theorem 5.8 works for Te3 but does not work for 3. The same

story happens to TAhyeq, Te2g, TAhieq and TARydge.
The following theorem is our main result.

Theorem 5.8. For any A in A, i >0, j >0 and k > 0, the set T*PigIi\ is non-empty and

consists of non-zero elements.

Combining all elements of 7*Pigi\ with ¢ > 0, 7 > 0, k > 0 and X in A, we obtain an
infinite wedge-shaped diagram, filling out the angle with vertex at 7¢? in degree (40, 8, 23),

bounded above by the line f = %s — 12 parallel to the Adams edge [15], and bounded below
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by the line s = 5f in Ext (Figure 1). We call this set the wedge. To be precise, we have the

following definition.
Definition 5.9. For ¢ > 0,7 > 0,k > 0, and A € A the set
{r € Ext:x € T"Pigi)\}
is called the wedge family of the cohomology of the motivic Steenrod algebra.
We need a couple of preliminary results before proving Theorem 5.8.
Lemma 5.10. The sets Pidy, Pley and P'Ahiey are non-empty for i > 0.

Proof. Since dy, ey and Ahjeq are generators in Ext, the statement is trivial when i = 0.
We now consider the case i > 0. The Adams periodicity operator P! is an isomorphism

on Ext in specified ranges [20, Theorem 1.4|. Since the element dj lies in these ranges, then

Pid, contains the element P'dy. Therefore, the set P’dy is non-empty. The same argument

is applied for Piey and P'Ah;e. O

Lemma 5.11. Let x be an element in Ext such that hi¢(z) = 0. Then P gz contains the

non-empty set Pidix for alli > 0. As a result, P™'gx is non-empty.

Proof. Since P'dy is non-empty by Lemma 5.10, the set P'd2x is non-empty. Consider an
element § in P'djx. Since ¢(dy) = d and d* = Pg+ h}- Ah; in Exta() [17, Table 8|, we have
¢(B) = P'd*p(x) = P'(Pg+hi- Ah)o(x)
= P™*gd(x) + P'Ahy - hig(x) = P gg(x)
Consequently, P"gz contains the element 3 of P'd3z. O

Lemma 5.12. Consider j > 2 and suppose that j = 2"(2k + 1) for r > 0 and k > 0. We

have the differential: dor+2(P7) = hjz; for some x; in the classical May spectral sequence.
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Proof. Since j > 2, we do not consider r =0 and £ = 0. When » =0 and k£ > 1 we have
dy(PHY) = dy(P) - P +dy(P%*) .- P
= d,(P) - P%*
= hihs - P?*.
In the F4 page of the classical May spectral sequence we have
P? - hy = h{i + 7Phady.
Then
hihs - P?* = hi. P?*=2. p2p,
= hg - P?*=2 . (h2i + 7Phydy)
= hY - hoP?*2%,
When r > 1 we have
dor2 (P2 CETD) = dypa (PR . P27
= dyr+2(P?) - PYR) 4 dypa (PTER) . PY
= dyr2(P?) - 7R,

Using Nakamura’s formula [29, §4 page 14| we get

r r+1 r+2 r+1
doyrs2(P?) - PX% = p2h, . PP
15 or+2_5 or+1p
—ho'ho h7-+3P .

O

We denote by Z; the motivic element of Chow degree zero corresponding to z; (defined

in Lemma 5.12) via the Chow degree zero isomorphism in Theorem 4.19.

Remark 5.13. In the proof of Lemma 5.12, we actually show that dy-+2(P7) = hiy, for some

y; in the classical May spectral sequence. However, in order to prepare for Lemma 5.14, we
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prefer the statement stated in Lemma 5.12.
Lemma 5.14. In Ext, for j > 2, the Massey product (hs, hy, hiZ;) equals hag’.

Proof. The motivic elements hag’, he, hy and hiZ; all have Chow degree zero. They corre-

spond to classical elements P7hy, hy, hg and hjz; via the Chow degree zero isomorphism in

Theorem 4.19.
Classically we have P'hy = (hy, ho, hgx;). We obtain the desired identity by the Chow

degree zero isomorphism. O

Remark 5.15. The g in hyg’ in the above argument is not the operator g. We write hyg’
for the element of Ext which corresponds to the classical element P7hy via the Chow degree

zero isomorphism in Theorem 4.19.
Lemma 5.16. The sets g'm, g’l and g’r are non-empty for all j > 0.

Proof. For j = 0 the set g/m contains m, g’l contains [ and g’r contains 7. For j = 1 the

set g/m contains gm, g’l contains egm and g’r contains gr. For j > 2 we have
hg(hl, hilli'j, m> = <h2, hl, hilli']> M = hggj -m

in which the last identity is by Lemma 5.14. Consider an element 8 in (hy, hiz;, m). We

apply ¢ to get
ho¢(B) = hag’$(m) = hang’ ™.
By inspection of Exta 2y, we have
¢(B) = ng’*.

Therefore g/m contains 3, and is non-empty.

The same argument is applied to g/l and g’r. O

Lemma 5.17. The set TAhg/T! is non-empty for all 7 > 0.
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Proof. The set TAhyg is non-empty since it contains 7Ahg.
When j > 1, the set 7TAhg/™ D r - g/~lm is non-empty since g/m is non-empty by

Lemma 5.16. Here we are using the identity 7Ah1g - g = ¢(r) - ¢(m) in Exta (). m|
Lemma 5.18. The set g’ is non-empty for any j > 0.

Proof. The claim for j = 0 and j7 = 1 is proven by explicit low dimension calculation [18] [12].

By Lemma 5.14
(1, hi%j, hi)hy = 7(h1%;, hy, ho) = Thag.
Consider an element v in (7, hiZ;, hi). We apply ¢ to get
¢(7)hg = Thag’.

By inspection of Exta (o) [17, Theorem 4.13],

Therefore g’ contains 7, and is non-empty. O
Lemma 5.19. The set TPig/*! is non-empty for i >0 and j > 0.

Proof. The case i = 0 is established in Lemma 5.18. Now we assume ¢ > 0. When j = 0, by
Lemma 5.10 the set Pi~!dy is non-empty. Consequently, 7P*"'d3 is non-empty. We consider

an element = in 7TP"'d3. The set P?(Tg) contains = because
¢(x) = TP ds = TP (Pg + hiAhy) = TP'y.

When j > 1, consider z in 7g7. Since hid(z) = h}-7¢? = 0 in Exta(2), P'gz is non-empty

by Lemma 5.11. Therefore 7P‘g/™! = P’gx is non-empty. O
Example 5.20. The set 7Pg contains 7d3.

Now we can prove Theorem 5.8.
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Proof. We will prove that P‘g/\ is non-empty. For all ¢ > 0 and j > 0 we have the following

inclusions of sets.

PingAhleo D) ng : PiAh16(),

Pglegr D Plegy - glr,

Pigieym D Pley - g/m,

P"ngeog2 D Pieo -l

Pigidyr D Pidy - g’r,

Pig/dym O Pldy - g'm,

Pigitelg O Pleg - Tg’t,

PingAhleg D 71g’ - P'Ahieg - e,

Pigidyl D Pid, - g,

Pingeg D ng . Pieg,

P'g/TAhidoeg 2 77 - P'Ahyeq - do,

Pig/dyer O P'dy - g'r - .

The set g’ - P*Ah;eq consists of all products z - y in which z is an element of 7g’/ and y is
an element of P!Ah;eq. The same interpretation is applied for other sets on the right hand
side.

The sets on the right hand side are all non-empty because of Lemmas 5.10, 5.16 and 5.18.
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For example, since 7g’ and P*Ah,eq are non-empty,
Pig/tAhieq O 7’ - P'Ahyeg

is non-empty. Therefore, the sets on the left are all non-empty.
Several values of A remain.
Now consider A = 7¢%. The set P'g’/(7¢?), or TP'g/*2 is non-empty by Lemma 5.19.
Next consider A = gr. The case ¢ = 0 is established in Lemma 5.16. We consider ¢ > 0.
Since g’r is non-empty by Lemma 5.16, we consider any element z in g’/r. Since hip(z) =
h3n? - g% = 0 [17, Theorem 4.13], then P‘g/A = P’gz is non-empty by Lemma 5.11. The
same argument is applied for A = gm.
Finally, consider A = 7Ah;g. The case i = 0 is established in Lemma 5.17. We consider
i > 0. When j > 0, since 7Ah;g’ is non-empty by Lemma 5.17, we consider any element
x in TAhyg’. Since hig(z) = hiTAhy - ¢ = 0 [17, Theorem 4.13|, then Pig/\ = Pigxr is
non-empty by Lemma 5.11. When j = 0, since
H(TP 7 dy - dgAhy) = TP dAAL
= 7P (Pg+ h}Ah)) ARy
= PitAhg,
PitAh, g contains 7P~ 'dy- Ahydy, so it is non-empty. Therefore, the set 7¥P?g/\ is non-

empty. The non-triviality of elements in 7°P?g’ ) is obtained by comparison to Ext AQ2)- O

The multiplicative structure of the wedge family. We are mostly interested in
the My-module structure of the wedge. However, it also has multiplicative structure. To be

precise, the wedge is closed under multiplication.
Proposition 5.21. Fori> 0,57 >0,k >0 and A € A, the set

{r € Ext:x € T"Pigi\}
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15 closed under multiplication.
Proof. 1t is sufficient to prove that for > 0,7 > 0,k > 0 and A € A the subset
{T"P'g?p(N)}

of Exta(s) is closed under multiplication. This is done by using [17, Theorem 4.13]. O

5.1 The elgh family

The wedge family is not optimal in the sense that there exist elements of weight greater
than the weight of elements in A. For example, the wedge element 7e2g in A being of weight
31 is not optimal because the element eZg in Ext is of weight 32. Table 6 lists all such elements
in A. The analysis of elements in A leads us to the study of two families efg* and Ah,elgk.
Unfortunately, these two families have complicated behavior. We state two conjectures on

them. If these two conjectures are correct, then we obtain two other systematic phenomena

in Ext.
Table 6:
element of the wedge | weight | element of higher weight | weight

TAh160 22 Ah160 23

Ted 29 el 30

TAhldoeo 30 Ahldo * € 31

Tedg 31 €0 €0y 32

TAhleg 32 Ah160 * €0 33

Remark 5.22. By g’ we mean g’(1) which is understood in the sense of Definition 5.1.
Lemma 5.23. The set g’ is empty for all j > 0.

Proof. We prove the statement via contradiction. Suppose that g’ is non-empty. Consider

any element z in g’. Since x maps to the non-zero element ¢’ in Exta(), x is non-zero.
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Furthermore, because x has Chow degree zero, x corresponds to a classical element at degree
(87,4j) in Exty via the Chow degree zero isomorphism. However, Ext. is zero in degrees

(87,44) for all non-negative integers j [1|. Therefore,  does not exist. a

Lemma 5.24. The set dyg contains e}.

Proof. We have ¢(ef) = ef = gd. The last identity is because e = gd in Exta ). O

We study the behavior of the sets Pigited, PigitAhiey, Pig/TAhidyey, PigiTedg and

Pig/TAhyed for i > 0 and j > 0.

Theorem 5.25. The sets Pigited, Plg/TAhjeq, P'giTAhydoey, PigiTelg and Pig/TAhye?

contain an element divisible by T if
e 1 >0andj=0, or
e >3532>1, or
o 1 <i<j <3

Proof. Consider P'g/te3. When ¢ = 0 and j = 0, the element 7¢} is divisible by 7. When
i > 1 and j = 0, the set TP’} contains the element 7 - P’ej which is divisible by 7. Apply

Example 5.20 and Lemma 5.24 to get:

e When i > j > 1, the set 7P’g/e} contains the element 7 - d>’ - Pi~7e} which is divisible

by 7.

e When 1 <i < j < 3i, the set TP'g/e3 contains the element 7 - d3' 7 - eg(j_i)Jrg which is

divisible by 7.

The same argument can be used for P'g/TAhjey, PigiTAhidoey, PigiTelg and

PigitAhel. O
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There are unknown cases from Theorem 5.25. Consider P'g/rej. When ¢ = 0 and j > 1,
the set 7elg’ is not known fully. When 3i < j, the set P’g/7e} contains the set 7ep t3gi =
which is not known fully. The same story happens to P'g/TAhyey, P'g/TAhidyey, PlgiTelg

and Pig/TAh;e? which leads us to an observation that there are two sets Ahjejg® and efg®

for Kk > 0 and ¢t > 1 which are not known fully.

Remark 5.26. By “not known fully" we mean that we do not know if the sets Ahjejg® and
ebgh are non-empty in general. The low dimension calculations show that they are empty

with some values of £ and k£ and non-empty with some other values.

Remark 5.27. Since Ah, is not an element of Ext, Ah;g" is not defined. Therefore, we do
not consider the set Ahjelg® when ¢t = 0. We do not consider the set e‘g® when t = 0 either

because the set g* is known to be empty by Lemma 5.23.

Lemma 5.28. If ebgh is non-empty, then eig® consists of elements which are non-zero in
the hy-localization Ext[hy"].

Proof. For any element z in e{g* and any non-negative integer n, we have ¢(hix) = hielg"

which is non-zero in Exta () [17, Theorem 4.13]. Consequently, h7x is non-zero in Ext. In

other words, x is non-zero in the hi-localization Ext A[hl_l]. O
Proposition 5.29. Let t and k be non-negative integers. If a(t+k) > t, then eigF is empty.

Proof. (Via contradiction) Suppose that e g" is non-empty. As a result, its elements survive
the hj-localization by Lemma 5.28. Note that elements of ejg* have Chow degree ¢ and
coweight (7t + 8k). By Theorem 4.13, after considering Chow degrees, any element of efg®

maps to a summation of monomials of the form

in Exta[hy ] for some n,m and m; > 3. By comparing coweights, we have

t—4An—m

Tt+8k=4n+3m+ Y (2™ -1).

1=1
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Then

t—4An—m

&t + 8k = 8n +4m + Z A
i=1

Since m; > 3, m has to be even, i.e., m = 2m/’ for some non-negative integer m’. We obtain

t—4An—m

tdhk=n+m + Z omi=3,
=1

By Lemma 4.16,
alt+k) <aln)+a(m)+t—4n—m=t+ (a(n) — 4n) + (a(m’) — 2m’) < t.
O
Corollary 5.30. If egg® is non-empty, then k = 2" — 1 for some non-negative integer n.

Proof. Since eygF is non-empty, a(1+ k) < 1 by Proposition 5.29. Then 1+ k = 2" for some

non-negative integer n. |
We state the following conjecture.

Conjecture 5.31. The set eyg” is non-empty if and only if ¥ = 2" —1 for some non-negative

integer n.

We mention some evidence supporting the conjecture. The elements egg and egg® survive
in Ext (by explicit computations). Also, the conjecture fits nicely with the properties of the

hy-localization of Ext [14].

1

Theorem 5.32. Suppose that eog® ~' is non-empty for every non-negative integer n. Then

etgh is non-empty if and only if k = (Zle 2") — t for some non-negative integers n;.

Proof. If ebgh is non-empty, then by Proposition 5.29 we have a(k +t) < t. As a result,

kE+t= Z:?:l 2™ for some non-negative integers n;. In other words,

k:(zt:Q”i)—t.
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1

Conversely, if k = (Zzzl 2mi) — t, since epg?" ~! is non-empty for all n; then

¢k on1 1 ont 1
8" 2 eog “r €08

is non-empty. |

Remark 5.33. The condition k = (32¢_, 2™) — t is equivalent to a(k +t) < t. In practice, we

use the latter condition rather than the former one.

5.2 The Ahjelgh family
Proposition 5.34. If a(1 +k+t) >t fort > 1 and k > 0, then the set Ahyelg" is empty.

Proof. (Via contradiction) Recall the following commutative diagram [14]
Ext L) Exta(2)
J Js
Ext[h!] —2— Extao[h"]
Suppose that Ahjelg” is non-empty. Then it contains an element z. The element z maps

to the element Ahleggk in Exta(g), surviving h;-localization. The element Ahleggk maps to

—2k—5, 4 242k+t, t | 1 —2k+1, A4t 2k+t
hi vyaj vy + Iy vy tay

in Exta()[hi'] via L.
Since a(1+ k+t) > t, the term h**“Pvla?2* 4t is not in the image of ¢ : Ext[h;'] —

Exta[hi'] by Lemma 4.18. i

Lemma 5.35. For any integer k > 0, there is no element x in Ext such that ¢(x) = Ahyg*

m EXtA(2) .

Proof. We apply the same argument as in Proposition 5.34. O



46

By Proposition 5.34, a necessary condition for the set Ahjeyg’ to be non-empty is (2 +
j) <1, or j = 2" — 2 for some non-negative integer n. Unfortunately, we do not know if it

is sufficient. We state the following conjecture.

Conjecture 5.36. The set Ahjegg’ is non-empty if and only if j = 2" — 2 for some non-

negative integer n.

Theorem 5.37. Suppose that eog® ~' and Ahyeog? =2 are non-empty for every non-negative
integer n. Then Ahielgh is non-empty if and only if k = (22:1 2") —t — 1 for some non-

negative integers n;.

Proof. If Ahyebg® is non-empty, then a(1 +k +¢) < tor k= (3._ 2") —t — 1 for some
non-negative integers n;.
Conversely, if k = (3'_, 2™) — ¢ — 1 for some non-negative integers n;, then Ah;elg

contains the set
2" 9 2Mia 1 2Mit —1
Ahiepg €0g CL..e08

which is non-empty. O

5.3 The wedge at filtrations f =4k and f =4k + 1 for k£ > 2

At filtrations f = 4k + 2 and f = 4k 4 3 for k > 2, the wedge is optimal in the sense
that all elements are of the greatest weight. At filtrations f =4k and f =4k + 1 for k > 2,
the wedge is not optimal in the sense that there exist elements in Ext which are of weight

greater than the weight of the wedge elements.

Theorem 5.38. Suppose that eog® ~*

is non-empty for every non-negative integer n. Then
at filtration f = 4k for k > 2 the set Tejg"~* contains an element divisible by T if s > a(k)

and does not contain any element divisible by T if s < a(k).
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Proof. 1f s > a(k), by Theorem 5.32 and Remark 5.33 the set ejg"~* contains an element .

Then reig”

~¢ contains the element 7 - z divisible by 7.
If s < a(k), we suppose that Te5g"~* contains an element 7-y divisible by 7. The element
7 -y maps to Te5gF % in Exta(2). Then y maps to esg % in Exta (). In other words, y is an

element of the set ejg®*. However, since s < a(k), the set e5g"~* is empty by Proposition

5.29. i

Theorem 5.39. Suppose that eog® ~' and Ahieog? 2

are non-empty for every non-negative
integer n. Then at filtration f = 4k + 1 for k > 2 the set TAhyejg"*~1 contains an element

divisible by T if s > a(k) and does not contain any element divisible by T if s < (k).

Proof. 1f s > a(k), then by Theorem 5.37 the set Ahjejg?~*~1 contains an element x. Then

k—s—1

TAh€g contains the element 7 - x divisible by 7.

k—s—1

If s < a(k), we suppose that TAhiefg contains an element 7 -y divisible by 7. The

s k—s—1
g

element 7 -y maps to TAh;e; in Exta(2). Then the element y maps to Ahefg" " in

Exta(2). In other words, y is an element of the set Ahyejgh=s~1. However, since s < a(k),

the set Ahjejgh =1 is empty by Proposition 5.34. O

Corollary 5.40. At filtration f =4k + 1 and f = 4k for k > 2 and s < a(k), all elements

in the sets Teyg®=* and TAhyeigh =71 are optimal.

5.4 The wedge chart

This chart shows the wedge from its vertex to stem 70.
e Solid dots and open circles indicate copies of M.
e Solid dots indicate elements which behave irregularly, as in Propositions 5.29 and 5.34.

e Open circles indicate elements which behave regularly.
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Figure 1: The C-motivic wedge through the 70-stem
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CHAPTER 6 THE C-MOTIVIC UNSTABLE ADAMS
SPECTRAL SEQUENCE PROGRAM

6.1 The classical unstable Adams spectral sequence
We recall that the suspension from S™ to S™*! induces a group homomorphism
[Sn—i-k’ Sn] N [Sn—i-k—i-l’ Sn—i—l].

This group homomorphism is not isomorphic when n < k + 1 in general. In that case, the
group m,4x(S") = [S"T* 8" is called the unstable homotopy groups of spheres. Unfortu-
nately, computing the unstable homotopy groups is much harder than that for the stable
ones. One of the reasons is that the unstable homotopy groups do not have many structures
allowing computations.

Much of the knowledge about the unstable homotopy groups comes from homology groups
via the Hurewicz theorem, the Serre spectral sequence, the Hopf fibrations and the EHP
spectral sequence.

We discuss how to use the Hopf fibration
Stes 5% — 52

to compute the group m3(S5?). The above Hopf fibration gives rise to the following long exact
sequences of homotopy groups

om3(S1) —— m3(SP) —— m3(S?) 7

5
[—> m(SY) ——— m(S3) ——— ...

Since m3(S) = 0, my(S) = 0, m(S?) = 0 and 73(5%) =2 Z we have the following short exact

sequence
0 — Z — m3(S%) — 0 — 0.

Then m3(5?)/Z = 0 or m3(5?%) = Z.
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Remark 6.1. We have
o m,(SY) =0 for all m > 1.
o 7, (S") =0 for all m < n.
o 7,(S") 2 Z for all n > 1.

Unfortunately, there are only four Hopf fibrations of spheres. Also, the use of the Serre
spectral sequence or the EHP spectral sequence to compute the homotopy groups of spheres
is complicated and not able to carry to high dimensions.

The success of the classical Adams spectral sequence for stable homotopy groups suggests

to look for an unstable version for the Adams spectral sequence.

6.1.1 The classical unstable Adams spectral sequence

We denote m,(X) = @p>omr(X).

The each space X being simply connected, Curtis [9] defines a spectral sequence which
converges to m.(X). Then Rector [32| defines a mod-p version of this spectral sequence
converging to the p-primary component of the group m,(S™) and it appears to be a good

candidate for an Unstable Adams spectral sequence.

6.1.2 The classical Lambda algebra

The classical Lambda algebra is defined by Bousfield et al. However, in this thesis we

prefer using John Wang’s description for the Lambda algebra.

Definition 6.2. The classical (mod-2) Lambda algebra A is an associative bigraded Fo-

algebra with generators A, € A*"™! (n > 0) and relations

n—j—1
)\i)\2i+1+n = Z ( j ))\i+n—j)\2i+l+j

>0 J
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for i,n > 0 with differential

d) = (” ; j) Ayt

j>1

Remark 6.3. The Lambda algebra is not commutative.

We can define the mod-p Lambda algebra. However, as mentioned before, in this thesis

we always choose p = 2.

Remark 6.4. For the purpose of studying the homotopy groups of spheres, we would like to

use the bigrading A™! instead of A" as defined in Definition 6.2.

The Lambda algebra has chain complex structure. Its homology is isomorphic to the
Es-page of the classical Adams spectral sequence for the sphere spectrum or the cohomology

Ext,; of the classical Steenrod algebra.

Theorem 6.5 (Bousfield et al). The homology of A with respect to the differential d is

1somorphic to the cohomology of the classical Steenrod algebra,
H(A) = EXtd.
The defining relations of the Lambda algebra suggest the following definition.

Definition 6.6. A monomial \; \;, ---A;, in A is admissible if 2, > i, for 1 < r < s.

A(n) is the subcomplex of A spanned by the admissible monomials with i; < n.

Theorem 6.7 (Rector). The homology of A(n) is isomorphic to the Es-page of the (classical)

unstable Adams spectral sequence converging to m.(S™),

H(A(n)) = Ey(S™).

6.1.3 Computing the homology of the Lambda algebra

Now we discuss how to compute H(A) and H(A(n)). Unfortunately, because of the non-

commutativity of A, the computation by hand is very ineffective at high dimensions or with
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large values of n. The key to this computation is to choose the right basis. We will discuss
Curtis’s idea to set aside the vast majority of monomials which are irrelevant.

One of the advantages of the Lambda algebra over the May spectral sequence in com-
puting the F, page of the Adams spectral sequence is that all the product structure of the
E5 shows up. (We discussed in the chapter about spectral sequences how spectral sequences

lose product structure.)

6.2 Looking for a C-motivic Lambda algebra

Our main purpose is to construct a C-motivic version of the unstable Adams spectral
sequence converging to the homotopy groups 7, (S??) of the motivic sphere SP4. However,
we still do not know how to do it. One easier problem, suggested by Theorem 6.7, is to
define a C-motivic version A® of the classical Lambda algebra. We hope that the homology
of A% gives information about the Ey-page of the desired C-motivic unstable Adams spectral
sequence. The author wants to thank Eva Belmont for her useful suggestion to this problem.

The desired motivic Lambda algebra A® should have its homology isomorphic to the
cohomology Ext of the motivic Steenrod algebra. We emphasize that we already know Ext

up to at least the 70th stem [18]. The main problem of this section is as follows.

Problem 6.8. Define a C-motivic version A of the classical Lambda algebra such that

H(A®) = Ext.

Priddy suggests another approach to construct the classical Lambda algebra. Unfortu-
nately, it does not work in the C-motive context where we work on the My-algebra structure
rather than the Fo-algebra structure as in the classical case. However, this approach suggests
a very interesting algebra which is expected to be the desired motivic Lambda algebra. With
an abuse of names, we will call it the motivic Lambda algebra A°.

We recall that My is the polynomial ring Fao[7] with one generator 7 having bidegree
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0,1).

Definition 6.9. The motivic (mod-2) Lambda algebra A® is a trigraded Ms-algebra with
generators \, € A" (n > 0) and the relations

n—j3j—1
AiAgip14n = Z ( ] )T?Ai+n—j>‘2i+1+j

J=0 J

for i,m > 0 with the differential d()\¢) = 0 and

dn) =Y (" - j) Aidjo1.

=1 N/

n+1 n_—l—lJ

having motivic weight |3

Remark 6.10. Using Priddy’s method, we assign A, to Sq

We refer to the third degree of A® as its weight.

Remark 6.11. If n < k, then (Z) =0.

The motivic Lambda algebra is very similar to the classical Lambda algebra. There are
two differences. First of all, the motivic Lambda algebra is an Mj,-algebra. Secondly, it is
trigraded. As a result, 7 appears in the relations. The symbol ? stands for either 0 or 1,
depending on which value makes the formula balanced in weight. The element 7 does not
appear in the formula for the differential because the weights on both sides are already
balanced.

Unfortunately, we still do not know if the homology of A% is isomorphic to Ext. We have

the following conjecture.

Conjecture 6.12. The homology of the motivic Lambda algebra is isomorphic to the

cohomology of the motivic Steenrod algebra,

H(A®) = Ext.

We use the shorthand a for A\, and a b for A\, \y. In the classical case wehave 1021 =1111
but motivically we have 1 02 1 = 7(1 1 1 1) because of weight reasons. It leads to a very

important differential.
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Proposition 6.13. We have
d221)=7(1111).

Proof. 1t is straight forward from the formula for the differential and the relation 1 0 2 1 =

7(1111). o

If Conjecture 6.12 is correct, then the homology class A;, a generator, in H (AC) maps
to the element hy in Ext because of degree reasons. The above differential implies that the
class 7(A\)* = 0 in H(A®). As a result, 7h? = 0 in Ext which fits perfectly our knowledge
about Ext. Unfortunately, this is the only motivic fact we know on H(A®) which fits our

knowledge about Ext.

Lemma 6.14. For any integer x, we denote p(x) to be the exponent of 2 in the prime

factorization of x. For any integers n > 1 and k > 0 such that 2™ > k we have

Proof. We suppose that £k = 2™y for some integers m > 0 and y odd. Then 2" — k =

2m(2"=™ — y). Since 2" > k then n > m. It implies that (2"~ — y) is odd. Consequently,

Lemma 6.15. For a positive integer n we suppose that 2° is the highest power of 2 which is

not greater than n, i.e. 2° <n < 25t — 1. Then

1 p(n!) = 5] + 5] + ...

,_
E
| I—

2. Forz=(n+1)(n+2)...(2n) we have

p() 2 5]+ 5] + - g

— 1.
QSJ *

Proof. The first statement is straight forward from the observation that from 1 to n there

n

7 | numbers which are divisible by 2*.

are exactly |
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To prove the second statement we first observe that in n consecutive positive integers
there are at least gz | numbers which are divisible by 2% for k < s. Consequently, we have

p(@) 2 |51+ 5]+ L5 ).

Since 2° < n < 2571 —1 then n+1 < 2Tt < 2n. The power 2"! contributes one more factor

2 to x. It then implies the desired inequality. O

Proposition 6.16. For all n > 0 we have
d(>\2n_1) == O

Proof. Since d(\g) = 0 we only have to prove the statement for n > 1. By the differential
formula we have
o) =Y (Qn _jl -/ ) Aot Ap.
Jj=1
We only have to consider non-zero coefficients (Qn_jl_j ) on the right hand side. We will show
that (2n_jl_j ) is an even integer for all n. As a result, all coefficients on the right hand side

of the above formula are zero. We have

(zn—l—j) @)@ =212 == 1)
j 0)! |

By Lemma 6.14 we have p(2" — 2j) = p(2j),...,p(2" —j — 1) = p(j + 1). Then

pl(2" =25)(2" =2j+1) - (2" =7 = 1) = pl(27)(2j +2) ... (G + D].

n__

By Lemma 6.15 we have p[(25)(2j +2) ... (j + 1)] > p(j!) + 1. Then the number (* jl_j) is

even. a

Proposition 6.16 gives a class of generators of H (AC) containing only one element \; for
some i. By degree reasons, if Conjecture 6.12 is correct, then the generators Agn_; of H(A®)
correspond to the generators h,, of Ext. The proof of Proposition 6.16 also works for classical

case.
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Definition 6.17. A monomial \;; \;, --- \;, in A is admissible if 24, > 4,44 for 1 < r < s.

A®(n) is the subcomplex of A® spanned by the admissible monomials with i; < n.

If A" satisfies Problem 6.8, then we can compute the homology of A%(n). We expect that
this homology is isomorphic to the Fs-page of a motivic unstable Adams spectral sequence

which we are looking for.

Problem 6.18. Compute H(A%(n)).

What can we learn from H(A®(n))? Classically, the subcomplex A(n) is the input to
compute 7,(S™). However, the motivic spheres SP¢ are bigraded. As a result, in order to
compute 7,579 we need a bigraded input. There is a possibility that H(A%(n)) may give

information about @,m, 5P but it is still an unknown problem.
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Computing the stable homotopy groups of the sphere spectrum is one of the most im-
portant problems of stable homotopy theory. Focusing on the 2-complete stable homotopy
groups instead of the integral homotopy groups, the Adams spectral sequence appears to be
one of the most effective tools to compute the homotopy groups. The spectral sequence has
been studied by J. F. Adams, M. Mahowald, M. Tangora, J. P. May and others.

In 1999, Morel and Voevodsky introduced motivic homotopy theory. One of its conse-
quences is the realization that almost any object studied in classical algebraic topology could
be given a motivic analog. In particular, we can define the motivic Steenrod algebra A, the
motivic stable homotopy groups of spheres [27] and the motivic Adams spectral sequence. In
the motivic perspective, there are many more non-zero classes in the motivic Adams spectral
sequence, which allows the detection of otherwise elusive phenomena. Also, the additional
motivic weight grading can eliminate possibilities which appear plausible in the classical
perspective.

To run the motivic Adams spectral sequence, one begins with Exta (My, My). The alge-
bra Exta(Ms, M) is infinitely generated and irregular. A natural approach is to look for
systematic phenomena in Exta (M, M). One potential candidate is the wedge family in
Exta (My, My).

The classical wedge family was studied by M. Mahowald and M. Tangora [21]. It is a
subset of the cohomology Exta_ (F2,Fy) of the classical Steenrod algebra, consisting of non-

zero elements P'g’\ and ¢’t in which X isin A, tisin T, ¢ > 0 and j > 0. The sets A and
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T are specific subsets of Exta_ (Fo2,Fs). The wedge family gives an infinite wedge-shaped
diagram inside the cohomology of the classical Steenrod algebra, which fills out an angle
with vertex at ¢g? in degree (40,8) (i.e. g* has stem 40 and Adams filtration 8), bounded

above by the line f = -s — 12, parallel to the Adams edge [1], and bounded below by the

p
line s = 5f, in which f is the Adams filtration and s is the stem. The wedge family is a large
piece of Exta (Fs,Fy) which is regular, of considerable size and easy to understand.

Using this idea we build the motivic version of the wedge. However, it appears to be more
complicated than the classical one. The motivic wedge family takes the same position and
same shape as the classical one. However the vertex of the motivic wedge is at 7¢? in degree
(40, 8, 23) having weight 23. Note that g? in degree (40, 8,24) does not survive the motivic
May spectral sequence [18]. Our main result, Theorem 5.8, states that the subsets 7*Pigi\

are non-empty and consist of non-zero elements for all A in A.
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