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CHAPTER 1 INTRODUCTION

Heterogenous materials comprise a family of widely tailorable materials that are abound
in nature as well as man made products. The focus of this work is on a basic category of these
materials: composites comprised of two isotropic phases. This category retains a rich set of
widely studied materials due to their immense industrial utility. It includes materials with
periodic characteristics such as laminated structures, as well as random materials which can
only be described in statistical terms. Some examples of these random materials are fiber
and particulate reinforced materials such as polymer matrix and metal matrix composites.
This work considers the more narrow category of random composites, which can be further
decomposed into macroscopically isotropic or anisotropic cases. This work gives solutions
for the special case of macroscopically isotropic materials which provides the foundation for
expanding to the more general anisotropic case.

The local fields for problems of elasticity (e.g. stresses, strains, etc.) within composites
are the major interest in engineering since they drive critical processes such as fatigue and
fracture. A similar, but much simpler problem, arises from problems of electrical conductiv-
ity. Since the results for electrical conductivity are also mathematically equivalent to heat
conduction as well as dielectric polarization, these results are also useful for problems of
thermal and electric breakdown as well as effective conductivity of composites. Although
problems of conductivity do not have as many practical applications as those of elasticity, this
work is focused on this simpler task, electric fields, bearing in mind the methods developed
can be extended further to the case of elasticity problems.

The primary results in the field of heterogenous materials has been in methods for es-
timating the effective properties. For electrical conduction problems this is the effective
conductivity, and for elastic problems, the effective elastic constants. Here a brief discussion
is given with details given in Section 1.1. In the case we only have knowledge of the one
point material probability density functions (PDF), which for two phase composites are the

concentrations, effective properties for any two phase composite fall within the Voight and



Reuss bounds. For the focus of this work, statistically isotropic composites, effective proper-
ties fall in a much more narrow band, the Hashin-Shtrikman bounds [1]. Here, statistically
isotropic composite is defined as the two material PDF depending only upon the spacing
between two points of observation but not the direction. With these two sets of bounds, we
do gain an estimate of the average field within each phase, but nothing on the distributions
within each phase. To develop improved physics based models which depend on local fields
such as fatigue, fracture, and thermal breakdown, the statistical characteristics of internal
fields is required.

With full knowledge of the statistical characteristics of the internal fields we know not
only the effective properties since they can be found through methods of homogenization
using the first and second moments of the internal fields (e.g. see 2.58), but also now have
the ability to develop the desired improved physics based models that depend on detailed
knowledge of local fields. This work is focused on first understanding the nature of the
internal field statistics within a particulate composite, then since the one and two point
distributions can be found from experimental observations, developing a method using this
additional data to not only make improvements upon the Hashin-Shtrikman bounds thereby
providing an even more accurate estimate of effective properties, but also give an expanded
level of insight into the internal fields.

In Chapter 2, probability distributions of electric field and electric potential in two-phase
particulate composite materials with randomly placed spherical inclusions are found in the
limit of small particle concentration by conducting a statistical superposition of the solution
for a single spherical inclusion. This analytical solution provides detailed insight into the full
statistics of internal fields within a composite of randomly placed spheres. Since this result
arises from a statistical superposition of the solution of a single spherical inclusion, it also
retains the feature of having a potential field.

Within this work, only steady state solutions are sought, and in the case for both con-

ductivity and elasticity problems the true solution is a potential field. For elasticity the field



is position, and for conductivity it is temperature or electric potential. Since true solutions
have the feature of potentiality, but analytically computing the internal fields may not be
possible for other microstructures, a method of approximating internal fields which retains
the feature of potentiality is necessary to ensure a realistic estimate is developed.

In Chapter 3, a framework for considering a finite number of field fluctuations within
a random statistically isotropic two phase composite is developed. It is the major achieve-
ment of this work that sufficient analytical simplifications of the microstructural and joint
microstructure internal field statistics, as well as the potentiality and positive definiteness
conditions, were reduced to only two unknowns in the case of three fluctuations and have
been developed to easily allow consideration of additional fluctuations. Since constraints for
potentiality were formed, the solution, probabilities and values of field fluctuations, can be
determined using the variational principle of homogenization in statistical terms.

In Chapter 4 the variational principle of homogenization in statistical terms [2] is used
to develop an approximate solution in the case of three field fluctuations in one phase and
a homogenous field in the other phase. For future work, the approach is easily extended to
additional field fluctuations, which will improve the resolution and prediction of the internal
fields.

In Chapter 5, an outline of the process necessary to generalize the solutions developed
from the two dimensional case to three is presented, and the application of the Hashin-
Shtrikman variational principle [3] briefly discussed.

1.1 Homogenization of Two Phase Composites

This section summarizes important homogenization results in the case of a two phase
composite with isotropic phases. For further details and discussion, see the reviews of this
field by Torquato [4] and Berdichevsky [3]. Homogenization is a procedure which allows
the precise description of the averaged properties of a heterogeneous media. For the case

of conductivity, effective properties by homogenization are determined from the variational



problem

1
eff :
ag; viv; < min I /aij (z) (v + u;) (vj + u;) dz, (1.1)

v

where z is a point in space, a,; are conductivities, v; average field over the composite, u; field
fluctuations within the composite, and X are some constraints (e.g. boundary conditions).
Here summation over ¢ and j is implied and they run values from 1 to the dimensionality
of the problem (i runs 1,2 for two dimensional problems and 1,2, 3 for three dimensional
problems).

Considering two phase composites comprised of isotropic phases
a;; () =a; forx € Vi and a;j () = ay for x € V5 for any i or j,

the classical solutions are the Voight, Reuss, and the Hashin-Shtrikman [1] bounds on ef-
fective conductivity. The Voight and Reuss solutions provide an upper and lower bound on
effective conductivity, respectively, for any composite and the Hashin-Shtrikman solution pro-
vides a more narrow set of bounds in the case of a macroscopically isotropic composite. First,
the origin of the Voight and Reuss bounds will be introduced, then the Hashin-Shtrikman
bounds which originate from an alternative means will be presented.

These solutions arise from the approximation of the field fluctuations in each phase of

the composite by a homogenous field
fi (@) = 16 (a - ﬁ) and f, (@) = 0 (a— Q) .

Here, f; (1) is the probability of observing field value @ within the first phase and similarly for
f2 (@), R the field fluctuation in the first phase and similarly for @ in the second, where & (z)
the Kronecker delta function (§ (0) = 1 else 0). Also ¢; and ¢y are the volume concentrations
of phase one and two, respectively.

These solutions are all approximate since the field is not actually homogenous within each

phase for any composite, except for the trivial degenerated case of a homogenous composite



(i.e. Reuss Bound) or laminated composites which the flux is orthogonal to the laminations
(i.e. the Voight Bound). In the case of a particulate composite this can be seen, e.g., in
Chapter 2.

Continuing with the case of homogenous field fluctuations within a two phase composite,
the field fluctuations by definition must vanish over the composite

clé + 62@ =0 then Cj = —C—lﬁ.
Co

Without loss of generality, let the direction of the applied field ¥ be in the 1-direction

2 . : 2
off < ) R 9 B 2 dim R 9 dim 2 ‘
ajivivr <minaic; (v + Ry)™ + ages (0 Q1] +acr ) (Ri)” +axca ), Qi ,
ueX Ca i=2 i=2 \ (2

where dim is the spatial dimension of the problem, ¢; is the volume concentration of the

first phase, and similarly for ¢, in the second phase

1 1
clzm/d@" and @zm/daﬂ.
1% Vo

As noted the Voight solution corresponds to the special case of a homogenous field throughout

the entire composite (i.e. ‘ﬁ ) = 0), after dividing through by v;v; we have
eff
aj < aicr + agcy,

Minimizing over the orthogonal direction (i.e. R; = 0 for ¢ # 1), dividing through by

(vl)z, and dropping of subscripts results in the simple relationship

—

R

eff < 3 1 JLEN B r—— . 1.2
a - < gél}f(l a1C1 + ‘2_),‘ + a2 ( )

The Voight and Reuss solutions are the arithmetic and harmonic averages of the phase



conductivities

-1
C1 C2 a1az

a™ = ayc; + asey and o = [ =+ = _
ay Qg a1C2 + asCy

respectively. As noted the Voight solution corresponds to a homogenous field throughout

the entire composite (i.e. ]%‘ = 0), and the Reuss solution when minimization is executed

free from constraint. The field fluctuation by definition is zero for the Voight solution R = 0,

and for the Reuss
A
- = C
|U

a2 — ay
2—.
a1Co + ascy

The Hashin-Shtrikman bounds [1] bring the Voight and Reuss bounds tighter by the
constraint that the composite is macroscopically isotropic. To do this, they used the principal
that the energy contained within the heterogenous composite is the same as the homogenous
approximation, and then make an additional assumption that the field is homogenous within
each phase. Under these assumptions, an example of a special periodic composite consisting
of an infinite suspension of coated spheres is given to determine that for macroscopically

isotropic two phase composites, a°f has the bounds

1 Cy -1 1 C1 -1
a1+ ¢ + — and ag + ¢y + — .
a9 — Ay 3@1 a; — as 3@2

These same bounds can be found more rigorously though the Hashin-Shtrikman variational

principle as briefly discussed in Section 5.2.

These important solutions will be used to test the extent that the approximations devel-
oped in Chapters 2 and 3 hold.

The methods developed in Chapter 3 yield in particular cases these classical results, but
can also incorporate more subtle characteristics of microstructures like correlation functions.
The Voight, Reuss, as well as Hashin-Shtrikman bounds correspond to the case where the
field fluctuations are homogenous within each phase, and the methods developed in Chapter

3 generalize these results to the case of the field fluctuations being non-homogenous through



an alternative method of homogenization.
1.2 Electric Field Fluctuations in Conductors with Spherical Inclusions

In Chapter 2, the probability distributions of electric field and electric potential in two-
phase particulate composite materials with randomly placed spherical inclusions are found
in the limit of small particle concentration.

The previous analytical results on the statistics of these type of internal fields arise
from the computation of electric fields from randomly placed charges (ions), dipoles, and
quadrupoles [5,6,7,8], as well as similar results in related probability distributions: gravi-
tational fields within a stellar system comprised of randomly placed masses [9, 10], stresses
caused by point defects in crystallographic structures [11, 12], velocity distributions caused
by vortices, temperature field in nuclear reactors, etc. (brief summary given in [13]). These
solutions are all described by stable distributions [13] which include the special cases of
Holtsmark, Cauchy, and normal distributions. In these previous solutions, the total field
disturbance is found by summing the contribution of single defects over infinite space with
a fixed number density.

These previous analytical solutions for point size defects are generalized to finite size
particles in Chapter 2. The internal fields associated with point sized defects create a singular
field value, while for particles field values are finite. Therefore distributions for finite sized
particles are distinct from point defects due to the differing nature of the fields. Previous
efforts for approaching the issue of finite sized defects have been only through numerical
means in the two dimensional case [14,15], but these results do not have generality; these
previous results are only applicable to the concentrations and conductivities studied. In
this work, a general analytical solution was found for particulate composites such that the
solution is applicable to any concentration and conductivities.

The probability distributions were first computed over the entire composite and then in
the matrix of the composite. Then, as a consequence, the distribution which occurs within

particles is also known. The result found is approximate in the sense that particles were



treated as independent and identically distributed, and the solution for the composite was
simply taken as the summation of each particle’s effect on the composite.

Asymptotic analysis and statistics of these distributions was found and results are com-
pared against known bounds on effective properties and variances. Interestingly, distributions
for electric field are found to be independent of particle size distribution. By comparing this
result against the Hashin-Shtrikman bounds it was determined that this result is not valid
for concentrations over 0.26.

As the work of Holtsmark provided a motivation for the study of a diverse set of physical
issues with point sized defects, the approach given in this work can be applied further to
other cases with finite sized defects. This includes both differing physics, such as the elastic
case, as well as alternate microstructures such as the case of ellipsoidal particles in a matrix.

Next the work of Voight, Reuss, and Hashin-Shtrikman of approximating the field fluc-
tuations within each phase as homogenous is generalized by allowing the field fluctuations
to take additional values. To do this, a second means of homogenization was conducted: ho-
mogenization in probabilistic terms using the variational principle for probabilistic measure
2].

1.3 Internal Fields and Microstructure in Probabilistic Terms

In this Section the variational principle for homogenization in probabilistic terms for the
case of an isotropic composite comprised of two isotropic phases is summarized. For further
details and discussion on the variational principal see [3] and for discussion of the correlation
functions in two phase composites [4].

The effective characteristics and statistics of the local fields can be found from the vari-
ational principle for homogenization in probabilistic terms

a‘fjﬁvivj < f(ffbi)léx / a;; (vi + ) (v; + ;) f (a,u) da du (1.3)

where a;; are conductivities, v; average electric field, u; electric field fluctuations, f (a,u) the

joint one-point probability density of conductivities, and u; electric field fluctuations, with



the minimization conducted subject to some constraints X (e.g. potentiality, probabilties,
etc.). Here, the composite microstructure and field fluctuations are defined statistically.

To uniquely describe a particular composite‘s microstructure, an infinite series of prob-
ability distributions describing the spacial distribution of material conductivity is required.
The first description in this infinite series is the one point probability distribution which has
been previously introduced, ¢; and co, the volume distribution of phases. Next, there are
two point characteristics fi1 (7), fi2 (T), fa1 (T), and fas (7), where for example, fis (7) is
defined as the probability of sampling two points separated by the vector 7 over the com-
posite and having the first point in phase one and the second point in phase two. Higher
characteristics, i.e. three, four, etc. point distributions, exist and comprise an infinite chain
of statistical descriptors. These distributions are denoted as a chain of constraints since they
are related to each other. For instance, the two point distribution must be compatible with

the one point distribution

cCl = fll (’F) + f12 (7?) and Cy = f21 (F) + f22 (7?) . (14)

Field fluctuations are also described by an additional infinite series of probabilities that
are joint with microstructural characteristics. The joint one point probabilities f; (%) and
fo (1) statistically describe the field fluctuations within each phase. For example, f; (@) is
the probability of sampling the composite and having an observation in phase 1 with the field
fluctuation . The joint two point probabilities fi; (@; 7, @), fi2 (4;7,4’), and foo (u; 7, ')
relate the field fluctuations and the material conductivity probabilities at two points sepa-
rated by the vector 7. For example, fi5 (4; 7,4') defines the probability of having two points
separated by distance 7 with the first point in phase 1 and with field fluctuation , as well as
the second point in phase 2 with field fluctuation u’. Again, these distributions are related

to each other, the joint two point distributions must be compatible with the joint one point
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distribution

fi(@) = / (o (@ 7.0) + fro (@ 7., 0)) diT
and fy (W) = /(f21 (u; T, 17/) + fao (4; T, ﬁ'))dﬁ'.

Additionally, the the joint probability distributions must be compatible with the microstruc-

tural characteristics
C1 = /f1 (ﬁ) d’l_[, Co :/f2 (ﬁ) d’l_[,
fn(7) = / P (@t 7, ditdit, fro (7) = / Fuo (@ 7, @) diddi,

fa1 (7)

|

!

o
no

B
!
st
QU
I
QU
st

/f21 ('LT, ,71/) dﬁdﬁl, and f22 (F) =

with similar relations for higher order correlation functions. And of course, all of these

probability distributions must be must be non-negative for all values

0 < ClaOSC%ngl(’?>aOSfQ(?)aOSfl(ﬁ)aogLﬁ(ﬂ:)? (15)
0 < fu(?), 0L fi2(7), 0L for (7)), 0L [ (7)),

0 < fu(@7,d), 0< fio(@;7,d), 0< for (4;7,0'), and 0 < foo (a; 7, 0').

There are also symmetries to probability distributions (e.g. fi2 () = fo1 (—7)).

The composite to be studied is taken to lack long range correlation
fll (7?) = (C1(Cq, flg (77) = C1C2, and f22 (’7_") — C9C9 as |7_"| — OO (16)
and be statistically invariant with respect to mirror image

f12 (7) = fi2 (=7) then fi5(7) = fa1 (7) (1.7)
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and phases separated by a surface
fll (7_") = (q, f12 (7_") = 0, and f22 (7_')) = C9 asS |7?| — 0.

Then with (1.4), (1.6), and (1.7) the microstructures two point statistics can be described

by a single function

fui(T) = caca+ach,(T), fiz(T) =cieca — cicah, (T),

f21 (F) = f12 (7_") s and f22 (’7_"> — C2C9 + Clcgho (F)

where
ho (T) =0 as |T| = o0, ho(T)=1 as |T| =0, and 0 < h,(7) forall 7. (1.8)

While, one and two point distributions can be found from experimental observations, the
higher order probability distributions are difficult to determine experimentally. Therefore,
in this approximation the infinite chain of statistics will be truncated, which leads to a new
constraint to impose positive definiteness of the joint two point probability. The condition

of positive definiteness requires for any ¢,,¢,

0 < / (fur (@7, — o (@) f2 () by () 6, (@) (1.9)
+2 (f12 (773 7_'3 ﬁl) - fl (ﬁ) f2 (ﬁl)) ¢1 (ﬁ) ¢2 (ﬁ/)
+ (f22 (173 Fa 77/) - f2 (ﬁ) f2 (ﬁ)) ¢2 (ﬁ) ¢2 (ﬁ/))dﬁdﬁ/

The solution to the conductivity problem must be potential (i.e. for any realization Au = 0).

In statistical terms, this leads to the requirement that a function B (7) exists and is related
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to probabilities by

_ B(7)
87}8@

_ / wndy(fur (@ 7,7 — o (@) f (@) + oo (87, @) — f (@) fo (@) (1.10)

A for (U 7, 4d') — fa (@) fr (@) + foo (07, 4') — fo (4) fa (@'))dudid,

and its Fourier transform is

B (12:’) kik; = / il (fin (ﬁ; K E’) @) @)+ fro <ﬁ; K a) — (@) fo (@)(1.11)
fou (R = fo (@) 1 (@) + foo (R, ) = o (@) o (@) ditd?

where
B (/%’) - /Exp (z 7. /2:') B(7)d7 > 0. (1.12)

Note that the average value of the field fluctuation « is zero

/ wi (fr (@) + fo (@) dii = 0

and the potentiality condition is then simply
B (E) kik; = / st (fus (a; i ﬁ’) + fio (ﬁ; K a”) + far (ﬁ; K ﬁ) ¥ far <ﬁ; K a’)mmﬂ.

Therefore, the solution to (1.3) with the constraints (1.4) through (1.12) is sought.
1.4 Non-Homogenous Fields: Two-Dimensional Case

As previously discussed, the classical results in homogenization for two phase composites
comprised of isotropic phases provide bounds on the effective conductivity. These include the
Voight and Reuss for all composites, as well as the more stringent Hashin-Shtrikman bounds

for isotropic composites. These solutions were noted to approximate the field fluctuations in
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the composite by a homogenous field within each phase
(@) =0 (ﬁ—ﬁ) and f (i) =6 (ﬁ—@) .

As shown in Chapter 2, the field for a particulate composite is not well represented by a
homogenous one within each phase. Therefore, the previous solutions can be improved upon
by making the local fields more realistic by increasing the number of allowable field fluc-
tuations within each phase. Then, as the number of admissible field fluctuations increases,
the approximation should improve and in the limit of infinite admissible values, be an exact
result. A new procedure for finding these field fluctuations and their corresponding prob-
abilities is introduced by conducting homogenization in probabilistic terms and using the
Hashin-Shtrikman variational principle. First, the problem of electrical conductivity in a
two dimensional composite is studied.

To do this, N field fluctuations are taken in phase 1 and M field fluctuations in phase 2
fi(@) = Spd (7= By) and fo () = Saad (@ - Ga) (1.13)
o «

where p, and g, are corresponding probabilities of field fluctuations, variable x runs values
1...N, and « runs values 1...M. By taking the field fluctuations as a limited number of unique
values the integral relationships for compatibility, non-negativity of probabilities, potentiality
of electric field, and positive definiteness of joint two point probability can now be greatly
simplified. Also, the special case of having a homogenous field in one of the two phases is
considered, leading to a great deal of further analytical simplifications. As for the other
phase, it is found that a minimum of three values of field fluctuations are required to satisfy
the condition of potentiality. Since only solutions with non-homogenous fields that statisfy
potentiality are sought, the case of three field values is studied in detail.

To complete the formulation of the problem, the microstructural descriptor h, (7) must

be defined. In this effort, it is taken as Exp|—7| which satisfies the requirements of h, (7)
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but also is convenient for further simplifications. In order to make this problem solvable,
correlations between field fluctuations also must be defined. They are taken to be correlated
to the maximum extent that remains to allow the non-negativity of probabilities to be
satisfied.

With the assumption that the electric field takes three values in one phase and is homoge-
nous in the other, it is found that many of the constraints are collapsed and the problem
reduces to satisfaction of non-negativity of probabilities. All of the constraints except the
ones which relate the field fluctuations within the same phase can be written compactly. An
analytical solution was found that satisfies all constraints. This solution was found to fall
within the Hashin-Shtrikman bounds and, therefore is an improvement.

1.5 Discussion of Results

In Section 1.2, the methods to compute probability distributions in Chapter 2 were
summarized and similarly in Section 1.4 for the methods to compute probability distributions
in Chapter 3. In this Section the effective coefficients for these two methods will be compared
to the Hashin-Shtrikman bounds.

For the case of a particulate composite, the first phase has been taken to be the matrix
and the second phase the particles. For particles which are less conducting than the matrix,
aefr/ay follows the upper Hashin-Shtrikman bound; the plots for particular values as/ay = 2/5
and as/a; = 1073 are shown in Figs. 1.1a and 1.1b, respectively. For particles which are
more conducting than the matrix, aeg/a; initially follows the lower Hashin-Shtrikman bound
for small concentration and remains within the bounds for particle concentrations less than
0.17; the plots for particular values as/a; = 10* | ay/a; = 10 , and ay/a; = 2 are shown in
Fig. 1.2a, 1.2b, and 1.2c.

The leading term approximation for small concentrations was found to be acg/a; =~
(1 — 3c*5), where ¢* is particle concentration, this is consistent with previous results (see
e.g. [21]). It supports the validity of the approximation for small concentration and explains

why aer/a; coincides with the upper Hashin-Shtrikman bound for as/a; < 1, and the lower
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Hashin-Shtrikman bound for as/a; > 1.

1.00 .

0.95 ' \

0.90]

0.85 . N c*
005 010 015 020 005 010 015 020

Figure 1.1: Effective coefficient a./a; for composite with insulative particles (solid) and
Hashin-Shtrikman bounds (point-dashed) (as/a; = 2/5 (a) and as/a; = 1073).

1500} -
L / 7~
? Wz
1000} A
[ s
500 A
X
L — o L - -w— L L L L L L L C
005 010 015 020 005 010 015 020 005 010 015 020

a b C

Figure 1.2: Effective coefficient aez/a; for composite with conductive particles (solid) and
Hashin-Shtrikman bounds (point-dashed) (ay/a; = 10* (a), as/a; = 10 (b), and ay/a; =
2 (c)).

As for the results found in Chapter 3, they are valid over the entire range of concen-
trations. The probability distributions were computed with three field fluctuations in the
first phase and one in the second phase. The selection for selecting the first phase to have
multiple flucutations was arbritrary, the entire procedure is identical if the situation was
reversed. Therefore, the procedure of Chapter 3 actually yields two results for a.s/ai, one
corresponding to three fluctuations in the first phase and one corresponding to three in
the second phase. These new results are compared against the Voight, Reuss, and Hashin-
Shtrikman bounds in Figure 4.3 and fall within the Hashin-Shtrikman bounds for nearly all
combinations of conductivity and phase concentrations.

The minimum of these two solutions is the upper bound for conductivity for the particular
microstructure studied and it occurs when three field fluctuations are in the less conducting

phase and one field value in the more conductive phase. Then, as shown in Figure 4.3 for
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Figure 1.3: New result for a.q (solid, grey) with Reuss (dashed), Voight, (dotted), and Hashin
Shtrikman (solid, black) for four levels of contrast (ay/a; = 1/10, top left), (az/a; = 1/5,
top right), (az/a; = 5, bottom left), and (as/a; = 10, bottom right)

the particular microstructure studied (h, (7) =Exp|—7|), ae/a1 lies within a very narrow
band: it is lower bound by the Hashin-Shtrikman bounds and upper bound by this new
approximation.

Furthermore, this new result also provides what has not been previously available in ap-
proximations of this type: an understanding of field fluctuations. Since the Reuss, Voight,
and Hashin-Shtrikman approximations all are homogenous within each phase, they necessar-
ily have field fluctuations within each phase that are collinear with the applied field. How-
ever, e.g., as shown in Chapter 2 the field for a particulate composite is not well represented
by a homogenous one within each phase and there also is a component of flux orthogonal to

the applied field. In Figure 1.4 the field fluctuations for this new approximation is shown.
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Figure 1.4: Points of concentration of fluctutations for the 3 vector approximation. The
blue and red vectors are points of concentration in the first phase, and the black vector the
point of concentration in the second phase. Black dots correspond to the Reuss solution.



18

CHAPTER 2 ELECTRIC FIELD FLUCTUATIONS IN CONDUCTORS
WITH SPHERICAL INCLUSIONS

The chapter aims to find electric field and electric potential fluctuations in two-phase
composites consisting of a matrix and randomly placed identically distributed spherical par-
ticles. This problem has a rich history. The study of the problem began about one hundred
years ago by J. Holtsmark [5]. He was interested to assess if spectral line broadening ob-
served in high pressure gases [6] can be explained by fluctuations of electric field, which are
due to the presence of charges (ions), dipoles or quadrupoles.

To examine this proposition, the probability density of the magnitude of the electric field
is to be computed for three cases: the random distribution of ions, dipoles and quadrupoles. This

corresponds to determining probability distributions of sums of random variables,

Tai 1 TaiTaj
S e 3 (50 = 2 ) 21

3 2
. |ra| o |ra|

Z_

. |ra|5

TaiTajTak
(Taj5ki + T4i0kj — 3rakdij +5——5— | my,

|Ta|2

where r,,a = 1,2, ..., are points in three-dimensional space, which are distributed indepen-
dently and homogeneously over space, r,; coordinates of r,, small Latin indices i, j, k run
through values 1, 2, 3, |r,| the magnitude of r,, d;; Kronecker’s delta. The sums are the com-
ponents of electric field at the origin caused by ions, dipoles and quadrupoles, respectively;
m is the ion charge, m; and m;; reflect intensities of dipoles and quadrupoles. Holtsmark

found that the probability density of the electric field f (Vu) has the form

f(Vu) = 1 /eiﬁ'V“bnﬁHdﬁ, (2.2)

&3
R3

where variable of integration, vector 7, runs through three-dimensional space R?, 7 - Vu is
the scalar product of " and Vu, || length of 7', dp = dp,dp,dp;, b a constant dependent

on the charge magnitude, n is the number density of charges, and H is a constant which
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has the values 3/2, 1, and 3/4 for the ions, dipoles, and quadrupoles, respectively. Later on
it was found that the Holtsmark distribution (2.2) is a member of a wide class of so-called
stable distributions [13].

Writing integral (2.2) in spherical coordinates and integrating over angles one arrives at

one-dimensional integral
f(Vu) = S [V sin [|Vu| y] ye dy. (2.3)
0

Formula (2.3) shows that probability density depends only on the magnitude of the
electric field |Vu|. Denoting by PD(X) the probability density of the magnitude of electric
field, X = |Vu/|, one finds from (2.3) after integration over all possible directions Vu/ |Vul

that

>1 )

—X/sm Xyl ye " dy. (2.4)
0

Formula (2.2) yields also the probability distributions of components of Vu. They are all
equal due to symmetry. For x—component of electric field u,, when the y— and z— compo-

nents are zero, probability density PD (u,) is

17
PD (uy) = o / e~ a=bnlyl™ gy, (2.5)

Probability density (2.5) is also a member of the family of stable distributions [13]. In the

dipole case, H = 1, formula (2.5) yields the symmetric Cauchy distribution,

1 bn
P e

while for H = 2 formula (2.5) becomes the symmetric normal distribution,

1 —u?
PD (u,) = mexp -
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Holtsmark applied the probability density found for quadrupoles to the broadening mech-
anism in hydrogen and nitrogen as well as to other cases. He found reasonable agreement
to available experimental data on cesium spectral line broadening in hydrogen and nitro-
gen environments. Holtsmark’s major focus was on the distribution of quadrupoles due to
the limited experimental data for dipoles and ions. Further discussions on spectral line
broadening mechanisms can be found in the review papers by Regemorter [7] and Stoneham
8].

Not surprisingly, due to the fundamental nature of the sums (2.1), Holtsmark distribu-
tions show up in other fields. In astrophysics, Chandrasekhar [9] considered the expected
magnitude of gravitational force on point mass in a stellar system. The stars are approx-
imated by identically and independently distributed point masses. The force on a single
point mass is the sum of the first type (2.1). Chandrasekhar further showed in his review
[10], that his original assumption of equal masses for all stars, which corresponds to Holts-
mark’s assumption of uniform charge magnitude, was not essential: if masses are distributed
randomly with probability density p (M), then probability density of the force is the same

as in the case of uniform masses, with the value of the uniform mass M*,

o 2/3

M* = /M3/2p (M)dM
0
The case of uniform masses is the special case of the mass distribution p (M) =6 (M — M*).
In material science, Holtsmark distribution arises in studying of internal stresses caused
by identically and independently distributed point defects [11]. The defects were modeled by
spherical particles placed in a linear isotropic material. The displacement field u; caused by

these defects is determined then by Eshelby’s solution [16] :

T

U,L::EK 3
7]

where K is a parameter characterizing the intensity of the point defect and Poisson’s ratio.
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Total displacement is the sum of the first type (2.1) , total strains and stresses are the sums of
the second type (2.1) . Zolotarev [11] found that the stresses follow the Cauchy distribution.
Later Berlyand [12] studied this case in greater detail, and found the stress distribution to
be a shifted Cauchy distribution for pressure and a symmetric Cauchy distribution for shear
components. This shift was observed experimentally [18, 19].

Problems of the type discussed are found in diverse fields including velocity distributions
of vortices in two and three dimensions [20], temperature distributions in nuclear reactors,
radiography, etc. (brief summary was given in [13]).

Holtsmark distributions have heavy tails. This means that moments of the electric field,
i.e. the average values of [Vu|”, are infinite for s > 1. For example, the variance of electric
field (the average value of |Vu/|?) is infinite for Cauchy distribution. The origin of that is that
singularities can come close to the point of observation and make the field at the point of
observation infinite. The situation is different for conductors containing particles. Though
the sums, probability of which is to be computed, are of the form (2.1), the singularities
do not come closer to the point of observation than the particle radius. This changes the
probability distributions considerably. Our goal is to find these distributions.

The major motivation for this work is that probability distributions of local fields (stresses,
strains, currents, etc.) are needed in constructing the dynamic equations for microstructure
evolution. To obtain probability distributions, some approximate methods are being devel-
oped (see, e.g. [14]) as well as in Chapters 3 and 5.2. One needs a proving ground to test
the accuracy of approximations.

The problem under consideration can serve as such a ground, because the probability
densities are computed analytically in the limit of small volume concentration. In fact,
the computation follows Holtsmark’s work with some minor deviations, which are due to
finiteness of the particle radii. As in many other asymptotic problems, one can expect that
the asymptotic results are applicable for not very small values of concentration. Therefore

we provide results up to volume concentration 0.26.
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Note that Cheng and Torquato [14] as well as Cule and Torquato [15] have found proba-
bility density of electric field fluctuations induced by an applied electric field for several two
phase microstructures in the two-dimensional case.

Cheng and Torquato [14] computed the statistics of the collinear component of electric
field by numerical approximation within a periodic unit cell for a large number of microstruc-
ture realizations. They considered composites with random non-overlapping discs, squares,
and highly elongated ellipsoids within a matrix. For the case of discs, they found a prob-
ability distribution with two peaks, one arising from the matrix and the other from the
inclusions.

Cule and Torquato [15] computed the probability distribution function of the electric
field magnitude. They first found analytically the solution for a coated cylinder composite,
similar to the coated sphere model of Hashin and Shtrikman [1]. This PDF was found to
have a finite width with singular points at the limit values. One singular point arises from
the homogenous field within the core of the cylinder, and the other from the maximum or
minimum value. Additionally two singular points existed at intermediate values. These
singular points were compared with the singularities found in calculations of the density of
states of various applications of condensed matter physics. They also computed the cases
of a grid of discs and as well a periodic composite comprised of a small unit cell of twenty
random non-overlapping discs. The grid had similar features of singular points and finite
width of the PDF, but with an additional intermediate singularity. For the periodic random
composite case, the feature of a finite width appears to have been lost, but the intermediate
singular points are subjectively retained. They state that in the limit of a random composite
of the nature considered by Cheng and Torquato [14], these "local features" of finite width
and singular points are smeared out and therefore are not expected for the case considered
in this chapter.

Sections which follow are setting of the problem, analysis of the problem where it is shown

that computation of probability densities is reduced to calculation of two functions A(y) and
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B(y), find these functions numerically, describe the corresponding results for probability
densities, and determine asymptotics of probability densities. A simple outcome of the cal-
culations are values of effective coefficients and variances of electric field. Some technicalities
are moved to Appendices.

Due to mathematical equivalence the results obtained for potential and electric field apply
to electrical and heat conduction as well as dielectric polarization. Additionally, as the work
of Holtsmark provided a motivation for the study of a diverse set of physical issues with
point size defects, the approach given in this thesis can be applied further to other cases
with finite sized defects. This includes both differing physics, such as the elastic case, as
well as alternate microstructures such as the case of ellipsoidal particles in a matrix.

2.1 Setting of the Problem

Potential of electric field u is a solution of the equation

0 ()3u_
8xiax8xi_

0. (2.6)

Here z is a point of three-dimensional unbounded space, x; are Cartesian coordinates of x,
summation over repeated indices is implied, a (z) is conductivity of the composite which is
assumed to be unbounded. The composite contains spherical particles in such a way that
the number of particles N in any finite region V' is proportional to the volume of V', |V,

and there is a limit

Particles are placed in space randomly and independently. Radii of particles are also random
but are such that the volume concentration c is finite

) N Arx Rf;
C = 1m —_— .
|V|—00 g=1 3 |V|

(2.7)
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If radii of all particles are equal, then

B AT R3
3

c

n. (2.8)

Formula (2.7) assumes that particles do not overlap. When particles are placed statistically
independent they do overlap, and one can introduce the volume concentration of particle

phase c¢*. Concentrations ¢ and ¢* are linked by the relation [4]

c=—In[l-¢". (2.9)

The conductivity a (z) is a piecewise function: it is equal to a; in the matrix, and ay inside
the particles. At particle boundaries both the potential u (z) and the normal component of

the flux a (x) Ou/Ox; are continuous

W] =0, ni {a (z) gﬂ —0. (2.10)

Here [¢]| means the difference of the limit values of ¢ on the two sides of the particle boundary.
The space average of the electric field is assumed to be a given constant. By space average

of function ¢ () we mean the limit

(p) = lim %/gp(x) dx.

[V]—o0

Denoting by v; the prescribed value of the average electric field, we have the condition

<§Z>:w. (2.11)

The boundary value problem in unbounded space (2.6),(2.10), (2.11) has a unique solution
for Ou/0x;.

Single particle solution. Electric potential in material without a particle is a linear
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Figure 2.1: Notation for single inclusion problem

function v = v;z;. An arbitrary additive constant in potential is fixed by the condition

1 ({0,0,0}) = 0. One particle placed at the point r; causes a disturbance of the electric

potential
(x; — 1) vy lt —r| <R
U= vx; + 3 : (2.12)
(7%) @i=rv R<|w—1]
and the disturbance of the electric field
v; |z —7| <R
U; = U + 3 (213)
R QLT Ty . _
<\x—r\> (% 3o=r! Tor] > v R<|r—r|
Here comma in indices denotes spatial derivative, and s¢ is the constant
_ a1 —a
= ———.
2a1 + ao
The constant 3¢ takes values in the range [—1, 1/2]. The limit cases » = —1 and » =

1/2 correspond to perfectly conductive particle (as = 00), and perfectly insulating particle

(ay = 0), respectively. If ¢ = 0, the media is homogeneous and no disturbance of the external
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field occurs.

Probability distributions. We seek probability densities of the random fields u and du/0dz;
at a space point x.

In case of small ¢, electric field can be obtained by summation of electric fields generated
by particles. Since the random fields are stationary, it is enough to consider probability
distributions at one point. As such we take 2 = {0,0,0}. Due to linearity of the problem,
u and Ou/dx; are proportional to the magnitude of vector v;. To simplify further relations
we set |U] equal to unity. It is also convenient to make a shift for v; and scale u; — v; by
the constant s¢ and similarly scale u by . Then results become independent of material
characteristics and magnitude of the applied field. So, we will seek probability densities of
random quantities

1

1
= S (u,—v) and €= ——u. 2.14
n; %(u7 v;) and & J{u ( )

It is convenient also to introduce a unit vector ¢; and construct the probability density of
the random number n = (,n,; choosing different vectors (;, we obtain the probability density
of electric field in different directions.

After the probability densities of 7; and £ are found the actual distribution of potential
and electric field are obtained by scaling (see (2.46) and (2.60)).

By definition of probability density, probability density of f: (X) and f, (X) of random

quantities £ and 7 are

00 =005 (X = S () 00 =00 (X = S0 (B, (215)

where M stands for mathematical expectation, and ¢, (r,, R*) and , (r,, R*) are the po-
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tential and electric field disturbance at the origin caused by the a—th particle

v;re Ir*| < R,

0, = 3 , (2.16)
<R“) vird Ry < |r?

re| i

¢a:Ci

3 a :
R L
(|ra‘> (51] - 3|ra\ |rfl|> Uj Ra < ‘7«(1‘

By mathematical expectation for an infinite system of particles, we mean in (2.15) the limits

N
X) = im M (X — , 92.17
00 = v (X3 ,) 217
5 N
X) = im M (X — ,
Fn (X) N/IV|=n,| V|00 ( ; )

where sums are taken over particles lying in the region V.
2.2 Computation of Probability Densities
Computation of the limits (2.17) follows to Lyapunov’s idea for finding probability distri-

butions of sums of independent random variables: §—function is to be replaced by its Fourier

transform,
"y 6iyY
0(Y) =
W= [ Gy
Then,
fe(X) = lim / e X M exp {—iy % © } @ (2.18)
¢ NV | = V]—00 2 Pal o
= WX lim M exp |—1 —.
/ v M ep =iyl 50
Similarly,
o (X) = /ein lim M IZ_V[ exp [—iyy ]@ (2.19)
! N/IV|=nVI—oo o o on

—0o0
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Note that
: L dr . d*r
Mespl=ing,) = [ exp =il . Mexp =iyl = [ exploiybal T
|4

Let all particles have the same radius, 2. Then all functions ¢, and , are the same:

Y1 = Pg... =, and | = ... = 1. It is shown in Appendices A and B, that the limits in

(2.18) and (2.19) can be found explicitly,

N
! / —igel S| = expl-cA R) (2.20)
11m X 1 — exp [—c .
NIV |5n,V]—o0 Py p y
N
lim exp [t =exp |—cB . 2.21
N/|V|=n,|V|—oo / p[- y¢] |V] p| ()] (2.21)

\%

Here A (y) and B (y) are the functions

Aly) = 3 (5)37 (1 - %sm [m]) m?dm + (2.22)
b [ (1=msin] L] )i

1/+/1yl

B(y) = (1— Tweosa) (2.23)

/ / / ( COS[ 4, (Sms[fc] —g))dssiné’d@dgb,

0<6<7r 0<o<2m 0<s<]y|

with

C' = cosa — 3cosf (sinacos ¢psinf + cos acosb),

and « defined as the included angle between vectors (; and external electric field v; (cos @ = (,v;).

It is shown in Appendix B that B (y) remains the same for any distribution of particle
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radii. The only change is the replacement of volume concentration ¢ in (2.21) by effective
volume concentration

4 o0
= n% / R3p(R)dR (2.24)
0

for random distribution of particle radii f (R). The case of uniform radii (2.8) is the special
case of the radius distribution p (R) = ¢ (R — R*).
Functions A (y) and B (y) are easily found by numerical integration. After that, compu-

tation of f¢ (X) and f, (X) is reduced to another numerical integration,

oo o0

7 —c dy 7 —c dy
fex) = [emeanndl g x) < [enen (2.25)

—0o0 —00

We will compute three probability densities: probability density of the fields in matrix, in
particles, and overall probability densities in composite. Probability density of a field in
matrix is the conditional probability under the constraint that particles are not allowed to
visit the point observation; this probability density is marked with index 1. The probability
density in particles corresponds to placing the observation point inside particles; this prob-
ability density is marked with index 2. The overall probability density is the probability to
observe a value of the field at any point of the composite.

Probability distributions within the particles can be determined after the probability
distributions in the composite and matrix have been found. This can be done using an exact

relation

F=(1—c)fi+cfo (2.26)

From (2.26) the probability density in the particles is

f2:f1+c—1*(f—f1)' (2.27)

First we present the results of computation for corresponding functions A (y) and B (y).
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2.3 Function A (y)
To compute integrals in (2.22) numerically we find the values of integrals for |y| < 20

and for larger y we use asymptotics of integrals as |y| — oo.

Figure 2.2: Function A(y) (solid) in composite (a) along with its asymptotic approximations
for small y (|y|** 2v/27/5, point-dashed) and large y (3y2/5, dashed), and A;(y) (solid)
in matrix (b) along with its asymptotic approximations for small y (|y|3/ > 2v/2r/5 — 1,
point-dashed) and large y (y?/2, dashed).

For large |y| the first term in (2.22) tends to 1, while the integral in the second term is

7 <1 — m?sin [%D m*dm (2.28)

1/4/ 1yl
00 1/ |y|
2 . 1 2 2 . 1 2
= 1 — m~sin — mdm — 1 —m*sin — m*dm.
m m
0 0

The first integral in (2.28) is equal to 24/27/15. In second integral since the upper limit goes

to zero, the integrand should be evaluated for small m. We have in the leading approximation

(1 — m2sin [1/m?]) m2 =< m2, yielding the value of the value of the second integral |y|~*/* /3.
Thus, for large |y|

Ay) = |yl

3/2 2—V527T (2.29)

For small |y|, expanding the integrand of the first integral in powers of m in (2.22) we get
for this integral y°/30. Then the first term in (2.22) is y*/10. In the second integral, since

the low limit goes to infinity, the integrand should be evaluated for large m. We have in the
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leading approximation (1 — m?sin [1/m?]) m? < 1/ (6m?) . Thus the integral is ,/y/6 and the

second term is y?/2. Finally, for small y

A(y) < ng. (2.30)

Function A(y) along with its asymptotics for large and small |y| is shown in Fig. 2.2a.
Computing the probability distributions inside the matrix we constrain particle positions

to be outside of the origin. Then in (2.17) a sphere at the origin with radius R is excluded

from available positions of particle centers. This corresponds to dropping the first term in

(2.22) and results in

[e o]

A () =3y / (1 — m?sin [#D m2dm. (2.31)
1/+/1yl

The asymptotics of A; (y) are found similarly to A (y) : for large |y|

2/ 27
Ar(y) =< y” == =1 (2.32)
and for small y
1
A(y) = 5" (2.33)

Function A;(y) along with its asymptotics for large and small |y| is shown in Fig. 2.2b.
2.4 Function B(y)

In calculation of probability densities, we interpolate the numerical values of B(y) for
ly| < 30, and use the asymptotics of B(y) for larger |y|.

We give the numerical illustrations for two values of o, « = 0 (C' = 3cos®*6 — 1) and
a = 7/2 (C = 3cosfcospsinf). They correspond to consideration of the electric field
components that are collinear and orthogonal to the direction of the external field. The

corresponding functions and parameters, which arise, will be marked by symbols || and L,
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respectively. Function A(y) does not depend on «, while function B(y) does.

Consider first, function B(y) for composite, when « = 0. From (2.23)

Bi(y) = ( ™) (2.34)

- / / / ( cos[ O] iy (Sins[QsO] - g)) Ussin 666,

0<0<m 0<p<2m 0<s<|y]

with C' = 3cos?6 — 1.

Since

52 2

ly|

1— C 1
/Mdsxz\ﬂ—— as |y| — oo,
0

the integral in (2.34) for large |y| behaves as

%]y\/ / ] sin 6d6de — 1

0<0<m 0<p<2m

/ / / ( ' (Sm C]—§>>dssin0d9d¢.

O<0<7r 0<¢p<2m 0<s<]y|

3r /
. ’ ‘
\ 12f p 2/
\ 100 . /.
. I 1
L )
\ 8 . ‘ P ‘ Y
Voel -10 5 ~ 10
\ 4F / 7 1F
\
< ol St
L I A\ 4 I \y ‘
-10 -5 5 10 /3t
a b

Figure 2.3: Real (a) and imaginary (b) parts of function By (y) (solid) along
with its asymptotic approximations for small y (iy + 9y*/10, point-dashed) and large y
(—Exp (—iy) +iy/ (27) + 27 |y| / (3v/3) , dashed) .

Therefore for large |y|

B (y) < —e ¥ +y —=+ yi—w. (2.35)
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It was used here that

, 167 sin [sC] | |
[ [ wciswoanas — %0 [ [ [ i gdsas ~ -2

0<H<m 0<gp<2r 0<6<m 0< <27 0<s<oo

and / / Csinfdfde = 0.

0<0<7 0<p<271

The integral in (2.34) for small y can be approximated by the leading terms of the expansion

of the integrand

1 1(s|C)® . 1(sC)° _
E/ / / (yy\8_2 S iy | dssin0dgds,

0<f<m 0<H<2m 0<s<ly|

and after integration over s the leading terms for |y| — 0 are

8% ly)? / / |C|? sin 0dOde + i48%y3 / / C? sin Adfde. (2.36)
0<0<m 0<¢<2m 0<0<m 0<¢p<2m
! 107 ; 4f /
\ 8r I-’ o /
\ o K /
\‘ A /.' -10 -5 - - 5 10
\ / -2
2 '/" )
-0 =5 N 5”“1(‘)y /
a b

Figure 2.4: Real (a) and imaginary (b) parts of function B|1| (y) (solid) along with its asymp-

totics for small y (2y%/5 — 4iy®/105, point-dashed) and large y (iy/ (27)+27 |y| / (3v/3) —1,
dashed).

Therefore for small y

By (y) =iy + 159" (2.37)
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Here we used that

1 4
/ /C’QSinﬁdeqﬁ:%, / /C3sin0d0d¢:i)—;.

0<6<m 0<p<2r 0<0<m 0<¢p<2m

Real and imaginary parts of Bj(y) for composite along with its asymptotics for large and
small |y| are shown in Fig. 2.3.

The corresponding function B|1| (y) in the matrix is

Bl (y) = i / / / <|y| 1‘%2[3'0” iy <Sms[—,fc] - g)) s sin 00,

0<f<m 0<p<2m 0<s<|y|

(2.38)
with C' = 3cos?6 — 1.
Large |y| and small y asymptotics for B|1| are found similarly to that of Bj
2m 1
1 - .
By (y) < |y 35 Lt yi_ as [yl — oc. (2.39)
B (y) = 24 + iy 0 2.40
| (W) = zy” +iy—— as [|y| — 0. (2.40)

3 105

Real and imaginary parts of Bﬁ(y) for matrix along with its asymptotics for large and
small |y| are shown in Fig. 2.4.

Function B(y) for o = 7/2 is a real valued function, and from (2.23)

Bl(y)Z%/ / /(!yl%ﬁcﬂ—zy(#—%)dmmmw

0<0<m 0<$<2m 0<s<]y|
(2.41)

with C' = 3 cosf cos ¢sinf.
For large |y|
By (y) <yl - 1. (2.42)



35

For small y, B, behaves as the quadratic function

B (y) = vy~ (2.43)

10

In (2.42) and (2.43) we used that

/ / |C| sin OdOd¢p = 8, / / sin sC'sin 8dfd¢p = 0,

0<0<m 0<p<2r 0<f<m 0<p<2r
127
/ / C?sin Adf = = and / / C3sinfdf = 0.
0<0<m 0<p<2r 0<0<m 0<p<2r

B, (y) along with its asymptotics for large and small |y| are shown in Fig. 2.5 .

It is easy to see that B! = B.

\ 10

y

7
Figure 2.5: B, (y) (solid) along with its asymptotic approximations for small y (3y?/10,
point-dashed) and large y (|y| — 1, dashed).

2.5 Probability Density of Electric Potential
In computation of probability density of electric potential f, it is convenient to make a

change of variable of integration, y — ¢ = yR, and introduce function

. dt
d(Y) = Y —cA(t) 7
)= [ e,

—00

then
fo(X) = Lo (5) . (2.44)
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Y
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Figure 2.6: Probability density of electric potential in composite ®(Y) for several values of
concentration c.

The results of calculation for ®(Y") are shown in Fig. 2.6, ®;(Y) in Fig. 2.7, and ®5(Y) in
Fig. 2.8 for several values of concentration ¢ up to 0.3. Note that the corresponding volume
concentration ¢* = 0.26, just below the percolation threshold found for uniform inclusion
radii, ¢* ~ 0.29 [21].

Because these distributions lack "heavy tails" the integrals for expected value

n= [ xfax,

variance

U“i/@>wfﬂXMK

and excess kurtosis
1
2= = [ (X =)t (X)dX -3

ol

obtained by numerical integration are fast converging.
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Figure 2.7: Probability density of electric potential in matrix ®; (Y') for several values of
concentration c.

The functions ®, ®;, and &, are even functions of Y and the corresponding expected

values are zero. The values for variances and excess kurtosis are given in Table 2.1.

2 2 2 2 2 2
C o Y 01 V1 05 V2

0.05 0.05887 2.9191 0.04881 2.4266 0.25508 -0.4108
0.10 0.11876 1.4566 0.09864 1.2289 0.31008 -0.1993
0.15 0.17942 0.9338 0.14943 0.7926 0.36477 -0.0997
0.20 0.23943 0.6707 0.19971 0.5805 0.41883 -0.0593
0.25 0.29881 0.5009 0.24966 0.4489 0.47190 -0.0528
0.30 0.35741 0.3735 0.29927 0.3535 0.52361 -0.0666

Table 2.1: Variances and excess kurtosis of electric potential (overall: o2 and 2%, matrix: o3

and 2, particles: o2 and ~2) for several values of concentration c.

Variances are fitted by the functions

+ ¢, (2.45)

with errors not exceeding 3%.
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Figure 2.8: Probability density of electric potential in particles ®5(Y") for several values of
concentration c.

Function (2.44) is the probability density of scaled potential u /s for |v] = 1. If |U] # 1,

then the probability density of potential u is

£ (u) ! <1>< “ ) (2.46)

" x|5|R \x|7|R

2.6 Probability Density of Electric Field Collinear with Applied Field

The probability densities of the electric field fluctuation collinear and orthogonal to the
applied field are denoted by f| (X) and f, (X), respectively.

The results of calculation for f (X) for several values of concentration c are shown in
Fig. 2.9, f”1 (X) in Fig. 2.10, and f”2 (X) in Fig. 2.11, and the expected values, variance,
and excess kurtosis are given in Table 2.2 .

Variances are well fitted by the functions

(JH)? ~ gc — %87 (gﬁ)z ~ %c - écQ, and (o'ﬁ)z R g ¢ (2.47)
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Figure 2.9: Probability density of collinear electric field component in composite f (X) for
several values of concentration c.

c

K

(o)’

(v)°

1
Sl

(o1)

(1)

2
|

(o2)

(o)

0.05
0.10
0.15
0.20
0.25
0.30

0.05140
0.10226
0.15357
0.20466
0.25516
0.30479

0.08864
0.17483
0.25937
0.34134
0.41999
0.49481

13.853
4.1344
2.5926
1.7703
1.2438
0.8709

0.00010
0.00257
0.00469
0.00732
0.01043
0.01399

0.03808
0.07508
0.11096
0.14573
0.17940
0.21200

11.594
5.3126
3.2257
2.1944
1.5860
1.1892

1.0315
1.0495
1.0723
1.0953
1.1166
1.1360

0.06625
0.12955
0.19224
0.25259
0.31017
0.36473

10.842
0.3826
3.3480
2.2863
1.6379
1.2034

Table 2.2: Average values, variances, and excess kurtosis of collinear electric field component
(overall: 1, (0)?, and ()% matrix: uj, (o)?, and (v})?, particles: uf, (of)? and (7{)*)

for several values of concentration c.

with error not exceeding 3%, while for expected values

) = ¢ ,uﬁ%(), and uﬁm1+

2

—C.

(2.48)

Probability densities possess some interesting features. As seen in Fig. 2.9 the distribu-

tion of electric field in the composite has two strong peaks, one originating from the matrix
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Figure 2.10: Probability density of collinear electric field component in matrix le (X) for
several values of concentration c.

and the other from the particles. This is consistent with results for a similar microstructure
in the two dimensional case [14]. The distribution in the particles (Fig. 2.11) has two distinct
peaks. The major peak is associated with non-overlapping particles, and the peak at X = 2
results from overlapping of two particles. It is worth noting that these features hold also for
random distribution of particle sizes since the size dependence enters only through volume
concentration.
2.7 Probability Density of Electric Field Orthogonal to Applied Field

As was previously noted By (y) = B (y), thus f, (X) = f} (X) = f2(X). This dis-
tribution is shown in Fig. 2.12 for several values of concentration c. The distribution f;
is symmetric and the corresponding expected value is zero. The values for variance and
excess kurtosis of the orthogonal component of electric field is given in Table 2.3. Again the

distributions are noticeably non Gaussian.
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1

Figure 2.11: Probability density of collinear electric field component in particles fH2 (X) for
several values of concentration c.

Variance is fitted by the function
9 1
(01)" =-c— 3¢ (2.49)

with error not exceeding 2%.

c 005 010 0.5 020 025  0.30
(01)? 0.02984 0.05900 0.08737 0.11492 0.14156 0.16722
(v,)? 13.608 6.3946 3.9638 2.7325 1.9840  1.4791

Table 2.3: Variances and excess kurtosis of orthogonal electric field component (overall,

matrix, and particles: (0,)?=(c!)?=(02)? and (v,)*=(v})?=(7?)?) for several values of

concentration c.
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Figure 2.12: Probability density of orthogonal electric field component in composite, matrix,
and particles f (X) = fl1 (X) = f2 (X) for several values of concentration c.

2.8 Asymptotics of Probability Densities
The distributions obtained decay like Gaussian distributions. Indeed, to find asymptotics

of ® (X) for large X let us make the substitution
y=w/X, (2.50)

then

& (X " ein—cA(y)d 1 % eiw—cA(w/X)d
— oy = = - dw. 2.51
o= [y =g [ (251)

Since X — o0, to evaluate integral in (2.51) we can use the asymptotics of A (y) for small

y. From (2.30) we have
1 s 6iw—3c/5(w/X)2 p
X 27 .

o (X) =<
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Therefore, ® (X) decays as Gaussian distribution with variance 6¢/5

5
®(X) =4/ 12W06_%X2 as | X| — oo, (2.52)

[ 1 1y
P, (X) < %e*ﬂ as | X| — oo. (2.53)

We have found in Section 6 that the variances for distributions ® (X) and ®,(X) are 6¢/5 —

Similarly

c?/5 and c, respectively. Large value asymptotics (2.52) and (2.53) suggest variances 6¢/5 and
c. This would seem to be an indication that ® (X) and ®;(X) are approximately Gaussian
for small ¢. However this is not the case: the excess kurtosis (Table 2.1) was found to be non
zero, and the distributions for small X are apparently non-Gaussian.

Similarly, the change of the variable of integration (2.50) in (2.25) shows that fj (X),
fi (X), and fi (X) are determined by the asymptotics of By, Bj, and B, for small y
(2.37), (2.40), and (2.43) . We get the Gaussian decay

_ 5 %58)2—2 1 _ 5 _sx? _ 5 _sx?
X)) =yfqg—e ™ fiX)=xy/g—eTs, and fi (X)=y/o—e7o as [X]— oo,
(2.54)

These formulas correspond well to numerically found variances (O’H)2 ~ 9c/b—c?/2, (oﬁ) ’ R~
4e/5 — /3, and (0,)* ~ 3¢/5 — ¢2/8. Again, f (X), fii (X), and fi (X) appear to be
nearly Gaussian for large X and non-Gaussian for finite X.

2.9 Effective Conductivity

The probability densities obtained allow us to find the effective conductivity (see, e.g. [3,4])
i 1 i (0 . 3
a0 = G a’ (r)a; (r)a; (r)dr, (2.55)
v

where 1 is the actual potential in the composite, v is the average value of electric field

v=(va) =1 -c) (Vi) + " (Vi),, (2.56)
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and ( ), ( ), are space averages over phase 1 and phase 2, respectively.
For an isotropic composite with isotropic conductivity of each phase (2.55) simplifies to
. . " . L d3x . . . d3x
ae (V) - (V) = a1 (1 =¢*) | (V- ) A + axc® | (Vi - a) AR (2.57)

i Vo

We can compute a.¢ using the statistics of the electric field obtained if we assume that the
actual field can be approximated by the sums ) ¢, and ) 1, for small concentrations. Such
calculation is instructive because it provides information on the validity of the approximation

used: apparently, the approximation fails if the values of effective coefficient leaves the

Hashin-Shtrikman bounds [17].

Let us show that the following relation holds:

Gt (q o s (("1)2”(01)2) +1

_ . (2.58)
a/l <1 + %C*Iuﬁ>
2 2
2 2 2 22 2
" *% ((0”) + (/LH) +2(07) > + 2oep + 1
+—c 5
afl (1 +%C*Uﬁ>
Indeed, due to assumed ergodicity
(Vu-vu), = /(w vu) fldPu and (Gu- vu), = / (Vu- vu) fd’u,
thus (2.57) is equivalent to
aeg (Vu) - (Yu) = ai(1—c) / (u)? £ (ug) dug + 2 / (u)? £ (ug) dus | (2.59)

e}

+ayc* 7(u1)2 12 (uy) duy + 2 / (u2)? f2 (us) dus

—00
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Using the dimensional results for probability density of electric field

_ 1 uy — |0 1 Uz
we have
<Ui>1 _ u__}fl(ul)dulz u_j 1_,f||1 Uy —JU‘ dulz%/qull \I/—l AV
o = ) T PRGECMANETE . e
LY\
and similarly
u u u
bah s, Bl 1), ana 22— gt
Since
(Vu) - (Vu) = (u)® + 2 (ug)®,
we obtain
Vu) - (Vu ¥ 2 . 2
(T — (0t (= ) 2 (0 2 = )
Similarly
2 0 2 e 2 .
1 _
<(ui)2>1 = /(u—j) fl(ul)dulz/(u—j) — f| (ul Jvl)dul
EA NG SR =
1\2
= 2 [ (U4 =) fj(©)dV
>
= %2/\112f|1(\11)d\11+2%/\11f1(\1/)d\1/+/fl(\ll)d\ll

= 52 () + (1)) + 2t + 1,
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0 ot (o) + () + 2o 1, and <<|_|>> —2 () +(2)?).

bk
The term |7]* is a common factor in (2.59) and can be dropped. Since p} = 2 = 0 and

p1j = 0, we have arrived at (2.58).

Comparison of (2.58) with the Hashin-Shtrikman bounds [17]

* 1 1—c\ ! 1—¢* 1 “\
1+C—( + C) and 242 —°C ( + o ) (2.61)
ai

aq a9 — A 3&1 aq a; — Ay 3(12

is shown in Figs 2.13 and 2.14.

For insulative particles » > 0, (2.58) follows the upper Hashin-Shtrikman bound; the
plots for particular values as/a; = 2/5 (¢ = 1/4) and as/a; = 1073 (3¢ &~ 1/2) are shown in
Figs. 2.13a and 2.13b, respectively.

For conducting particles »r < 0, (2.58) coincides with the lower Hashin-Shtrikman bound
for small ¢* and remains within the bounds for sufficiently small ¢*. In examples shown
in Fig. 2.14a, 2.14b, and 2.14c (ag/a; = 10* (=~ —1), az/a; = 10 (»x = —-3/4), and
as/a; =2 (3= —1/4)) bounds are not violated for ¢* < .17.

For small concentration, the leading term approximation of (2.58) in ¢*, aeg/a; = (1 — 3¢* ), is
consistent with previous results (see e.g. [17]). This result supports the validity of the approx-
imation for small concentration and explains why (2.58) coincides with the upper Hashin-
Shtrikman bound for s > 0, and the lower Hashin-Shtrikman bound for s < 0.

Let us compare our results for variances within the composite with known bounds [22, 23] :

the second central moment of the electric field magnitude normalized to the average field
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magnitude squared can be found from the statistics in the composite

(V= (Vu) - (Vu— (Vu)) __,(0))" +2(00)’ (2.62)

(V) - (V) (15 )’

or from statistics within each phase since

(Vo () (vuway, (]) + (=) +20)

NOR = (1 " %C*Mﬁ)Q (2.63)
(Vu— (V) - (Vu— (Va)), _ (Uﬁ>2 + (1 - uﬁ)2 +2(0%)”
(Vu) - (Vu) (1 N %c*uﬁ>2 :

Note that there is less than 1.1% difference between the results computed from the composite
and the results within each phase over the range of concentrations considered.

We know that for the degenerated homogenous composite case (i.e. a; = as or a; # as
and ¢* = 0) variances must be zero since the PDF of electric field is delta distributed; indeed

this solution holds in this case. Additionally, a valid solution should not violate the Beran

bounds [22]
(a) — acg and (a) — aog
aq (05}

: (2.64)

nor the lower Lipton bound [23]

3((a) —aig)”
(a1 —ag)* (1 —¢*) ¢

(2.65)

In (2.65), afis denotes the greater of the two Hashin-Shtrikman bounds on effective properties
(2.61).

These bounds (2.64,2.65) are compared with our results (2.62) in Fig. 2.15a, 2.15b, and
2.15¢ for as/a; = 2/5 (s =1/4), as/a; =2 (3 = —1/4), and ay/a; = 10 (3x = —3/4) using
relation (2.58) for acg. Fig. 2.15 shows that for insulating particles s > 0 (Fig. 2.15a) and

for conducting particles in the high contrast case (Fig. 2.15¢) these bounds do not appear
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to further constrain the validity the relations obtained. However, for conducting particles
27 < 0, in the low contrast case (Fig.2.15b) the approximation fails against the (2.64) upper
bound for values of concentration ¢* > .10.

These higher than expected variances appear to arise from the uncorrected particle to
particle interactions. With the approach of this thesis if two individual particles perfectly
overlap, which is simply a single particle, the field disturbances are double the actual. This
was noted to be apparent from the plot of fH2 (X) in Fig. 2.11, and would increase the values
of <O’ﬁ>2 and uﬁ. This issue also applies to fH1 (X) and f, (X) thereby increasing the values
of (0ﬁ)2 and (o).

Next, let us consider the variances within each phase

(Vu = (Vu),) - (Vu = (Vu),)),
(Vu), - (Vu),

= 52 (o) +2(01)") (2.66)

(Vu = (Vu),) - (Vu — (Vu),)), , (ffﬁ) +2(02)

= X

(Vu), - (Vu), <%,uﬁ + 1)2

(2.67)

which should not violate the Beran upper bounds [24]

{(Vu — <V<;>;>)+..(<VV%; >—+<VU>+)>+ < Z_m (@) — aeq) (aeﬁ <%> - 1> (2.68)

e < ey @0 (e (5) 1)

Here a, denotes the greater of a; and as and ¢, the concentration of this phase, and similarly
for a_.

These bounds (2.68) are compared with our results (2.66,2.67) in Figs. 2.16 and 2.17 for
asfa; = 2/5 (3x=1/4), as/a; = 2 (3 = —1/4), and as/a; = 10 (3 = —3/4) using relation
(2.58) for acg.

First consider the variances within the matrix. In the insulative particle case (Fig. 2.16a)

our result (2.66) nearly coincides with the upper bound (2.68) and in the high contrast con-
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ducting particle case, this bound does not provide further constraint (Fig. 2.16¢). However,
for the low contrast conducting particle case (Fig. 2.16b) the approximation fails against the
(2.68) upper bound for small values of concentration ¢* > .1.

For the variances within the particles (2.67) the insulative particle (Fig. 2.17a) and low
contrast conducting particle (Fig. 2.17b) cases the bounds (2.68) do not provide further
constraint. However, for the high contrast conductive particle case (Fig. 2.17c) variances in
the particles fail against the bounds (2.68) for very small values of concentration ¢* > .05.
The variance in the particles (2.67) enters in the effective coefficient (2.58) and variances in

the composite (2.62) with the factor

(Vu), - (Vu), _ <%Mﬁ i 1>2 i
(V) - (V) (%c*uﬁ + 1)2’

for the high contrast conductive particle case this factor takes very small values, and explains
why the violation of this bound was not apparent from the effective coefficient (Fig. 2.14b)
nor variance in the composite (Fig. 2.13c).

Our results were compared with bounds on effective coefficient as well as variances in the
composite, matrix, and particles. These bounds constrain the validity of this approximation
in the case of conductive particles. These results do not violate bounds in the low contrast
case ay/a; = 2 for ¢* < .10 and for the high contrast case as/a; = 10 concentrations ¢* < .05.
It is expected if the particle-particle interactions were corrected, the validity of these results

could be expanded.
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CHAPTER 3 APPROXIMATION OF LOCAL FIELDS IN TWO PHASE COMPOSITES
The material conductivity is assumed to be statistically invariant with respect to mirror

image and translations, as well as lacking in long range correlation as described in Section

1.3. Take f (a,u) with N field fluctuations in phase 1 and M field fluctuations in phase 2

then

(@) = %pué (a . ﬁu) and () = Lad (a _ @a) , (3.1)

where p, and g, are probabilities of the corresponding field fluctuation, variable y runs values
1...N, and « runs values 1...M. Obviously, the field fluctuation probabilities are non-negative,

and are constrained by the volume concentration of phases

0< dYp.=c1, 0<p, <1 for each p, (3.2)
w

0< > ga=ca 0< g, <1 foreach q,

and 1=c¢ + ca.
Since the average value of the field fluctuations vanish over the composite, it follows that
Y PRy + D qaQa = 0. (3.3)
o «

Without a loss of generality, let the joint two point probabilities which define the correlation

between field fluctuations spatially over 7, be defined as the sum of the one point probabilities
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and some unknown functions p,, (7), s,z (7) , and gag (7)

Fu (@7 @) = f(@) f (T) + “Z’pr (7) 6 <1I _ ﬁu) 5 (a — ﬁy> (3.4)

= 5 (upo + Py (7)) 6 (7 =

JTR%

where variable v runs values 1...N and 3 runs values 1...M. Then the compatibility condition

of joint probabilities with microstructural characteristics

—
g
[\
—_

£l

;77, ’l_[,) dﬁdﬁ, = C1C2 —f- ZSWX (71) = f12 (71) = C1Cy — Clcgho (7_") s
Ly

and /fgg (u; 7,d') didid’ = coco + O%qag (7) = foa (T) = caca + c102h, (7)),
leads to the relationships
> Puv (E) = clcgﬁo (/2) . D S (E) = —clcgﬁo (E) , and quaﬁ <l;> = ClchLO <l¥> (3.5)
v e a,
which are written in terms of Fourier transforms defined as

ho <E) - / Exp (7, 7. E) he (7) d7. (3.6)
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The inverse Fourier transform can be found by
he (7) = / Exp (—@' 7 12) ho (E) dF. (3.7)

Here the important concept that the solutions which hold for all vectors 7 in physical space
also hold in the transformed & space, and vice versa, is used.

The compatibility condition of one and two point joint distributions

/ (fun (@7, @) + fra (@7, @) dT = f (@) and / (fon (@ 7.0) + fop (@ 7, i) i = fo (il

provide further constraints

>0 (T) + D 8ua (T) =0 for each pand > s, (7) + > qup (T) =0 for each §
v @ I «a

and writing in terms of Fourier transforms

— —

Eyjﬁw (E) + > 50 (k) =0 for each p and Zﬂ:@‘g (l;) + > Gap (k) =0 for each 3. (3.8)

o o

The remaining conditions for non-negativeness of probability are
0< fu(@;7,4), 0< fio(a;7,4'), and 0 < fo (; 7, 10

which must hold for all values of #, 7, and .

Here, rather than the full infinite series to describe the correlations within the composite,
the description has been truncated to the one and two point statistics. This truncation
introduces a new constraint to ensure that the joint 2 point probability is positive definite

in terms of Fourier transforms; the inequality

0= St (F) + 250,008 (F) + S6u0ses (F) (3.9)
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must hold for any vector ¢ and qg
Lastly, there is a constraint due to the potentiality condition in terms of Fourier trans-

forms:
B <E> kikj = %Rme’ﬁuu <E> + l%é (Rm‘Qaj + Ruani) §ua <E> + %Qai@ﬁjéaﬁ <%) (3'10)

where

0< B (E) for all k.

3.1 Simplified Case of One Phase having a Homogenous Field
The constraints can be further simplified, and we will find B (E) s Dy (E) P <IZ> , and
q11 (E) Consider the case of a homogenous field in phase 2 and with (3.1), (3.2), and (3.3)

. 1 .
Q = ——>pR, 0< Yp.=c1, 0<p,<1 foreach p, (3.11)
€2 p p

and 0 < g1=c=1-—c¢,

where the subscript for vector C?l has been dropped. This simplifies one point probabilities

to

@) = S (7-£,) and fo (@) =i (7 - Q).

and two point probabilities to

0 < ETT) o (pw @) , W”) 5 (ﬁ— Eu) 5 (ﬁ - éy) (3.12)
o

C1C2 C1C2 C1C2
= = —
o< 2 lBTT) (3“1 (%) Hﬁ) 5 <ﬁ— R.)d (a - Q)
C1C2 w C1C2 C1
0< for (@; 7, 10') _ fi2 (@ 0,4")
C1C2 C1Co

o< f2@ELT) (Chl (7) +9)5<g_(j)5<17_¢j).

C1C2 C1C2 C1
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With (3.5)

> P <E> = C1C2ibo <E> , %%1 <E> = —clcgﬁo (/Z) , and i1 (E) = clcgﬁo (E) (3.13)

2214

and (3.8)
ijﬁw <l§> + 5,1 <lg) =0 for each p and %:éul (E) + dn (E) =0 (3.14)

q11 (E) is known, the second constraint in (3.13) is redundant, and the fourth term in (3.12)
is always satisfied due to the definition of 0 < h, (7) (1.8).

Positive definiteness (3.9) takes the form
0 S Z@u@uﬁﬂ” <];:> + 2Z¢u¢1§ll1 (E> + Qs%chZiLo <E> 9
v u

which after rearrangement is

R R 1 X 2 1 R 2
0 < > 90D + crcahe (cbl + —AZ%Sm) -— (Z%Sm) :
8% 7

C1C2Ny 1 cic2h,

By minimization of the right side over ¢, the constraint follows

mgm (E) bn (/2) 0,00 (3.15)

Repeated indices implies summation.

The potentiality condition (3.10) is

5 (F) ity = (0 () = - (i (F) 2 (7)) + o, () At
(3.16)
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3.2 Compatibility of Probability Distributions
By introduction of vector §, where 1 runs 1,..., N and all components of §,, are equal to
unity, tensors p,, <l¥> and 3, (E) can be expressed in the general bilinear form comprised

of parts orthogonal and collinear to ¢,

Do (E) =7, (/2) +9), (E) ¢, + €1, (E) +p (E) £,6, and 3, (/2) = s, (E) +53 (lZ) £,

By definition, the orthogonal parts

I
e

P (F) &0 =0, o, (R) &, =0, p, ()&, =0, and s, ()¢,
Since remaining constraints in (3.13) can be written
fuf,,ﬁw <lg> = N2p <lg> = clcgﬁo <lg> and §M§M <lg> = Ns (E) = —0102?10 (E)
we then know
- 1 ~ d nd ]_ ~ —
P (k) = ~zeicah, (k:) and 3 <k> — —~icahy (k:) .
With the first constraint in (3.14)

Np, <lg> + Np (E) £, = —8, (E) -5 (E) £,

we also know
" 1 L
AGEES-ZAGE

Then, p., (E) and 5, <IZ> which comply to constraints (3.13,3.14) are written

B (E) — /2) _ %s; (E) - %s,’/ (E) €0+ %clcgﬁo (E) €8 (3.17)
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Now, consider positive definiteness (3.15) with the similar decomposition of vector @

¢, = ¢, + ¢, where ¢ £, =0,

with (3.17), after simplifications we have

L0<0),,
k

X L]% — (ipu + lfu) c1cah, <l;) R,R,;

ClcgiLO (k)
and with the similar decomposition of the field fluctuations R“
_ _ 1
Ry =R, +§,R; where R;= N@Rm and R;£, =0 for each i,

potentiality is after simplifications
(3.19)
S:L (E) 1 _
2

h
X ﬂfi’ . — c% (p,,R,’,j + Rj) c1cohy, (E) .
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3.3 General Solution of Field Fluctuation Correlations

In Appendix D, the positive definiteness and potentiality conditions are shown to be
constraints between p/,, (E) and s/, (lg) With these general solutions, the field realized
for any composite now is a potential one, or more compactly the potentiality condition is

achieved. These general solutions which ensure the potentiality condition is achieved are

s (k) s (& .
P (k)% R.R,, = \If(k;) ik (3.20)
and ) Bly= = (R, + R) = @ (k) k

o 0< B () = () + b () (2 (F))

We are after particular solutions which allow determination of s,; (7) and p,, (7); the par-

ticular solutions to (3.20) are

) o)y
NPTy (k:) Yk Yik; (3.21)
k
and 8; <E> = c¢icohy (E) <<I> (E) Y;ki - X#> +35, </§>
where fulfillment of the potentiality condition (i.e. general solutions (3.20)) requiring

YR, = 06, Y, £, =0, (3.22)
1 _
XuRiu' - T (puR:ﬂ' + Ri) ;o X, =0,

S, (E) R, = 0, and s, (E) £, =0;

it will be shown later that 5, (E) = 0, and it is assumed here.
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Then, with (3.17) and the inverse Fourier transform (3.7) of (3.21)

50 (7) _ 5, (7) %fuho (7) = Vi, — (XM + %ﬁu) ho (7)

C1C2 C1C2

and
P (P) _ P (@) 650 &5 () S, )
C1Co C1Cy N C1Cy N cico N2
1 .
= (FU +%J YZYJ (X + 5 ) — (X“Jr Ng“) Y,f’yj—i—
(2 ) (20 ) 1o
where

|||
’U \
tlj
*6
/N
T
~——
T
Q?T‘
9
=

Yij (T)

Il
/ A
\ll
N‘l
N——
>
N
S
=l
——  ——
KA
N
//
=l
N——
o
QF
SH
=

|
-~
il
ol
——
>
S
VRS
ol
KH
/~
Eaud]
——
&
QL
=~

and -, (7T)
A simple case is when
v (E) — W crcah, (/2) ®? (E) then Ty; (7) = ¢ vy, (7)

it corresponds the reasonable assumption that the intra phase correlations p;W (E) are

only functions of microstructural characteristics creshy (E) and the interphase correlations

sL (E) With this definition, the positive definiteness condition reduces to

0 <.
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From this point on we will only consider the degenerated case, of 1y = 0 which gives

oy (B ()

then the positive definiteness condition is always satisfied and the potentiality condition has
now been reduced to (3.22). Remaining constraints are now only related to the non-negativity
of probabilities (3.11), (3.12) and potentiality (3.22).
3.4 Symmetry of Internal Fields in Two Dimensional Case

Motivated by the results of Chapter 2, where PD of electric field in a composite comprised
of spherical inclusions was found, we take the reasonable assumption that the PD must
be symmetric in the direction orthogonal to the applied field. Consequently we take field
fluctuations directed along or in equiprobable pairs symmetric to the applied field direction,
which provides this feature in the case of two dimensional space. Without loss of generality
we take |0] in the 1—direction. It then a consequence that p, R/, and Ry must be zero, which

simplifies the constraints in the second line of (3.22)

X, R, = —C% (puRjy + R1) and X, R, =0. (3.23)
3.5 Debye Microstructural Statistics
The microstructure selected for study is the Debye type, which is commonly encountered
in a wide range of engineering materials and corresponds to microstructures comprised of
randomly placed inclusions such as the particulate type microstructure studied in Chapter
2 (see e.g. [4]):
ho (7) = Bxp[- 7] and h, (F) = ——2"
k

9\ 3/27
(1)

where dV}, = #dkldl@ for the two dimensional case.
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3.6 Selected Statistical Characteristics of the Field Fluctuation

We must also select statistical characteristics of the field fluctuation correlations fi; (u; 7, @)
and f1o (u; 7, @) which also defines the correlation function of the potential field B (7) . Consider
the second equation of (3.20) the right hand side of must be even based on definitions, there-
fore ® must be an odd function. We take it as the function which has the slowest rate of

decay allowing for the convergence of the integrals of ;; (7) and v, (7) :

The use of the slowest rate of decay in Fourier space was chosen because we expect that the

fluctuations should be correlated very strongly locally.Then

S L 2m a; ki
o7 (T) = /Exp (—z T- k;) Y5 - 5 k;dVy, (3.24)
(T+ )" 1+ )k‘

2 Exp(—i 7T k
_ Y / ( i /2) Lk,
or,07; (1+ |k|2) 27

0? Exp (—i |7| |k| Cos (0 1

gl [ G 1
7,07 (1 + [k T

82

7,07

T

o Bxp (= [7]) (1 +[7)

1
3¢
1
3¢

(7

) Bxp (= |7
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and by similar means we find

o L 2w o; koo ks
v (T) = /EXp(—ZT-k) TP —3 J deVk
(14 [k[*) 1+‘k‘ 1+ k:‘
1 0? 0? 9
= —Q,0, E — 7D (3+ 3|7 T
15a @ O0t,07; 0T, 0Ty, xp (= 7)) ( +3[7 + |7 )
= Lo LB (7)o — B (14 7))
1 1\ 7,7 )
= —ana,Exp(—|7]) (((1 + T) R @) TiT
E ) )T

(3.25)

1
+ (8ij0mn + Oim0jn + Oinljm) — H (TmTn0ij + TiTmOin + TiTnlim + TiTmOjn + TiTn0jm))

The correlation function of the potential field can now be found

_ - 2
C1C2 G 87’187'1 / (1 E 7/2 2 dkldk2 (3 6)
i)
0% 1 2
— _E _ — — —
R T xp (= |7]) (3 + 317 +|7])

1 . o
= 041041B (1171 — |T| —1)Exp (— |7'|) .

3.7 Non-Negativity of Joint Two Point Probabilities

From (3.12) we are left with the constraints

0 < fun (u; 7, a") = (puu(?) +Pupu> 5<ﬁ_ﬁu>5<ﬂ”—éy>
v

C1Co C1C2 C1C2
w7, U Su1 (T - -

0 < (@R =2(—“1( )+@)5<G—Rﬂ 5(@*’-@);
C1C2 7 Ci1C2 C1

the last two terms have been dropped due to redundancy (fio (@; 7, @) = for (@; 7, @) since
s (T) = s,1 (—7)) and satisfaction of the last constraint (due to non-negativity of h, (7)).
For fi; (@;7,u') we take each of the ﬁ“ as unique otherwise the problem is degenerate to

a lower number of vectors. For example if we were considering three vectors in the first
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phase, but two were identical, then this can be easily shown to be mathematically equivalent
to considering two vectors in the first phase. Therefore we must satisfy the conditions for

f11 (@; 7, 4’) to ensure non negativity of probabilities

Puv (T) L Pupy
C1C2 C1C2o

0<

for each p and v. (3.27)

For fi5 (u; 7, 4') to ensure non negativity of probabilities given the uniqueness of éu we have

0 < 5m(7) | Pu

. 3.28
C1C2 C1 ( )

The non-negativity of PD in (3.28) can be simplified further by writing 7 in polar coordi-
nates and it will be shown that this constraint can be reduced to a constraint of |7| only. The
first term in (3.28) can be further simplified; consider in polar coordinates and the double

angle trigonometric identities

i TiTj 1 2 2
aiYMJW = W (alYul (11)" + (OzlYi + OéQYMl) T1To + OéQYMQ (12) )
1+ cos 26 sin 20 1 — cos 20
(leY“l 9 + (Oélyi + Oégyul) 9 (65) MQT

1 1
= 5 (Y, + V7)) + 5\/(alyg + ¥+ (Y — apY2)sin (20 + ©).

Here, © is a phase shift which arises from the linear combination of sin 26 and cos 26. Since
the constraint on probability (3.28) must hold for all 7, the strongest form of this constraint
is desired for any © and 6. Since the first term in (3.28) enters with a negative coefficient,

we maximize to find sin (20 + ©) = 1 and then

- TiT R 1, .
Oé'LY/L] < |7__,|] — 51J> EXp (— |TD = (Oélylul + OZQYHZ) <§ |T’ — 1> EXp (- |T|>

1 . >
(@Y + ) + () = a¥2)* 71 Bxp (- [7]).
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Inserting this relation into (3.28) we have the constraint as a function of |7| only

1 1 1
0< 1 (@) + 1) (5 7 — 1) Exp (~ 7)) - (XM T Nfﬂ) Bxp (< 7)) + 2 (3.20)
1
1

2 21 -
—3 (OzlYlf + OzzYul) + (OqY,} - Oézy,?) 2 |7 Exp (= [7])

or more compactly for the probability densities in (3.28) we have

— — 1 — —
0 < E, (I7]) = Ay + By Exp (= |7]) = Cou [7] Exp (= |7]) (3.30)
where
A, =250 (3.31)
(&1

1 1
B, = 3 (1Y, + apY?) — (Xu + N5”>

1 1
Cu= s\ (@2 + V) + (@Y — V) + 5 (Y} +a¥?) 2 0,
Considering the following relationship
0 S <(041YH2 + OZQYI})2 + (O[lyul - &2Yi>2> - (O./lYMl + O{QY;)2 = (041YH2 — QQYI})27

the first term in C),, which is always positive, is always equal to or greater than the absolute
value of the second term, therefore C), is always non-negative as noted in (3.31) .

There are three possible minimizers to F), (|7]) : 0, oo, and depending on the values of B,
and C), possibly an intermediate point denoted 7,. Let us show why these three conditions

ensure the non-negativeness in (3.30). For derivatives we have

FL7) = = (B4 Gy (1= 170) ) B (- 17)

where prime indicates differentiation with respect to |7|. Considering values —oco < |7| < oo,
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the function F), (|7|) has stationary point (F}, (|7|) = 0) for finite || only at the point denoted
denoted 7,
B

%M=1+2C—“.
W

The second derivative with respect to |7] is

FL) = (B+ €, (1 5171) ) Bxo - 7).

and at 7,

"o~ 1 ~
F(7,) = §CM Exp (—=7,) .

At the point 7,, the first derivative is zero, so this is a stationary point and the second
derivative is non-negative since 0 < C,,; therefore, the stationary point 7, corresponds to a
minimum.

In the case 0 = F), (0), then B, = —A, = —p,/c; and the stationary point 7, cannot

not have a positive value

B 1
%“:1+2C—“:1—2@—§0 thus C, < 22

1 €1 Ly ‘1

This conditional statement also arrises from alternative reasoning: if 0 = £, (0) and there
is only one stationary point for all |7|, to satisfy the condition 0 < F), (|7]) for 0 < |7|, the

first derivative of F}, (|7|) with respect to |7| at |7| = 0 must be non-negative

C pp C P
0<F (0)=—(B,+ L) ==£— =2 thus C, <2~
o M() (M+2) C1 2 s b= C1

Note also shown that C), is non-negative, therefore

Pu

0<C, <2
C1

if 0=F,(0) foreach pu (3.32)
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3.8 Two Dimensional Debye Material
In summary for the two dimensional case with the Debye material and the correlation of

fluctuations selected, a random composite must have non-negative one point probabilities
0<c1=>p, <1, cg=1—-¢;, 0<p, foreach p (3.33)
o
and two point probabilities (3.28,3.30). The fulfillment of potentiality requires

1 _
R, = 0,6,X,=0, X,R, = o (PR + R1) (3.34)

i

X.R, = 0, YR, =0, and Y} =0;

all other required constraints have been satisfied through the structure of this solution.
3.9 Number of Field Fluctuations to Satisfy Potentiality Condition

To satisfy the potentiality condition in the two dimensional case, two values of field
fluctuation in the first phase are insufficient except for the degenerate case of a uniform
field for each phase. For the case of two dimensions a single vector orthogonal to k exists
and is denoted k* (i.e. k;ky =0). Then, consider the case when Ry = const Ry, where the

potentiality condition has the form

A

B (E) kik; =T (E) RyRy; -

*

contracting with 7k} we have

0 =7 (F) (Ruk)?,

which must hold for all k. Since T <l§> is a non zero function of E, and this equation should
hold for arbritrary values of lg*, the only solution is a homogenous field, Ry; = 0. It is shown
in Appendix C that when R # const R, the same conclusion occurs.

We then know R}, # const R ,, and with the conditions 5,R;, = 0 and 5,£, = 0 we

have the solution that s, (E) =0.
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Note this same argument holds for the case of homogenous fields within each phase.
Again, the field in the second phase @1 can be expressed as a function of the field in the first
phase R using (3.11).

Therefore from the perspective of fulfilling the potentiality condition in the two dimen-
sional case, more than two field fluctuations in the first phase are required for a two phase

composite; as shown in the following section, three is sufficient.

3.10 Three Field Fluctuations in Phase 1 with a Homogenous Field in Phase 2

)

Qi

Figure 3.1: Diagram for Ny = 3, three vectors in the first phase ﬁu and one in second Cj

In the case of three field fluctuations as shown in Fig. 3.1, the constraints relating to

potentiality and vector probabilities are fulfilled

1 1
p2:p3=§(cl—p1), 12 =0, Ry =—Ry, Ry = 31:_5 1
21 /1 Ry 1
=5 |5 —=3m) - Xo=Xz=—=X
1 3¢, 2<01 D1) ,11) ) 2 3 TRk
21 1 11
! 1 1 1 y2 2 2
Y] :§R’n’ Y =Y, :_51/1, Y2 =0, and Y?=-Y; 253,22
with unknowns p;, Rj,, Rb,, R, and «; with only constraints remaining relating to

the non-negativeness of PD (3.27,3.30) . The vectors Ry and R, as well as the components
Ry and Rz must be non zero, otherwise this case degenerates to two fluctuations in the

first phase and potentiality cannot be satisfied.
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In the case of three field fluctuations in the first phase, the constraints (3.27) for |7| =0

1 1
0< A(0)= A +B = ~aVi+(2ox—2),
3 C1 3
1 D1 1 1 1
0<2F(0)=2(As+By)=—a, V! — = - X; — = — g —— d
<21, (0) (A + Bs) 31ty (Cl 1 3>+3a Ry arn

1 1 1 1
0§2F3 (0)22(A3+Bg) :—5061}/11— <%—X1—§> —gagR/
22

are collapsed upon inspection (i.e. 0 = Fj (0) = F5 (0) = F5(0)) and the solutions follow
3
@:-@:—&,mz——<ﬁ—xr—>,wd%za (3.35)

This conclusion has the rational consequence that the probability of observing two different
field fluctuations at a point on the boundary between the two phases is zero.
With (3.31) and (3.32) the constraint 0 < F, (|7]) for any 0 < |7| is reduced to to

constraints on C),

2| g 2 o y4!
0 Ci=- — < 2— 3.36
RS = Y (3-36)
1 (651 9 Rlll 2 1 o P1
d o < Cy=0Cy=- —= 1— - <1—=—
o - 9 Ry \/4 <R,22 * IRy~ €1

where | | indicates the absolute value (i.e. |z| = V2?2 since R}; # 0 and R}, # 0).
Also it will also be helpful to write R; as a function of «; to make relationships more

compact later

Rl 1 4! €51
— =—(1—-3—] -3 . 3.37
Ry 2 ( Cl) “ Ry ( )

Since a5 = 0 we have

TjTl

1, () = —gan (T~ 1) Bxp (- 1)
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and
— 1 —
v (T) = 1—5041041EXP(— 171) (635 + 201:01)
1 T1T1 1 > 1
+ 1+T>_»__T TZ'T'—T(7'17'1&"+2T'T15i1+27'i7'15‘1))
(( 7)) 172 |7 G ! ’ ’
then
0 81 (T) + puce
o C1Co
1 1 o p
_ (§a1 (Yﬂl — (Yulﬁ +Y, 7'2) H) (X# + N@)) Exp (— |7]) + C_T
and
0 < Puv (7) + pupo
- C1Co
1 9 . i . 1 T1T1 1
= E (Ozl) EXp (— |7'|) (YuTiYy]Tj ((1 + ’7_T|) ‘7__'7 - m))
1 2 N Tl . i
+ 15 (o) Exp (—|7]) ( (YivF+2v)Y)) — B (YY) +2m,Y, Y] + QTiYHY,}))

1 T1T 1 1 71T
L Sy ((viTTmyr) (x4 2 X+ 6 ) (V=2 =Y
+3041EXP( |T|)((Yu 7] Yﬂ) ( +N€”)+( “+N£“> ( YT V))

1 1 PuPy
X, + = X, + =€, ) Exp (— |7]) + 22
# (6 ) (o e ) B (- le) + 22
3.11 Composites with Statistically Continuous Material Characteristics
The material statistics developed thus far do not prevent the case of two points of ob-
servation within the first phase having two different field values at the limit they approach

and coincide. In a statistical description an additional condition between the two point
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probability and the one point probability is introduced

f11 (ﬁ, 0, I_LV) == fl (ﬁ) ) (ﬁ - ﬁ/) s (338)
f12 (’(_j, O, ﬁ,) = 0,

and  foo (4,0;0) = fo(d)o(u—u') as |T] =0

and this is denoted as the condition of statistically continuous material characteristics, which
holds for all materials.

Briefly consider the case of three vectors in the preceding section. On the boundary
between the phases, (3.38) requires

e e e LI CEVARICE)

C1C2 C1C2 &1

which was achieved due to the collapsed constraints at zero

0
8“1—” + Pi tor each L.
C1C2 C1

0=

The new conditions which arise only from (3.38) are correlations within the first phase
which ensure a point of observation cannot have two different field values which forces the
probability of having an observed field value to be the probability of that same field value

occurring:

0 0

P12 (0) + p1p2 _ D3 (0) + pips _p, (3.39)
C1C2 C1C2

P23 (0) + paps _ b3 (0) + p3po _0
C1C2o C1Co ’

pu(O)+pp _ pr
C1Co 6162’

and P20 +pop2 P33 (0) +paps _ p2

C1Co C1Co C1Cg

Returning to general solutions independent of problem dimension and number of vectors



72

in the first phase, from (3.20) we have

—S’élli;) = Ylf% (7) — (Xu + %@) h, (T) and (3.40)

—

P (T) - _ Vi (A Y = Yiv, (7) (XV + %@) - <Xu + %fu) Yl (7)

C1Co
1 1
(5 de) (5 2o s

where 7,; (7) and v, (7) are unknown functions of h, microstructure and ® field fluctuation

correlation

Vi (7) = /EXP (—i 7ok h, (E P? (E) kik;dVy,
and ~, (T) = /Exp (—z’ 7ok hy (E o (E) k;dV},
Only constraints due to potentiality
1 > i i i
XMR:“ = —a (puR:“ + RZ) R Xﬂf,u = 0, YMR:L]‘ = 6]" and Yugu =0 (341)
as well as non-negativity of probabilities
o< By 5T g o< Pele | P (T) (3.42)
C1 C1C2 C1C2 C1C2

remain.

The second constraint in (3.38) fi2 (@, 0; %) = 0 requires

Sp1 (0)

0= Pu + for any p
C1 C1Co
giving a general solution of X,
; 1 1
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and simplifications in (3.40) arise at the limit |7| — 0,

p;w (0) — pupl/
C1C2 C1C1

+ (735 (0) =7 (0) 7, (0) Y,

since h, (0) = 1.

Constraint f1; (i, 0; @) = f1 (€) § (€ — d') requires

Pué, PuPv | P (0 L pupy ;
by buby PO LD () (0) oy (0), (0)) VEVS i =
C1C2 C1C2 C1C2 Co C1C1
Pubv | Puv (0 L pupy i
0 = Lo b 1Py o)y (0), (0)) VEVS it
C1Co C1Co Co C1C1

or upon rearrangement

i i L puby | pué, .
g YV = ~. . Yiys - 8 PRy af ) =
745 (0) Y, Y 7; (0)7; (0) Y, Y e o LRV
ivi v 1 Pubv .
7 (0) YY) = 7;(0)7; (0) YY) — P if p#v.

Contracting v;; (0) Y)Y,/ with R/, R,
v, (O)YY/R R, =~;(0)7; (0)Y,Y/R R, — i&R,k&R/z + ZP_MR/ i
ij ptv ety i j pty Sk L Pk T T S Tk
gives v,; (0) since YR/, = &}
1 (0) =3, (0) 7, (0) = ~L2p gy s> Do gy gy (3.44)
Y ! J Co Cq c1 Lcicy M Hi

Without loss of generality we can specify the average field value in the first phase to be
in the 1-dir and if we also introduce the requirement of symmetry of field fluctuations and

probabilities about the applied field direction we have

puR,;,=R; =0 fori+#1. (3.45)
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Combining the first term in potentiality condition (3.41) with the contraction of X, (3.43)
and R,

1 — - p
- (pMR:n +R;) = X R, =7;,0)Y/R, + “R’ — NR:MS

allows for the solution of ~, (0) since R/,;§, =0 and Y/R, = &7

1 /1 _
7 (0) = —— (C_lpp,R;”' + Ri)

Co
and with (3.45)

1 /1 _
71(0) = —— <apuR;ﬂ + R1> and v, (0) = 0 for ¢ # 1.

Co
3.12 Statistically Continuous Material Characteristics: General Results
By specifying the condition of material characteristics being statistically continuous and
introducing the requirement of symmetry of field fluctuations and probabilities about the
applied field direction (assumed to be the 1—dir) we have reduced the entire problem to
some simple constraints independent of dimensions and number of vectors. We know from

the problem specification for large values of |7

7 (T) =75 (F) =0 as [7] = o0

and conditions have been developed in the limit |7| — 0 from (3.38)

1 /1
v, (0) = —C—< R'l—i—Rl), v, (0) =0 for i #1, (3.46)
2
Lp P
0) = 0 0 ———MR' K R/ R
Y11 (0) 71 (0) 7, (0) oy g ﬁ%cc ul
and 7,;(0) = SRR for i£1 or jAL

m C1C2
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where

>

7i; (7) = / Bxp (=i 7+ k) hy () 2 (F) kikydVi

and v, (T) = /Exp (—z’ T- %) he (E) o (E) k;dVi.

The first two conditions in potentiality constraints (3.41) are satisfied due to (3.45) and

(3.43) leaving
VR, =0; and £,Y; =0.

J

We also have non-negativity of probabilities now just for positive |7|

O<&+SM1(F) and 0<pupu+p;w(7_:)

1 C1C2 C1C2 C1C2

for 0 < |7]. (3.47)

By introduction of the condition of material characteristics being statistically continuous,

unknown parameters X, have been eliminated and functions s, (7) and p,,, (7) are simplified

Sul (?) _ Y;% (7—_») _ <Yﬂlf},1 (O) + Cilp“) he (7‘-’) and (3.48)

C1C2

Puv ? — AV % — 1 1 ‘ 7
Py (7) = 7, (D) YY) =Y v, (7) (Yul’h (0) + c_lp”) - (Y;}% (0) + c_lp”> Yy, (7)

C1C2

+ (Yl}% (0) + cllp“) (YJ% (0) + 0—111?#) ho (7).

3.12.1 Statistically Continuous Material Characteristics: Two Di-

mensional Debye

Again taking a Debye material with

N o 2
ho (7) = Exp[— |7]] and h, (k;) S
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with

o2
14 |k

and considering the two dimensional case, i, j = 1..2, v, (7) and v,; () were simplified at the
limit |7| — 0

1

1
7(0) = za; and 7, (0) =

With the two terms 7, (0) in (3.46) we can solve for «;
3 /1 ,
o = —— c_lp“R“l + Ry ) and a; =0 for 1 #1

and a; known, ~;; (0) in (3.49) and (3.46) are

1 1 1p P
5 = 0) = Sonag — — 2Ry, 2 P “R,\Rl,
10 Y11 (0) 9a1a1 Oy C1 it XH:C ce

p
0 = ’712(0):’721(0)22 . R/ R/
I C1Co
0 = 79 (0) =712 (O>

—arar = Yy (0) =3 P RI RI

15 o C1C2

Summary

Upon simplifications the problem is reduced to p,, R, and Yz subject to the constraints

i

0

IN

aa=>pu <1, c=1-c¢, 0<p, foreach p, (3.50)
I
R, = 0, puR, =R =0 fori#1, YR, =6, &Y, =0,
3 1
ZPURLZR;Q =2 <2puR;¢1R;1 - C—PuRﬂlpuRll) )
H H 1

3¢ 1 2
ZpuR:bzRLz = gc_: ( Rll + Rl) , and 0= ZPMR;MR:Q
1 7

where non-negativity of probabilities for 0 < fio (@; 7, @) since 0 = F), (0) are reduced to



7

(3.32)

0 < CM _ %\/(0413/#2)2 + (O“Yul)Q —+ éalYﬂl S 216)—? and (351)

Pulv | Dy (7)

for 0 < |7].
C1C2 C1C2
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CHAPTER 4 VARIATIONAL PRINCIPLE FOR HOMOGENIZATION IN
PROBABILISTIC TERMS

With the variational principle for homogenization in probabilistic terms a composite
with isotropic phases we can find the effective properties a.g¢ as well as field fluctuations and
their probabilities through minimization under constraints (3.5) through (3.10) . For the two

dimensional case

1

aet = Ming11),3.12),(3.22) Walzpu ((Ul + Ru1)2 + (vg + R;ﬂ)z)
n
1
+ ’6’2a22qy ((Ul + QV1)2 + (U2 + QV2)2)

where ¢ is the applied field and a1, as phase conductivities. It is clear that ﬁﬂ and le are
proportional to || and without loss of generality we take || to be of unit intensity in the

1—direction. After dividing through by a; and using introduced notations, we have

Qeft
a1

2
= Mings.11),(3.12),(3.22) %pu ((1 + R, + fMRI)Q +( L2)2>+Z_?C2 (1 — 0_12 (PR, + clﬁl))
(4.1)

for two dimensional problems.
4.1 Three Field Fluctuations: an Approximate Solution

Iso contours of energy along with the regions where 0 < fio (¢; 7, @) and 0 < fi; (u; 0, d)
are satisfied are shown as a function of R}; and Rj, in Figure 4.1 for an example case
of p1/c; = 3/7 and a;/ay = 1/10. Similar results are found for other p;/c; and a;/a;We
seek low values of energy, and it is observed that energy decays for larger values of a; /R’
up to the limit due to the upper limit due to the first constraint in (3.36). With this fact,

let us take «y /R, as proportional to p;/c; :
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T R
-6 -4 -2
(

A R
2 4 6

7,4') and 0 < fi; (4;0,d’) in Ry; Ryo space.
(u;0,4") (green) shown with iso contours of

o

Figure 4.1: Typical topology of 0 < f;
Regions 0 < fio (u;7,d’) (blue) and 0
energy (black).

12 (4
< fi
where Z < % from (3.36). This proportionality has the consequence of mean field fluctuation

R; being simply proportional to the first phase field fluctuation R/,

2 1 R, 1 ry, 1_m
X = (1+22)2 -2 andth sy P o)y,
1 ( *y )cl g Ana e o =3 —32 (1-a)

Taking the largest admissible value, Z = § then oy = %p—Rll and constraints p,, at 7, =0

can be written compactly
0 2
0 < p11 (0) + pips _ (m) (4.2)
C1Co
_ I
5 C1
1 2 2 2
0 < p22(0)+p2p2:_ 2+ p L L
C1Co 10 C1 2 C1
2__7 _2 ) (e Y
8 I22 C1 2 C1 ’

0 < P12 (0 +pip2

C1C2

P23 (0) +pops 1

and 0

IN

C1Co 10
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where

P12 (0) = p13 (0) = p21 (0) = p31 (0), pa2 (0) = p33(0), and po3 (0) = ps2 (0) .

Since the constraints in Figure 4.1 form straight lines in R}, and R, space and levels of
constant energy are ellipses, the solution for a.; will then inherently be found at the tangent
point intersecting straight lines of constraints and ellipses of energy. To find this point,

introduce a constant of proportionality 2 between components R}, and R,
Ry, = QR
and then constraints 0 < F5 (|7]) and 0 < F3 (|7]) can be written compactly

9/1\?
- (—) +1< 2l 1 alternatively |Q| <
4\ Dp1

A~ w
—
e
w
SN—

(2o 1)
p1 \ P1

The constraint line normals are in the {—w, Qw} direction

0

——— Qg Qu,
ORY,

= —w and ——a.g =
R/ (S}

where here, w is an unknown constant of proportionality between the normal to the constraint

line and the gradient of energy. With these two equations R}, can be determined

, 6(@2-&1)-6(&2—(11)61

1 — :
4a,? (1 - %) +9a1 (p1 — 1) +9 (a1 —az2) pr — 9 (a1 — az) c1py

We wish to determine the values of p;, R};, and Rj, which minimize energy for a given
problem definition ¢;, a;, and as under the constraints for positiveness of probabilities with
the problem reduced to determination of 2 and p;. The general topology of the problem is

shown in Figure 4.2, and it is observed that energy is minimized for large p; and small §2
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 4.2: Typical topology of 0 < fi; (@;0,4') and 0 < fio (4;7,4') in Q p; space with
isocontours of energy (black)

The constraints relating to correlations between the first and second phases (0 < Fy (|7]), 0 <
F(|7]), and 0 < F3(|7])) as well as 0 < f1; (4;0,4’) have been reduced to very simple
conditions, only 0 < fy; (@; 7, ') for 0 < |7| could not be simplified. First minimization (4.1)
for all constraints except 0 < fi; (¢;7,u’) for 0 < |7| was conducted and yielded a very

simple result

p 5 5 \/§ 59a1c1 + 119a5¢,
—=_, Q== = Qeff = A1 o )
2 60ascics + ay (59 + 60 (c2)7)

this solution at 7 = 0 does have the desired feature pi3 (0) + pipa = p23 (0) + paps = 0,
however it leads to negative probabilities for nonzero 7.

Considering the case of considering all constraints directly to study the admissible space
was found to be at the time not possible due to the lengthy minimization procedure required

on each considered configuration of p,, (7) over 7. For this reason, instead the constraints
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=/

on fi1 (@;7,@') at |T| = 0 were strengthened by a small value 0

Puv (0) + PuPv
C1Co

0<6<

which was sufficiently large to ensure for all 7

Puv (T) + pupy
C1Co ’

0<

The case of = 0.0664 was found to be suitable and led to the approximate solution which

satisfies all constraints on probabilities but pi (0) + pi1pe # 0 and pa3 (0) + paps # O:

p 5 5 (125 4 11v/61) arcr + (305 + 11v/61) ascy

=——, Q=-, and ag=a )
a6l 4 T T 180age1cy + ap (125 + 11761 + 180 (cz)°)

Thus far it has been assumed that there are three points of concentration the first phase
and one point in the second phase. However this was for clarity, the entire procedure is
identical if the situation was reversed. Therefore a; and ¢; can be swapped with a, and ¢y,

vice-versa, giving a second result for effective coefficient

(125 + 11v/61) ascs + (305 + 11v/61) arcy
180a1c1cs + az (125 + 11v/61 + 180 (¢1)*)

Aeff = A2

These new results are compared against the Voight, Reuss, and Hashin-Shtrikman bounds
in Figure 4.3.The lower of the two predictions fall within the Hashin-Shtrikman bounds for
nearly all combinations of conductivity and phase concentrations. The essential difference
is that this new result the field is not homogenous in each phase. This is shown in Figure
4.4 and the fluctuations can be computed for any case giving an improved estimate of the
orthogonal component of heat flux for a particulate composite.

While this approximate solution ensures non-negative probabilities, it has the very un-
desirable and unrealistic feature of the two point probability not collapsing to the one point

probability. In the next section the case of a composite with statistically continuous material



aeft/a acfi/ar

Figure 4.3: aqt (solid, grey) with Reuss (dashed), Voight, (dotted), and Hashin-Shtrikman
(solid, black) for four levels of contrast (as/a; = 1/10, top left), (az/a; = 1/5, top right),
(az/ay = 5, bottom left), and (ag/a; = 10, bottom right)
characteristics is considered.
4.2 Statistically Continuous Material Characteristics

Let us again consider the case when N = 3 and setting conditions of symmetry as

previously shown

/ / / / /
p2 =p3, R =0, Ry = Ry, R3y = —Ryy

but this time using the simplifications given in (3.50) and (3.51).

Solution of ps is found from ¢; = Y p, and R}, from §,R/,) = 0. Then from §,Y} = 0,

‘LL .

Yy and Yy are found, and with YR/, = 0 solutions to Y{!, Y3', Y}* and Y3 arise. With
SRR, =3 (Zpu Lt — épMRiLlpVRixl) , the solution to ps is found.
% u

We are strictly concerned with non degenerated cases, which are a homogenous mate-
rial and the degeneracy of the number of fluctuations. These constraints made explicit,

degeneracy of the solution is excluded by

c1#1, c2#1, R{; #0, and Ry, #0. (4.4)
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Figure 4.4: Points of concentration of fluctutations for the 3 vector approximation. The
blue and red vectors are points of concentration in the first phase, and the black vector the
point of concentration in the second phase. Black dots correspond to the Reuss solution.

Without a loss of generality use the notation previously introduced
Ry, = QR
and due to the symmetry of the problem, again without loss of generality, let
0 < Ry, = QRY,. (4.5)

Then, the condition ¢; = ) p,, is satisfied only in the case
m

—— <0< —. (4.6)

_ N2
Finally, R, is found from } p, R, R, = %c_ <épu R+ R1> and it has two possible values.
m
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where R; has two possible values. Denote these two cases as the larger Ry

— 1 16 6

03]
where = —Q— 1-— —92
Ry \/

and the smaller R;

_ 1 16
Ry = iR/u (1 - —92 \/_\/ (Rp,)* 1 ~ 97 QQ) (4.8)

(651 3 5
where = Q—y/=
R{[l \/CQ \/3

For a given problem definition with 0 < ¢; < 1 and ¢ = 1 — ¢;, the problem of three

fluctuations is reduced to unknowns 2 and R},

16 1 1
P = 61§Q2, p3:§(01—p1)7 R/21:—§R,117 (4~9)
21 1 11
A A k772

where R; can take one of two possible values, (4.7) or (4.8), some simple constraints remain
(4.4), (4.5), and (4.6) and let us now make simplifications to non negativity of probabilities

for positive |7

Pu 5 (T) g g < Pube P ()
1 C1C2 C1C2 C1C2

0<

for 0 < |7].

As previously shown, the constraints for 0 < fio (4; 7, @) are

Du 1 8.1 (T)
C1 C1Co

0<

and since they are collapsed at |7| = 0 (0 = f12 (4;0,d’)) the derivative of probabilities

with respect to |7| must be non-negative requiring 0 < 0jz f12 (4; |7|, @) as |7| — 0. This
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condition was previously shown to reduce to the simple conditions

2 2 oy D1
0 < = + = <2— (4.10)
1 91 1 o %)
do < - N — - = 2—=
o —91%/11\/42+ OR, = “a

Similarly for 0 < fi; (¢;0,d") if 4 # 4’ the constraints are again collapsed

P12 (0) + p1p2 _ D13 (0) + pips P23 (0) + paps _ D32 (0) + pspa

=0 and =0
C1C2 C1C2 C1C2 C1C2
requiring 0 < Oz f11 (U; |7 if © # 4’ as |T| — 0 which are
|7
0< g (I7]) and 0 < _0 (|7]) as |7] — 0 (4.11)
T T 7| — 0. )
S a’ﬂplz > a|7__,’1023

Both (4.10) and (4.11) lack dependence on the magnitude of R, they only depend on the
sign. Therefore we can study admissible space easily.
4.3 Admissible values of ¢, and 2 from 0 < fio (@;|7|, ")

Let us first consider the admissible space of (4.10). Since we have two admissible values
of Ry, and R, can be either positive or negative, there are four cases to consider. These are
shown graphically in Figure 4.5 with the top row corresponding to the larger value of R,
lower the smaller value of R;, the left set the case of positive R}, and the right negative R}, .

Negative oy / R},

As evident from Figure 4.5, the case of large R; with positive R/, has the same admissible
space for 0 < fi5 (@; 7, @) as small R; with negative R}, and vice versa on the sign of R};.

Reviewing both cases of R; (4.7) and (4.8) with the constraint 0 < QR}; (4.5) both of these

=3 (1- )
7,

cases have the same result
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Figure 4.5: Admissible 0 < fi5 (; 7, @') in ¢ Q with 0 < Fy (0) (blue) and 0 < F} (0) = F3(0)

. Upper row is the larger value of R; and lower the smaller. Left is the case of

positive R}, and the right negative R;.

The first constraint in (4.10) is satisfied upon inspection since a;/R}; is negative.
The second constraint in (4.10) provides a minimum value of ¢y of 5/12, however this

case occurs at ) = 0, therefore the minimum admissible range of ¢, is reduced to

)
— < ey < 1.

12
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The second constraint further reduces the admissible space to

45 8 1
R Q4 /1—202 )| <y < 1.
108—64Q2< t97T3 | | 9 ) 2

The lower bound is unchanged ¢y = 5/12 for the degenerate case €2 = 0.
Positive oy /RY,
Similarly, as evident from Figure 4.5, the case of large R; with negative R}, has the same

admissible space for 0 < fio (@; 7, @) as small R, with positive R}, and vice versa on the

- =l 3 (1- o)
7,

The first constraint in (4.10) provides a lower limit of the magnitude of 2

sign of R}, here

and the second constraint reduces the maximum magnitude of €2, leaving

V15 7

— < Q< —=.

As seen in Figure 4.5 the constraint which is limiting depends on the value of |Q2| . The first
constraint in (4.10) shown in blue limits the lower value of |2| and the second the upper
value of |Q|, with the intersection at |{2] = 9/8. The solution of the admissible space of

0 < fi2 (@; 7, d’) for positive oy /R, is

135 5 9 7
_2 for 2 <|Q| < —— and
a1 = @ for gslQ<ms an
9 + 80?2 V% (9 4 49Q?) V15 9
_ < for —— Q .
08 —6a? 2 1oz = @ for o <l=g

Note at at [©2| = 9/8 provides the same minimum value of ¢y, 5/12, therefore values of ¢y

less than 5/12 can be excluded from any further consideration.
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4.4 Admissible values of ¢; and Q from 0 < fy; (4; |7|,d)

The constraints 0 < Oz fi1 (4; |7|, @) at |7| = 0 if ¥ # 4’ also have a dependence on
the sign of «a;/R}; only. However, unlike the previous case, no analytical simplifications
could be found. For this reason, the admissible space was studied by computing contour
plots of the value of djzp12 (|7]) at |7| = 0 and 97p23 (]7]) at |7] = 0, both of which must be
non-negative.

For the case of negative o/ R}, fitted contours of the values of 0j7p12 (|7]) at |7| = 0 and
d7p12 (|7]) at |7| = 0 are shown in Figure 4.6 with the outline of 0 < fi5 (@;|7|, ') shown

in black.
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Figure 4.6: Contours of Ozpi2 (|7]) at |7| = 0 (left) and Ojzp23 (|7]) at |7| = 0 (right) for

the case of negative a1/ R};. The extent of the admissible space due to 0 < fio (@; |T], ') is
outlined in black.

Since both 9jzpi2 (|7]) at |7| = 0 and Ozpi2 (|7]) at |7| = 0 must be non-negative, but
this does not hold for any combination of ¢y and €2 = 0 within the admissible space of 0 <
fi2 (@;|7|, @), it has bene shown that negative ay/R); will always result in non physical
negative probabilities. It is excluded from further consideration.

Next, for the case of positive a; / R}, fitted contours of the values of 0jzp12 (|7]) at |7] = 0

and Jjzp12 (|7]) at |7| = 0 are shown in Figure 4.7 with the outline of 0 < fi5 (; |7, @) shown
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in black.

1.08F

0.4 0.6 0.7 K] na 10

=} &}

Figure 4.7: Contours of iz pi2 (|7]) at |7| = 0 (left) and Ojzpas3 (|7]) at |7| = 0 (Right) for
the case of postive a1 /R};. The extent of the admissible space due to 0 < fi5 (4; |7|,d’) is

outlined in black. Bottom shows the full remaining admissible space of ¢y €2 and the top is

V15 7
reduced to 1 < |Q| < m

With Figure 4.7 we can now see that there is no admissible space which has the desired

feature of a statistically continuous material without causing negative probabilities.
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CHAPTER 5 FUTURE WORK
5.1 Three Dimensional Case

This section outlines future work required to apply the results derived in this thesis to the
problem of three dimensions. As with the two dimensional case, for a statistically isotropic
material the field fluctuation statistics should be invariant to rotations about the applied
field direction.

For two dimensions this was satisfied by allowing field fluctuations to enter as independent
field fluctuations directed along or in equiprobable pairs symmetric to the applied field
direction. In the case of three dimensions, the first case can remain. However for any case
where the field fluctuations are not collinear with the applied field, this requires an infinite
set of pairs to satisfy symmetry for all directions orthogonal to the applied field. This is the
fundamental difference which must be addressed to enable a solution for three dimensions.

In the case of three dimensions, field fluctuations can occur in the applied field direction
or with field values equiprobable concentrated on a circle which exists on a plane orthogonal
and having the average value aligned with, the applied field direction.

Building upon the previous results, again take one field fluctuation in the second phase
and assume the applied field is in the 1 direction. Then the generalization of the previous

results to three dimensions for many sets of vectors is

fi(@) = Spd (ﬁ—ﬁu)
FE = )5 () + aa =)
and fo(7) = g0 (ﬁ—Qa)7

where p,, puo/2nr,, and g, are probabilities of the corresponding field fluctuation, p runs
values 1...N, ~ runs values 1...L, and « runs values 1...M.
If we limit to only one vector collinear with the applied field and one vector set which

has some orthogonal component, this is the generalization of the three vector case to three
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dimensions

fi(@) = pi16(ug — R)0 (uz)0 (usz)
+2_71rrp06 (up —x) o ( (uQ)2 + (U3)2 - r)

and fo (@) = 26 (w1 — Q)0 (u2)0 (us).
Similar constraints on probabilities arise

O0<pr+p=c<1, 0<p <1, 0<p, <1,

0<ce <1, and 1=c¢;+ ¢
and as before field fluctuations by definition vanish
le + Pok + C2Q =0.

It is the two point probabilities which will introduce a challenge for the three dimensional
case. Since realistic composites must have the feature of two points of observation at the

limit of coinciding resulting in the one point statistics

fu (@,0;d") = fi(a@)d(d—a),
f12 (?j, O, ﬁ,) = 0,

and  fo (€,0;0) = fo ()0 (d—d) as |7 —0

the field fluctuation correlations are not independent like they were in the two dimensional
case. The correlation is denoted below by po, (T, us, us, ub, us) and lacks an equivalent for
the two dimensional case.

The functions which relate each of the field fluctuations spatially over 7 can be expressed
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in a general form as

!/

fio (W@ 7, 40") = s11 (7) 6 (ur — R) 6 (ug) 0 (ug) d (uy — Q)0 (us) 6 (Ug)

where due to symmetry

Po1 (T) = p1o () and  for (4 7,40") = frz (@'; 7, 0) .
Compatibility conditions of joint probabilities with microstructural characteristics

/fn (u; 7,d') dudi’ = f11 (7)
/f12 (’lj, F, ?I/) dﬁdﬁ/ = f12 (F)

and [ fon (7. ) AT = (7).
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compatibility condition of one and two point joint distributions
/ (i (@7, @) + fra (@7, @)) dd = f (i) and / (for (@7, @) + fon (7, @) diT = fo (1)
and the remaining conditions for non-negativeness of probability remain

0 < fu (&7,4), 0< fio (&;7, @), and 0 < foo (@; 7, ')

As before the positive definiteness of joint 2 point probability must be satisfied and the
solution of any conductivity problem must be potential (i.e. for any realization Au = 0)

which in statistical terms requires the existence of the correlation function of field potential

B (F) kiky = / witd (o (K, @) = i (@) fo (@) + foa (5@ ) = f1 (@) fa ()

fo (@R, ) = f2 (@) fu (@) + foo (@R, ) = f2 (@) fo (@) diidi

where

0<B (E) for all k.

For three dimensions, a large amount of the methods utilized apply directly, however the
addition of the correlation function p,, (7, uz, us, uh, u4) introduces additional complexities.
5.2 Hashin-Shtrikman Variational Principal

An additional opportunity for future work, is using the simplified expressions developed in
this thesis is to develop new bounds for problems of conductivity using the Hashin-Shtrikman
variational principle for probabilistic measure [see e.g. 3]. The statistically anisotropic case
can also be considered.

This variational principle enables determination of the effective conductivity from the

true probability densities f (a), f(a,p), and f(a;7,a’) limited to only the constraints of
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satisfying the non-negativity of probabilities and compatibility conditions (3.1 — 3.9)

1. _ 1. 1
iaifvivj = f,aoén(gr,ales.g) I (f) = / <vipi — §bij (a, ao)pipj> f (a,p)dadp + 5@,1},-1(,5.1)
kik,

|M2Qh—@)@}—@)UOMﬁGO—f@OfMWdaWNMUﬂﬂ@

where p is known as the polarization field
pi = (aij — ao0y;) u;

D; average polarization

pi = /pif (a,p) dadp

bi_j is inverse to conductivities

(aij — aobij) by, = 0

f (a,p) is the joint probability of conductivities and polarizations, and a, and unknown
parameter.

In the classical bounds it was taken that the correlation function of fluctuations are
isotropic which stands in contrast to both the analytically determined correlations for Debye
materials (3.26) as well as the results for particulate composites (Chapter 2).

For this reason, using the simplified relationships developed in 3.11 and the probability
densities determined for Debye type materials which can be used a trial functions, it seems
improvements upon the classical Hashin-Shtrikman bounds for isotopic materials can now

be developed using the Hashin-Shtrikman variational principle for probabilistic measure.
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APPENDIX A PROBABILTIY DENSITY OF ELECTRIC POTENTIAL
To find probability density of electric potential (2.18) for particles of equal radii, one has

to find the limit

N
L dPr
li B —— ) Al
wlm [ (A1)
v
This limit can be rewritten as
N
o dPr Nln{l—i‘“fRsA( R)]
li I— [ (1—e™)— | = i v~ A A2
N/V—>1£I71V—>oo /( ¢ ) V| N/V—}glv_»ooe (A-2)
— 3 : —yp\ 43
A(y,R) = PR VIE»I;O (1—e %) d’r, (A.3)

v

where ¢ (r) is given by (2.16). In (A.2) the value within the logarithm tends to 1 as the
integration volume |V| tends to infinity; approximating the logarithm by the first nonzero
term of the Taylor series expansion of the logarithm results in (2.20).

Due to spherical symmetry of the integral in (A.3), without loss of generality vector v;

can be directed along z3—axis, using (2.16)

A(y,R):4W3R3 /(1_€iyr3>dgr+ / (1_€iyr3(ﬁj)>d3T

0<|r|<R R<|r|<oo

Scaling of coordinates r; — p;, shows that A (y, R) is, in fact, a function of one argument

=yR, p; =1i/R,

A(t) — % / (1 . eit\p\cose) dSp + / (1 . 6it<ﬁ) cos@) dgp

0<|p|<1 1<]pl<o0

Integration over spherical coordinates # and ¢, can be done explicitly. We get for the first
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integral

% / / / (1 — etleleost) |12 d | p| sin 0dfd

0<0< 0<p<2m 0<|p|<1
1 3 t
3/11'[t|u||2d||31/11'[]2d
tlp| TPV ) e Ep t m ’
0 0

and for the second integral

3 / / / (1 _ M) COSG) > d |p| sin 0dOd¢
4m

0<<m 0<$<2r 1<|p|<o0

o0 2 oo
t 1
= 3/ 1-— ol sin {—2} > d |p| = 3 |t[*? / <1 — m?sin {—}) m*dm.
t 1 m’
1

1/4/1tl

We have arrived at (2.20).
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APPENDIX B ELECTRIC FIELD FOR RANDOM DISTRIBUTION OF PARTICLE RADII
Consider a distribution of particle radii, with k; particles of radius R; number density
n1, ko particles of radius R number density ns, and so on, such that k; + ks + ...k,, = N

and ny + ng + ...n,;, = n. Then the following limit is to be found

k1 ko km,

1 , 1 : 1 .
lim —/e_”“pldgr —/e_’ywzd?’r —/6_’Wmd3r
N/V—n,V—o0 ‘V‘ |V’ ’V’
\%4 \% \%

~—

B.1)

The first member of the product (B.1) can be written as

k1

- 3

lim L/e_iy%al?’r = lim ek11n<1_ﬁ4 3 B(y)> (B.2)

k1/V—n1,V—oo \ V| k1 /V—mn, ,V—00

v
where

3 .
B(y) = ——— lim 1 —e W) 3r, B.3
W= i [ ) (B.3)

and v is given by (2.16).
Due to spherical symmetry of the integral in (B.3), without loss of generality vector v;

again can be directed along z3—axis. Using (2.16) we have

BO)= s | [ 0 | (1- @ Corsite) o,

0<|r|<Ry Ri1<|r|<o0

After scaling of coordinates p; = r;/R1, B (y) takes the form

./ 11\3 i
=g | [ a-emydns [ EEEw ) e
T
0<pl<1 1<|p|<oc0

which shows that B (y) does not depend on the particle size.
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Therefore the limit (B.1) simplifies to

3 3
) k1 ln(lfﬁ ks B(y)) ) k2 In (kﬁ ki B(y)>
lim e lim e
k1/V—n1,V—o0 ko /V—ng2,V—o0

_L47'Rm3
ekmln(l Ly dnfs B(y))

. km /V —nm,V—00

where B (y) is the function (B.4). Replacing the logarithms by the first nonzero terms of
the Taylor expansion gives the value of the limit

e~ ¢B)

)

where ¢, for any size distribution of particle radii f (R), is

o

4
= n% R3f (R)dR.

0

To obtain (2.20) we note that due to spherical symmetry in (B.4) one can choose ( as

C:{ sina, 0, cosa } (B.5)

Then

3

B(y)=(1—e ) 4 yy / (1 - e’iy/|p|3c> > d |p| sin 0dOdg, (B.6)
7r

1<|p|<oc
where C' = cosa — 3cosf (sina cos ¢sinf + cosacos ). The second integral in (B.6), is

simplified by the substitution |p|* = /s, which gives the expression

1 isC 1 .
Y / / / (1—6 );dssm@d@dgf).

0<O<7 0<p<2m 0<s<y
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Let us break the integrand into even and odd parts:

1 1-— C . sin [sC .
yym / / / (|y| w - zyss[—j]) dssin 0dfde. (B.7)

0<0<r 0<p<27 0<s<]y|

The second term in (B.7) causes issues in numerical integration for small values of y. We
modify the integrand by adding the term sC| integral of which is zero over # and ¢ for the

two cases considered (o =0 and o = 7/2):

L / / / (,y| 1—%2[5‘40” iy (# - g)) dssinfdfdo.  (B.S)

0<h<m 0<p<2r 0<s<ly|

Integrand in (B.8) is not singular at s = 0 and (B.8) is easily evaluated numerically.
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APPENDIX C TWO VECTORS IN PHASE 1

Two vectors in the first phase is insuffi cient to satisfy the condition of potentiality.

B () ks = (0 (F) = 2 (mbir (R) 45 (7)) + i, () At

To find B <E) introduce inverse to R, ' (i.e. R, R" = 47) then

e (F)

; (12) kik; RMR™,
and solve for p,, (l:;)

b () = B (F) ks R+ (on () + s (7)) - épﬂpyqn (7).

Then make sum over u, v

i (7) = 8 (7) missrn - (224 (1)) e (1) = v (7).
v [a2ld
and

B (E) - (@%kiR’”) B creah, (E) . (C.1)

Next, to solve for 5,; (E) insert solution of B <lg> , then

S () - (m () (1) - (1>) cresho () + L (F) = 5 ().

After simplifications

()= L (m o (zm)) v (7). ©2)

. Ithis is possible only for N = 2 in the 2-dimensional case when él = const ﬁz. If él is proportional to
Ry then this constraint can only hold for the trivial case of a uniform field.
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Also, with this relation p,, <l¥> can be further simplified to

ﬁw——<é>20¢—kmw(%ﬁﬁw)q>(n,_@3w<%wﬁw)4>QQﬁ4ﬁ).(Qm

Using (C.2, C.3) positive definiteness always holds.
We will find s,; (7) from §,, (E) directly

-1
5,1 (7) = e1puho (7) — 1 / Exp (—i 7-12) Rk <zﬁv./§> ho (/Z) dVi.  (C.4)

v

To find the second term, define

SR =R

v

and consider 2 dimensional space with R? = 0 and R' # 0, then the integral in (3.16) is

R RH2 . . ky s 17\ dkidky
Fho (T) + R’ /Exp (—i T1k1) Exp (—i T2k2) k’_lho (k) @ (C.5)
Consider the integral in (2.27) and denote this integral by ®; break the integrand into even
and odd parts, and since iLO (E) is even over k; and ky and integration is over all space the

cosine terms evaluate to zero simplifying to

N A . s () dkydky
@(T)-—L/QEISHJ(lel)Snj(Tgkg)hO(k) o
Thus
R . R”
PuCa + (p# — ﬁ) c1ho (T) — Fcﬂ) (11,72) > 0.

Express the two equations explicitly

Rll R12
pica + (p1 — ﬁ) c1ho (T) — ﬁcl@ (T1,72) >0

21 22

DPaCa + (pz — E) c1hy (T) — ﬁcl@ (T1,72) >0
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and add the first equation to the second giving an upper bound to the first relation

. 11 . }%12
cacy (1= ho (7)) > prea + (p1 — ﬁ) c1ho (T) — Fclq) (71,72) >0

here it was used that

R12 R22 Rll R21
iiijf —+ iiii- =0 and iiij‘ + iiii' =1

Since h, (7) = 1 and ® (71,72) = 0 at |7| = 0, the upper and lower bounds collapse and the

equality follows
RM

O

and after rearrangement
py  RM1 (11,72
“aq R'ce(l—h (7))

v

0.

Numerically it was found

2> @(’7’1,7‘2) _2
37 (1—=hy(7)) 3
then
21 R*?
e 2L
C1 CQR

We also must find p,, (7) from p,, (E) It is clear that

-1 -2
P (F) = (pupy — (pukiR" + p kR (ZkiR“i) + k RM g RV (21@3“‘) ) ?ﬁg (F)
a a 2
using the previous results, assumption that R? = 0, and notation used for s, (7)

= R RN ¢ o Rv? R"\ ¢
Py (T> - (p#py _puﬁ _pl’_l) aho (T) - (p,uﬁ +puﬁ> C_q) <T1,7'2)

R 2
NRHERY-E. /o
+ 4 Exp(—ﬁ-k> kR Ry (k:)dvk.
Co R -k R-E
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The integral is

R‘“2 Ru2

wmR 0T

Rul R,ul . Rul Ru2 R;L2Ru1
RlRl 0( RlRl + RlRl CI)(Tth)—{—

where

R“2 RV2 C1

+WC—2\I’(71,T2).

RHl pvl . R Rv2 RH2 p1

here we used

R

Break into even odd parts and make scaling of coordinate ks = (1 + k:%)l/ 2 y

U (71, 72) _/ @ ? Cos (72ko) Cos (71k1) dkydks
1,12) — kl (1+k%+k%>3/2 I

:/(k2>2 Cos (Toko) Cos (T1k1)  dkydk;
(

k_ 3/2 9
1 L+%f”<r+£%> T

1/2
B / Cos (11k1) y*Cos <T2 (1+ k) y) dkdy
ki (1+42)*? o

and introduce function

Cos (ty)
(1 +y2)3/2
where
t=7o (1+K2)"2.
Then

2
U (ry,79) = _/ Cos (11k1) <d—gp> dk1dy

k3 dt? 2
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Function ¥ can take values from negative to positive infinity. Considering the constraint

must hold for any 7

Puv (T) + pppy > 0

1 . Rul Rul Rul RV2 Ru? Rl/l R,U,QRV2 1
<— + ho (7')) ﬁﬁclcg — < Rl Rl + Rl Rl Cl(I) (71,7'2) + WC—Q\I’ (7'1,7'2) Z 0

then it follows that R*? = 0; the vectors R* must be collinear.
As noted previously, the case of collinear vectors cannot satisfy potentiality for N = 2.

Therefore this result cannot satisfy all required constraints.
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APPENDIX D GENERAL SOLUTION OF CORRELATIONS
In this section the positive definiteness and potentiality conditions will be shown to be
constraints between intra phase correlations p,, </;> and inter phase correlations SL </2>

Beginning from the relationship

B (F) ks = (w0 (F) - (‘fi lf? w, o)
/(R
i h< (>;;) By = o ol + )
X K <E> R — (p,,R'Vj + Rj) cicoh, <l§> , (D.2)

define a vector k* orthogonal to k (i.e. k;kf = 0) with the magnitude of &/ <lg> such that
kf fyl = 5lmklR/7m~ Here, ¢y, is the Levi-Chivita symbol. In the case of two dimensions a
single vector orthogonal to k exists and for the case of three dimensions this vector lies in a
plane orthogonal to k.

Then, after contracting (D.1) with k*k* we have

2
SI k 1 _ R R
+ & ﬁR/,_C—Q(p#RLi—i—Ri) creahy (k:)

Since the positive definiteness condition (3.18) requires the first term to be non-negative and
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by definition clc2iLo (l:;) is non-negative, then it follows that

el
N——
|
V)
=~
/N
Eaall

Kik; | Pl (

s (F)
and kf | —~4—R — —

—~——R, (puR,;+R)| = 0
Clcgho (k?) ! C2 e
After contracting (D.1) with kk* we have
P0G,
0= kiky | P (F) = =22 | RLRL,
ClCQhO <k)
W) oo o) () L o) o
* / / / /
+ kik; | ——— =R, — — (puR); + R:) —F =R, - o (pR,; + R;) | crcahy (

CICQIAlo (E) C2 ClchLO (l;)

and the additional constraint follows

k:k pllx(lg>_ ~ = itlyj
’ ! Clczho k) ! ’
Introducing notations
oy (F) < (£)
/ / * 1/ * /
P (k) - BN AL P KR, =R, and kR, =R, (D.4)

CICQ}ALO <E> .

we can then write the unknown tensor ]P’;w in the {,,, R, R}, basis, assuming that £, R, R,

are linearly independent and we have

P/, R'R: =P, R R} = 0. (D.5)

77 2 e %

Alternatively if we introduce a new vector S which is orthogonal to ¢, and R}, with compo-
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nents

S,u == E,ul/)\gyR; (D6)

/
7%

*

.» which in the general bilinear

we can then express P, in the orthogonal basis of £,,S,, R

form is
P, = Pi&,&,+PoS, Sy +PsRIR) 4+ Py (S,€, +£,S,) +Ps (RE, + £, R;) +P (R:S, + S,R}) .

Since ?,,§,£, =0, §,S, =0, and {, R}, = 0 we find P; = 0 since the number of vectors N is

not zero. Next, due to the constraints P, ,§, = 0 and P, ,§ , = 0
P,S, + PsR” = 0.
By definition S, and R}, are orthogonal and non zero and we find
Py =P5 =0.
Since P, R*R} = 0 (D.5) we have
P, R'R; = P;RIR*R:R? = 0 thus P =0
and similarly with the second condition in (D.4)

P/, R,R: = PS,R,RIR: = 0.

Here we have the result that at least P or S, R, must be zero. Since both S,R,, = S,k R}, = 0
and S,R* = S,k R, = 0 can only be satisfied in the case of a zero length k vector due to

the orthogonality of k; and &}, it follows Pg must be zero. We now have the result that the
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general solution of I/, with (D.4) and (D.6) is
P:w = P2SHSV = IP)2 (6M>\’Y§/\kl* fyl) (gvaTégk:LR;n) = IP)Q (gli)ﬂg)\glmklRfym) <€VUT§agpnkpR;n) .

If we introduce notation

. / /
A Eim = R,uig#)\'Yg)\R'ym

where A is an unknown scalar function of ;. Upon contraction of P, with R/, R,,; we find

the relation

pv=tust g

P R R, =Py (Acimeimk) (Acjnepmky) = PaA2kik; = U (/%’) ik (D.7)

where the unknown function P, A2 is now denoted by ¥ (E) . Here the relationship €;,,&;,, =
0; for the two dimensional case was used.

The positive definiteness condition (3.18) requires that
0< P, (SM¢L)2 therefore 0 < ¥ (E) ) (D.8)

The second term in (D.3) shows the value within the brackets is orthogonal to &}, thus it
must be collinear to k; up to a constant.

Solutions of (D.1) are then
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Contracting (D.1) with kk we have

' (k) s, (k
L e R
(i 2
+ | ki %RLi_é(puR;¢+Ri) creshy (E)

and similarly contracting the terms in (D.9) with kk, yields the value of B (E) in terms of

w (F) and @ (F): 2
B (k) =w (k) +ach, (k) (2 (F)) " (D.10)

The constraint on potentiality (D.10) is always satisfied due to the non negativity of ¥ <E)
from the positive definiteness condition and definitions of c1cahy (l:;)

The general solution (D.9) can be written

P (F) - % = () YikiYi ks + B (F) (D.11)
where

Y/R =05 and P, (E) R,R,; =0 foreachi and j
P,, = 0.

After contraction of (D.11) with £, we have
0= w () (&k)". (D.12)
Consider the decomposition of Y};
Vi=Y!+YiE,;

since YR, = 6; the term Y,! must be zero due to the definition ¢, R),; = 0. We then have

/.
g
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the condition

Y€, =0,

o

and (D.12) is satisfied for any ¥ <I;> and k;.
The solution of s, (lg) in (D.9) can also be written in terms of the particular and ho-

mogenous solutions

5, (F) = exeah (@ (E) Yiks = X, ) + 5, (D.13)

where

1 _ L
XuByy == (puffji + R), and 3, (k) R, =0 for each i. (D.14)

In this solution we have the freedom to select an additional constraint on X, since 5, is also
an unknown. Let us take the case that {, X, = 0. Since { #SL (lg) = 0 we then have the

constraint

1 =
——— &5 (k) =¢,X, =0. (D.15)
o ()

cic2hy,
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ABSTRACT

STUDY OF PROBABILISTIC CHARACTERISTICS OF LOCAL
FIELD FLUCTUATIONS IN ISOTROPIC TWO PHASE
COMPOSITES: CONDUCTIVITY TYPE PROBLEMS
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Probability distributions of electric field and electric potential in two-phase particulate
composite materials with spherical inclusions are found in the limit of small particle con-
centration. Additionally, a method for the approximation of local fields within random
statistically isotropic composites with a finite number of parameters is presented and an

approximate solution is found using the variational principle for probabilistic measure.
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