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CHAPTER 1 INTRODUCTION

1.1 Motivation for this Thesis

Here is the table of contents for this section on motivation for this thesis.

1.1.1  Motivic w,-periodicity . . . . . . . .. ... 2
1.1.2  Towards the Construction of the Fields K(w,) : The Cofiber of 7 . . 4
1.1.3 The Cofiber of 7 as an F, Ring Spectrum . . . . . . ... ... ... 5
1.1.4 The Category of C'7-Modules and Examples . . . . . . ... ... .. 7
1.1.5 The Structure of the Category of C7-Modules . . . . . .. ... ... 8
1.1.6  Motivic Thick Subcategories . . . . . . . . .. .. ... ... ... .. 10
1.1.7  Detecting Motivic Nilpotence and Periodicity . . . . ... ... ... 13

The chromatic approach to classical homotopy theory is a very powerful organizational
tool to study the homotopy category of (p-local) finite CW-complexes. In particular, given a
p-local finite CW-complex X, the chromatic approach provides an algorithm for computing
its homotopy groups m,(X). This algorithm relies heavily on the existence of the chromatic
filtration on m,(X). This is an increasing filtration indexed by non-negative integers n € Ny,
where we say that an element f € 7,.(X) in the n'! filtration has height n. Experience shows
that the complexity of the height n part grows exponentially as n increases linearly. For
example for the sphere S(;), the height 0 elements are exactly the elements in 7, the height
1 elements correspond to im j, and the height 2 elements are associated with tmf. Following
[48], determining the chromatic filtration of an element f € 7,(X) can be done by a recursive
algorithm that is based on the following steps.

Step 1: Find a non-nilpotent self-map v on X, not necessarily of degree 0.



Step 2: Since v acts on m,(X) by post-composition, we can use it to break m.(X) into a
v-periodic part and a (power of) v-torsion part.

Step 3: If the element f is v-periodic, then it will be detected in some cohomology theory,
and we are done. If not, then it lifts to the cofiber of some power of v, and we repeat
this process by replacing X with this cofiber. This process increases the height of
f by 1.

The execution and good behavior of this algorithm require the following ingredients:

(1) the existence of a non-nilpotent self-map v on every finite complex,

(2) some sort of uniqueness for such a self-map v,

(3) computable cohomology theories detecting v-periodicity.

The first two points are exactly the content of one of the deepest theorems in chromatic

homotopy theory called the Periodicity Theorem of Devinatz-Hopkins-Smith. Given any

finite complex X, this theorem says that there is an essentially unique non-nilpotent self-
map on X called a v,-self-map. Finally, the last point is taken care of by the existence of
the Morava K -theories K(n) [38] which are field spectral and detect exactly v,-periodicity.

One of the main goals of this thesis is to discuss the story of motivic periodicities. As we
will see, the v,-operators have a motivic analogue, but this is only a fraction of the whole
story.

1.1.1 Motivic w,-periodicity

This section is extracted from the introduction of our paper [15], which we refer to for
more details about w,-periodicity.

Even over very nice base schemes (for example algebraically closed fields of characteristic

'and thus admit a Kiinneth isomorphism, i.e., are computable.



0), the above chromatic algorithm does not apply in the category of motivic spectra. Motivic
Morava K-theories detecting v,-periodicity have been constructed in [8] and [23], and even
though they are not quite field spectra?, they are computable over nice base schemes. The
main issue comes from the lack of a Periodicity Theorem, and the fact that there is more
periodicity to consider than just v,-periodicity. One goal of this thesis is to try to explain this
phenomenon in the easiest case: for 2-local cellular motivic spectra over Spec C. Denote by
S the 2-local motivic sphere spectrum over Spec C. The first step in the chromatic approach

to compute ,.(S5) already fails, as there are two very different non-nilpotent self-maps

2 n

S —> S and gl 5 §.

This means that the process has to be refined, and that the linear ordering of periodicities
has to be replaced by a more complex lattice. It turns out that in the same way that there
is a v,-periodicity story starting with vy = 2, Haynes Miller suggested that there could be a
similar story starting with wy = 7. The first evidence is provided by Andrews in [1], where
he also pins down the notation of w,,-periodicity. Even though no precise definition is given,
he shows that in the same way that S/vy admits a v{-self-map, the motivic 2-cell complex
S/wq also admits a w? self-map. The main goal of Chapter 4 is to give a precise definition of
wy-periodicity, as well as construct motivic field spectra K(w,,) that detect w,-periodicity.

We refer to Theorem 4.26 for more details.

2they are however what could be called principal ideal domains spectra.



1.1.2 Towards the Construction of the Fields K (w,) : The Cofiber of 7

The spectra K (w,) will not be constructed merely as motivic spectra, but as modules
over some motivic E,, ring spectrum. By the end of this section, we will explain which ring
spectrum that is, and why it is easier to construct the K (w,)’s there.

The mod 2 cohomology of the motivic sphere spectrum S%° over Spec C was computed

by Voevodsky in [60], and is given by

HFy**(S*°) = Fy[7] where |7| = (0, 1).

The element 7 is sometimes denoted the Tate twist. One can run the motivic Adams spectral
sequence

Ext 4. (Fo[7], Fo[7]) = 7. . ((3070)9) 5

as constructed in [39], [13], [22], and it is easy to see that the element -7 € Ext’ survives to

the F-page. It therefore detects a map

SO —— (8%,
i.e., an element in the homotopy groups (of the 2-completed motivic sphere), whose Hurewicz
image is the element 7 € HF,, ,((S*")3).
Consider now the first w,,-periodic operator wy = 7, and its associated field K (wy). There
is a relation 0 = 7n* in the homotopy groups of (S%°)2, which thus holds in the homotopy

groups of any motivic 2-completed spectrum. Similarly with the fact that the Morava K-



theories K (n) are naturally 2-completed?; i.e., are (S°%))-modules, the same occurs for the
motivic spectra K (w,). In particular, since K (wp) contains n*! in its homotopy, this forces
T to act by zero on it. One can quotient by 7 on the level of spectra, and the motivic
spectrum S%° /7 is naturally a highly structured ring spectrum. Moreover, it turns out that
T acts as zero on all the fields K (w,), and that in this case, this is sufficient to naturally turn
them into S%°/7-modules. This means that once this category of modules is in place, one
can construct K (w,) in this category, which has the advantage of being much easier than
constructing them as only motivic spectra.
1.1.3 The Cofiber of 7 as an E,, Ring Spectrum

This section is extracted from the introduction of our paper [14], which we refer to for
more details about the motivic spectrum Cr = S%0 /7.

As we will explain later in diagram (2.4), the map

SO —— (8%,

does not exist if we don’t 2-complete the target. We will thus work 2-completed, and denote
the 2-completed sphere and the smash product in 2-completed motivic spectra simply by

S99 and — A —. Consider the cofiber sequence

-
SO,—I SO’O Cr Sl,—l7

where we denote the cofiber of the map 7 by C7 = S%%/7. This 2-cell complex already

3except for K(0) ~ HQ.



appeared in [24], where it is studied via its motivic Adams-Novikov spectral sequence. More
precisely, it is proven that its Adams-Novikov spectral sequence collapses at the Fs-page,

providing a surprising isomorphism

Extyp gp(BP., BP,) = m, . (CT). (1.1)

The left hand side is the cohomology of the classical (non-motivic) Hopf algebroid (BP,, BP,BP)
and is very important in chromatic homotopy theory. Notice that since it is the cohomology
of a dga, namely the cobar complex associated to (BP,, BP.BP), it admits products and
higher Massey products. All this algebraic structure gets transferred to the motivic homo-
topy groups m,.(CT), formally endowing it with a (higher) ring structure. One can thus
hope that this algebraic ring structure can be lifted to a topological ring structure on C'r.
The following is the main result of Chapter 3.
Theorem 1.1. There exists a unique Eo, ring structure on C'T.

This improves the above isomorphism, and we can show that the algebraic structure on
Tx(CT) does come from CT.

Proposition 1.2. The isomorphism (1.1)

T (CT) = Extyp pp(BP,, BP,)

is an isomorphism of rings which sends Toda brackets in m, . to Massey products in Ext, and
vice-versa.

Let’s point out that the additive version of this theorem was already exploited by Isaksen



in [24] to gain knowledge about the classical Adams-Novikov Ey-page. The idea is to compute
7.(C7) in a range using its motivic Adams spectral sequence and the knowledge of 7, ..(S°?)
in this range. Having a multiplicative structure available improves the correspondence in an
obvious manner.
1.1.4 The Category of C7-Modules and Examples

With an E ring structure on C'7, there is an associated symmetric monoidal co-category

of Ct-modules, and a free-forget adjunction

—NCT

Spte <= ¢-Mod, (1.2)

between motivic spectra and C'7-modules. In Lemma 3.30 we show that the Betti realization
of any C'7-module is contractible, which means that the category of C'r-modules lies in the
kernel of the Betti realization

Rec
Spt —> Spt.

This explains in some sense why the motivic spectra K (w,) should be constructed in C7-
modules, since they do not have a classical analogue.

Given a spectrum X, we call the induced C-module X = X A C1 a C7-induced spec-
trum. This is in some sense the spectrum X /7, which is the analogue of X in the category
of Cr-modules. It turns out that C7-induced spectra X are easy to understand for many
usual motivic spectra X, and admit many interesting properties. We now cite a few results
that we show at the end of Chapter 3.

Start with the 2-completed motivic mod 2 Moore spectrum S%°/2. The Toda bracket



(2,m,2) > 7n? is the obstruction to both endowing it with a left unital multiplication, and
to a vi-self map. In Theorem 3.37, we will prove the following results about the C't-induced
Moore spectrum, which we denote by S/(2, 7).

Theorem 1.3. The Ct-induced motivic mod 2 Moore spectrum S/(2,7) admits a unique
structure of an Es CT-algebra.

Proposition 1.4. The Ct-induced motivic mod 2 Moore spectrum S/(2,7) admits a vi-self
map

$216/(2,7) —> S/(2,7).

Another interesting spectrum to consider is the 2-completed connective? hermitian K-
theory spectrum kq.
Proposition 1.5. The Ct-induced connective hermitian K -theory spectrum kq has homo-

topy groups

7o (Fg) = Lo}, 1] Joy.

Recall that the homotopy of the motivic spectrum kq contains the 8-fold Bott periodicity
element v}, but does not contain v?. In chromatic motivic language, up to the vg-extensions
this can be rewritten as F2[vo, v7, w) / vowp - Lhe relation vowg = 0 is clear as it is already
existent in 7, . (S%?), but this shows that v} and wy can coexist without any relation between
them.

1.1.5 The Structure of the Category of CT-Modules
The results of this section are joint with Zhouli Xu and Guozhen Wang, and appear both

in Chapter 5 and in the first part of the paper [17].

4in the sense of [25, Definiton 4.9 and 4.11].



One strength of the category ¢.Mod is that it is relatively easy to work with C'7-modules.
One first observes this phenomenon during the process of proving that C't admits an F
ring structure, and for example also trough studying the C7-induces spectra S/(2,7) and
kq. In Chapter 5, we offer an explanation for these phenomena.

Recall the isomorphism of equation (1.1)

T i (CT) = ExtiMGL*’*—MGL(MGL*,*, MGL,.),

which is a highly structured isomorphism by Proposition 1.2. This isomorphism hints to the
fact that the motivic 2-cell complex C't is of algebraic nature, and one can ask how far this

Jeomp

comparison can go. In Chapter 5, we will show that some category ,Cel of cellular

Ct-modules is equivalent the derived bounded category of its heart

D"(,1,. i1y Comod) — ¢, Cell™™,

providing a surprising equivalence between modules over a motivic 2-cell complex, and de-
rived modules over a ring. The spectrum MU is the 2-completion of the complex cobordism
(non-motivic) spectrum MU.

This equivalence of categories implies that the homotopy category of cellular (complete)
Ct-modules is algebraic in the sense of [54]. This gives a reason as to why it feels eas-
ier to manipulate motivic spectra living in o,Mod, since algebraic categories are usually
better behaved than topological categories. For example, algebraic categories admit a D(Z)-

enrichment which implies many pleasant properties.
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1.1.6 Motivic Thick Subcategories

With the category of C'T-modules in place and reasonably well understood, we construct
in Chapter 4 the motivic fields K(w,) € ¢,Mod. In fact, the spectra K(w,) are also
directly related to the structure of the category of finite 2-local motivic spectra. From the
Periodicity Theorem, one can rewind back to one of the deepest and pioneering theorems in
chromatic homotopy theory : the Thick Subcategory Theorem proved by Devinatz-Hopkins-
Smith in [11]. This theorem is equivalent to the Nilpotence Theorem, and in fact implies the
Periodicity Theorem. In some sense it is a more global way of understanding the chromatic

filtration, without zooming in on a specific object. This theorem describes a filtration

= =

by height, on the whole category FinSpt,, of finite p-local spectra. The category C, is the
subcategory of acyclics for the Morava K-theory spectrum K(n) of height n. This filtration
is exhaustive, Hausdorff, and admits no refinement by any thick subcategory. In fact, the
subcategories C, turn out to further be prime ideals, i.e., this filtration gives a complete
description of the Balmer spectrum of FinSpt,. Although it is not true in a general tensor
triangulated category that all prime ideals come from field spectra, this happens to be the
case for FinSpt,,.

Motivically, the study of thick subcategories started with the work in [27]. In that paper
some thick subcategories of FinSpt. were constructed, with the feeling that this is a very
hard problem. In fact, even the Balmer spectrum (i.e., just the thick prime ideals) of the

category of finite p-local motivic spectra has not been computed over any base scheme. A
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slightly easier problem that we will consider is the Balmer spectrum of the category of cellular
finite p-local spectra. Denote this category (over the base Spec C) by FinCellc. Since the
spectra K (w,) are new motivic fields, it is now clear that the Balmer spectrum of FinCell¢c
is more complicated than the one of FinSpt. Morel showed [40] that if the base scheme is

a perfect field k of characteristic different than 2, then

7'('_(*7*)50’0 = K}kvlw(k)

is the Milnor-Witt K-theory of k, which contains the Grothendieck-Witt group K)™W (k) =

GW (k) in degree 0. In [3], Balmer considers a natural map

p: Spc(FinCell,) —> Spec(GW (k))

from the spectrum of finite motivic cellular spectra. This maps send a thick prime ideal p to
the prime ideal of elements f € GW (k) = [S%°, 590 such that C'f ¢ p, where C'f denotes
the 2-cell complex given by the cofiber of the map f. He shows by general methods that in
this case, the map p is surjective. In the case when £ is either C or a finite field I, the only
non-trivial prime ideals of GW (k) are given by (p), and the surjectivity of p was already
known since the motivic v,-story covers these ideals. In [28] for the case of finite fields, and
more generally in [18], it is shown that Balmer’s map p factors further through the surjective

map p°® as in



12

Spc(FinCelly,) Spect (KMW(k))
Spec(GW(k)),

where Spec” denotes the space of homogeneous prime ideals. The space Spec®(KMWY(k)) has
been computed in [56], the remaining task for understanding the thick prime ideals of finite
cellular motivic spectra is thus to identify the fibers of this map. However, this is no easy
task, even in what is considered to be the easiest case, i.e., over Spec C. In this case, the

lattice of homogeneous prime ideals of Spec!( KMW(C)) is given by

(2, (3,1) (5,1)

2,7)
Spect (K™(C)) (2) ()
Some explicit thick prime ideals have been constructed in [18] in the case when the base field
k admits an embedding k —— C. For simplicity, let’s from now on only work over Spec C.

Recall that there is an adjunction
Real: Spt, <= Spt: Sing,

where Real is the Betti realization functor induced by taking C-points. In [18], Heller-Ormsby
show that the thick prime ideal Real ™ (C,) is the subcategory of acyclics for the motivic field
spectrum Sing(K (n)). The thick prime ideal generated by Sing(K(0)) sits over (n), while
Sing(K (n)) for n > 0 sits over (p,n) for the appropriate prime, very much like the classical
picture except that (0) becomes (). In the cellular case, being a motivic field is a weaker

condition, since in particular it is implied by the coefficients being a graded field. In this



13

case, the paper [18] constructs a motivic field from the spectrum KT of [20] representing
(higher) Witt groups. This cellular motivic field generates another thick prime ideal and
lives over the ideal (2).

In Theorem 4.26 we construct more cellular motivic fields K (w,,) for every n € Ny. Since
wo = 1, the spectrum K (wy) agrees on homotopy groups with the cellular field of [18]. These

new motivic fields sit above Spec!(KMW(C)) as is shown in the diagram

Spc(FinCellc) IS Sl | |
K(ws) K(2) K@) K@)
! | | |
K (wy) K(l)\ &K(l)
K(wo) K(0)
(2,m) (3,m) (5,m) :
h( - MW / \ /
Spect (K} (C)) (2) (n)

where the symbol K (n) in fact stands for the motivic field Sing(K (n)). From this picture,
it is tempting to conjecture that the containment of the thick ideals generated by K (w,)
is similar to the K (n) story (the above dotted lines are only conjectural and represent this
containment), and that these fields only exist at p = 2. In any case, our methods employed to
detect w,,-periodicity and to construct K (w,) in Section 4.2 do not generalize in an obvious
way to odd primes. Work in progress of Barthel-Heard-Krause investigate such fields at odd
primes.
1.1.7 Detecting Motivic Nilpotence and Periodicity

Having motivic fields K (w,) that detect w,-periodicity is a first step towards detecting

motivic nilpotence, in the sense explained below (as in [11]). Similarly to the situation in
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classical homotopy theory, it is desirable to also have a more global spectrum containing all
the w; and detecting them all at once. In classical chromatic homotopy theory, the Brown-
Peterson spectrum BP is necessary to enunciate the Nilpotence Theorem. This theorem
states that given any p-local finite complex X, a self-map ¥>*X —— X is nilpotent if and
only if it is nilpotent in BP-homology. For example in the case of a single cell X = S(;), this
theorem recovers Nishida’s Theorem since BP, is torsion-free. Motivically, it is easy to see
that the natural motivic analogue BPGL does not detect nilpotence. We already pointed
out that the Hopf map n: S —— S is not nilpotent. Moreover, by construction, the
algebraic cobordism spectrum MGL does not detect n, and thus neither does the spectrum

BPGL. In Section 4.3 we construct an E, ring spectrum wBP with homotopy groups

W*’*(U)BP) = Fg[wo, Wi, - . .],

with the hope that BPGL together with wBP detect nilpotence. Unfortunately, this turns
out to not be the case. More precisely, there is an element d; € 7r32,18(§2) which is non-
nilpotent by work of [24], and which is not detected by either BPGL or wBP. At this
point we should mention current work in progress of Barthel-Heard-Krause, which organizes
wy,-periodicity in a bigger framework. Their idea is to rewind back to the E;-page of the May
spectral sequence, and consider all the periodicity that can occur from May’s elements h;;. In
their work, they constructed a cellular motivic ring spectrum that detects the element d;, as
well as more motivic spectra (which are neither ring nor fields) detecting more h;;-periodicity.
One can hope that their additional spectra provide all the tools to detect nilpotence in the

motivic setting.
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1.2 Organization

Here is a brief organization of this thesis.
Chapter 2. This chapter contains some background material (as well as references) to un-
derstand this thesis. In particular, it contains a very brief introduction to motivic homotopy
theory, as well as the first computational tools over SpecC, such as motivic Eilenberg-
Maclane spectra, the motivic Steenrod algebra and the motivic Adams spectral sequence.
Finally, we introduce the motivic element 7 and explain how it gives rise to the motivic

spectrum C'7.

Chapter 3. In this chapter we show that the motivic spectrum C'7 admits an E,, ring
structure. We then compute the C7-linear HF, Steenrod algebra and its dual, that will be
necessary in Chapter 4. We end the chapter with some results about various C'7-induced

motivic spectra such as S/(2,7), kgl and kq.

Chapter 4. In this chapter we construct the motivic fields K (w,), as well as associated
spectra such as connective versions k(w,) and an analogue of the Brown-Peterson spectrum

wBP.

Chapter 5. This chapter is concerned with the equivalence of categories

D"(,1,. 57 Comod) — > ¢, Cell™™,

providing an algebraic model for the category of C't-modules. Along the way, we will show
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another equivalence of categories
D’(31¢z., . Mod) e ez Cell’,

which is a required ingredient in showing the first equivalence.

1.3 The Choice of Prime p = 2

This thesis is written in a p-completed setting, where we exclusively restrict to the prime
p = 2. However, some results generalize in a straightforward way to odd primes as well.

Before indicating which of those results generalize to odd primes, let’s explain the reason
why we restrict to p = 2. For odd primes p, the motivic story is somehow easier since it
is more closely related to the classical story. In particular, in the case of odd primes, the
motivic Steenrod algebra (and its dual) are isomorphic as Hopf algebras to the classical
Steenrod algebra (and its dual) adjoined a primitive formal variable 7. This is not the case
for p = 2, for example because of the relation 72 = 7&;,; in the dual motivic Steenrod
algebra.

Let now p be an arbitrary prime. The HF,-based motivic Adams spectral sequence

produces the map

go.—1 T (SO,O)Z/)\7

after p-completing the target for any prime p. Denote again its cofiber by C'r, where the

prime p does not appear in the notation. The isomorphism

Extyp gp(BPy, BP,) = m, ,(CT)
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still holds for any prime, producing the same vanishing regions in the homotopy of C'r, and
thus endowing C't with an E, ring structure. The calculations from the end of Chapter
3 are specific to p = 2, so we will skip those results. Similarly, Chapter 4 is specific to
p = 2, and the story of motivic periodicity for odd primes is somehow more complicated.
However, all the results of Chapter 5 apply to odd primes verbatim, and will be written in

this generality in [17].
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CHAPTER 2 BACKGROUND IN MOTIVIC HOMOTOPY
THEORY

In this section we give some brief background on the setting of this thesis, which is motivic
homotopy theory over Spec C. For a more detailed introduction to motivic homotopy theory

we refer the reader to [41], [42]. Most of our notation agrees with and is taken from [24].

2.1 DMotivic Spaces and Spectra over SpecC
Denote by Spce the category of (pointed) motivic spaces over Spec C as defined in [42].
This is roughly obtained by starting with C-schemes and
(1) freely adding (homotopy) colimits to allow gluing constructions (attaching cells, suspen-
sions, etc),
(2) restoring some desired geometric colimits by Bousfield localizations,
(3) forcing the affine line A! to play the role of the interval I and be contractible.
This category is endowed with a well-behaved A'-invariant homotopy theory, for example in
the form of a closed symmetric monoidal, proper, simplicial and cellular model structure. The
paper [46, Chapter 2| is a good source for a careful construction of these model structures.
There is a realization functor

Rec
Spce — Top,

from motivic spaces over Spec C to topological spaces called Betti realization. This functor
is for example constructed in [13, 2.6], [45, Appendix A.7] or [27, Chapter 4], and is induced
by taking C-points of the involved C-schemes. It is a strict symmetric monoidal left Quillen
functor, whose right adjoint is usually denoted by Sing. In the same spirit as equivariant
homotopy theory, motivic homotopy theory has two different types of spheres. Here are 3 of
them:

e the simplicial spheres that appear during the homotopy cocompletion process, they are

constant presheaves that have nothing to do with algebraic geometry,
e the geometric sphere that is the (Yoneda image of the) multiplicative group scheme G,,,

e the (Yoneda image of the) projective line P.
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The 1-dimensional simplicial sphere will be denoted by S%°. It Betti realizes to the 1-
dimensional sphere S* and is the sphere that appears in the triangulated structure with shift
functor ¥ = S A —. We will denote the geometric sphere G,, by S%!, where the first
coordinate indicates its topological dimension (since G,, realizes to G,,(C) = C — {0} ~
S1), while the second coordinate indicates its weight, or Tate twist. Since A! was made

contractible, the pushout square

Al >~ x

I

* >~ Al —— Pl

exhibits an equivalence of motivic spaces P! ~ ¥G,,. In the above notation we get the
equation

P!~ SMOA S~ 521 (2.1)

i.e., the homotopy type of the projective line P! is obtained as the smash product of a
simplicial sphere and a geometric (twisted) sphere.

With spheres at hand, we can now construct the category of motivic spectra Spt. over
Spec C in the exact same way that is done in topology: by stabilizing with respect to some
sphere. Using the above equation (2.1) we observe that inverting the smash product — A P!
is a good idea as it inverts both smashing with the simplicial — A S*? and the geometric
sphere — A SY. For any n, m € Z, there is therefore a sphere of topological dimension n and

weight m that breaks uniquely in terms of simplicial and geometric spheres as
qnam — (Sl,l)/\m A (Sl,O)/\”*m )

This provides a bigraded suspension functor that we denote by X™™ = — A S™™. As
noted above, smashing with the simplicial sphere Y0 = — A S0 corresponds to the shift

functor associated with the triangulated structure on the homotopy category. The category
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of motivic spectra Spt( also supports good model structures which, in particular, are closed
symmetric monoidal with respect to the smash product — A —, proper, simplicial, cellular,
..., see [46, Chapter 2| for more details. Moreover, the realization pair stabilizes to a Quillen
adjunction®

Rec

Spte <= Spt,

Sing

where the Betti functor Rec is strict symmetric monoidal, see for example [45, A.45].
Given two spectra X,Y € Spt., the closed symmetric monoidal structure provides a

function motivic spectrum that we denote by F(X,Y) € Spte. When X =Y, we will
usually write End(X) = F(X, X). As usual, we will denote the abelian group of homotopy
classes of maps between X and Y by [X, Y]. When the source spectrum is a sphere X = S,

the abelian group

oY) = [S5%, Y]

is called the homotopy group of Y in stem s and weight w. The relation between the two is
given by the usual adjunction between the smash product and the function spectrum. After

taking homotopy, this becomes the equation

Tew(F(X,Y)) 2 [29 X Y].
2.2 The Motivic Steenrod Algebra and the Adams Spectral Se-
quence
Denote by HZ Voevodsky’s motivic Eilenberg-Maclane spectrum representing integral
motivic cohomology on smooth schemes [59, Section 6.1]. Denote by HIFy the cofiber of

multiplication by 2 on HZ, which sits in the cofiber sequence

H7 —2% HZ —> HF,.

SSince the Betti realization of P! is the topological sphere P1(C) ~ S2, taking C-points lands in the
category of S2-spectra, i.e., spectra with bonding maps S% A X,, —> X,,;1. This is also a model for stable
homotopy theory, see [27, Section 4.1] for more details.
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The spectrum HIFy represents mod 2 motivic cohomology on smooth schemes. The coeffi-

cients of this spectrum were computed in [60] by Voevodsky, and are given by
HF,, ,(S0) 2 Fy[7] for |7| = (0, —1).

Dually, the motivic cohomology of a point is
HIFy**(S%0) = Ty 7] for |7| = (0, 1),

where we abuse notation and use the same symbol 7 to denote the Tate twist element in

homology and its dual in cohomology. We use the same notation as in [24] for the coefficients
M, = HF,**(S%%) 2 Fo[r]  and M, == HF,, (S*°) = Fy[r].

We write Ac for the mod 2 motivic Steenrod algebra, i.e., the ring of stable cohomology
operations on the motivic spectrum HIFs. Its structure has been computed by Voevodsky in

[61], [62] : it is the bigraded Hopf algebra over M given by
1 Q.2
Ac 2 Mo(5a7, 507, - ) / Adem relations-

Observe that as in topology, it is generated by the Steenrod squares Sq" with the Adem
relations between them. The Tate twist 7 € M has bidegree |7| = (0,1), and the Steenrod
squares have bidegrees |Sq*"| = (2n,n) and [Sq®" ™| = (2n + 1,n). Since we work at p = 2,
the first square Sq' = 3 is again the usual Bockstein operation coming from the short exact

sequence of abelian groups

2
0—>Z/2—>Z/4 >Z/2

\7
e
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The dual motivic Steenrod algebra
A\(/CgM2[£17527"'77—077_l>"'] /ng'—l—l:Tz‘Q’ (22)

was also computed by Voevodsky in [61]. Because we are now in homology, the Tate twist
7 € M, has bidegree |r| = (0,—1). The &’s and 7;’s have bidegrees |&]| = (271 — 2,2 — 1)

and |7;| = (27! — 1,2" — 1). The coproduct is given by the formulas

AlG) =) &, 0& and  A(r,) =7, @1+ & ,87.

One can now run the motivic Adams spectral sequence
Exta.(Ma, Ma) = m,.((5™")3)

constructed in [39], [13], [22], that converges to the homotopy groups of the 2-completed

motivic sphere (S%%)2. The Ac-module map
M, —> M,

is an element in Hom = Ext® of Adams filtration 0 as 7 is central in Ag. This element
survives to the F,.-page as it cannot be involved with any differential for degree reasons.

Therefore, it detects a map

T

SO — (8™)3, (2.3)

whose Hurewicz image is the element 7 € HF,, ,((S%")%).

Unfortunately, the map of equation (2.3) does not lift to a map before 2-completing the
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target. The situation can be summarized by the following commutative diagram

S L =
\\ ~~\\~

) T ~<

\ So

AY ~

\ \\

\\ SA
. HF, (5°9))
Sa
HZ 50,0

(2.4)

The top dotted arrow corresponds to the element (2.3) constructed by the motivic Adams
spectral sequence, and the non-existence of the bottom dotted arrow shows that 7 does not lift
toamap S% ! —— S99 In fact, amap S*~! —— HZ corresponds to a cohomology class in
the group H, gl’tl)t(Spec C;Z), which vanishes. Here is another argument to explain the existence
of the map (2.3), that was kindly suggested by the referee during the publication of [14].
This element comes from the Tor spectral sequence for the 2-completed sphere, whenever
there is an infinitely 2-divisible element in the Milnor-Witt K-theory KMW(SpecC), i.e.,
when the base field has all 2-power roots of unity.

It is crucial for us that this element 7 exists in the homotopy groups of the motivic
sphere spectrum, and thus acts on the homotopy of any motivic spectrum. Recall that
2-completion is given by the E-Bousfield localization at either the Moore spectrum S%°/2
or the Eilenberg-Maclane spectrum HF,. In particular, the 2-completed sphere (S%°)2 is
also an E, ring spectrum and admits a good category of (2-completed) modules. Denote
temporarily its category of modules by S/pt\(c. The ring map S%° —— (S%9)2 induces a

forgetful functor

Spt «—— Sptc

from 2-completed motivic spectra to motivic spectra. As explained in [46, Section 2.8],

this forgetful functor creates a symmetric monoidal model structure on S/pt\(c. Moreover, as
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indicated in the diagram

- A (8908
Sptc _ Sptc,

P (500 )

it is both a left and right Quillen functor via the usual adjunctions. It follows that the
forgetful functor preserves all categorical constructions in S/pt\(c, i.e., the underlying spec-
trum of any (co)limit is computed in the underlying category of motivic spectra Spts. On
finite spectra, 2-completing and smashing with the 2-completed sphere (S%°)% are equivalent
functors. In this thesis, we will only be concerned with finite spectra, and will from now on
exclusively work in S/pt\(c without further mention, and drop the completion symbol from
the notation. For example, we will denote this category by Spt, the 2-completed motivic
sphere spectrum by S%°, the smash product over the 2-completed sphere by — A —, ... etc.

With this notation, the motivic Adams spectral sequence produces a non-trivial map
go.—1 i 0.0

which we can see as being an element in the homotopy groups o __1(S%).
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CHAPTER 3 THE COFIBER OF 7

This chapter contains the first important result of this thesis, namely the fact that the
motivic 2-cell complex C'7 admits an essentially unique F, ring structure. This has many
consequences, such as giving more structure to the isomorphism of Proposition 3.1, or more
importantly, exhibiting the existence of its category of modules o,Mod as a symmetric
monoidal oco-category.

Moreover, this chapter is a requirement for the following two chapters 4 and 5. In Chapter
4 we will construct some motivic spectra detecting a new form of motivic periodicity, called
wy-periodicity. It turns out that these motivic spectra are naturally C'7-modules, and thus it
is easier more efficient to construct them in the category ,Mod, rather than in Spt., and
further endowing them with the structure of a C'r-module. The computations of Sections 3.3
and 3.4 will be necessary in Chapter 4. In Chapter 5, we will further identify the category
c-Cell of cellular CT-modules with the derived category of an abelian category, explain the
algebraic nature of the motivic 2-cell complex C'7.

We refer to the Introduction for more motivation about the spectrum C'7. Finally, let’s

mention that this chapter appears as a separate paper, in [14].

Organization

Here is the organization of this chapter.
Section 3.1. This Section first introduces the spectrum C'7, as well as some vanishing results
both in its homotopy groups 7. .(C7) and in the homotopy classes of self-maps [C'T,C7], ..

These results will be mostly used to endow C't with an E, ring structure.

Section 3.2. We first explain the notion of motivic A, and E., ring spectra that we will
use in this thesis, and adapt Robinson’s obstruction theory [51] to the motivic setting. We

then apply this obstruction theory to endow the spectrum C't with an E, ring structure.

Section 3.3. In this Section we compute the homotopy types of the E., ring spectrum

C71 A C1 and of the Ay ring spectrum End(CT).
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Section 3.4. This Section is about the symmetric monoidal category ,Mod. We start

by showing some generalities on C'7-modules. We then analyze more precisely a few specific

C't-induced spectra:

(1) We compute the Steenrod algebra of operations and co-operations on the C'7-induced
mod 2 Eilenberg-Maclane spectrum HFy A C'7.

(2) We show that the C'7-induced mod 2 Moore spectrum S/(2,7) admits a unique Ey
structure as a C'7-algebra, and that it admits a v{-self map.

(3) We compute the homotopy groups of the C'7-induced connective algebraic and hermitian
K-theories kgl AN C'1 and kg A C1. In particular, a hidden extension shows that kg A Cr
contains a 4-fold periodicity by the element v?, which is the square root of the usual

8-fold Bott periodicity observed in kgq.

3.1 The Spectrum C7 and its Homotopy
In this Section we will introduce the main object of this thesis, the motivic spectrum C'7.
Recall that we work in a 2-completed setting. Define the 2-cell complex C't by the cofiber

sequence

g0t Ly 500 Ly o s gt (3.1)

where 7 denotes the map from equation (2.3), ¢ denotes the inclusion of the bottom cell
and p the projection on the top cell. Recall from [13, Section 2.6] that the Betti realization

functor Spto —— Spt sends the map 7 to the identity id, as shown in the diagram
T id
(So,—1 So,o> <SO SO> '

Moreover, it is a left Quillen functor and thus preserves cofiber sequences. This implies that it
sends C'T to a contractible spectrum * € Top and thus that C'7 is a purely motivic spectrum
living in the kernel of Betti realization. Nonetheless, the motivic spectrum C't has very
tight connections to classical (non-motivic) homotopy theory. Surprisingly, a computation

of Hu-Kriz-Ormsby in [23], allows Isaksen in [24] to express the homotopy groups of this



27

2-cell complex 7, ,(C7) in terms of the classical Adams-Novikov spectral sequence. Denote
by Ext}p pp(BP., BP.) the Ex-page of the classical (2-completed) Adams-Novikov spectral
sequence for the topological sphere S°, where as usual s is the Adams filtration and ¢ is the
internal degree.

Proposition 3.1 ([24, Proposition 6.2.5]). The homotopy groups of C't are given by
Tsw(CT) 2 Exthp 5o’ (BP., BP,) for any s,w € Z.

Remark 3.2. Proposition 3.1 is surprising as it is saying that the homotopy groups of a
motivic 2-cell complex, which are in principle as complicated to compute as 7, .(S*?), are
completely algebraic. More precisely, they are given by the cohomology of the Hopf algebroid
(BP., BP.BP), which is a very important object in classical chromatic homotopy theory.
This bridge allows computations to travel between the classical and the motivic world. See
[24, Chapter 5 and 6] for examples where motivic computations of m,,(CT) are used to
deduce new information about the classical object Extyp pp(BP:, BP,).

Remark 3.3. Since Exty}, zp(BP:, BP,) admits a natural ring structure, the isomorphism
of Proposition 3.1 induces an artificial ring structure on the motivic homotopy groups
T, «(C7). The starting point of this project was to ask if this induced ring structure of
T« (CT) can be realized by a topological ring structure on the spectrum C7. Even further,
the cohomology groups Extyp pp(BP:, BP,) admit higher structure (Massey products, al-
gebraic squaring operations, ...) and one can hope that this is the shadow of a highly
structured ring multiplication on C't7. We will prove in Section 3.2 that C't supports an E

ring structure and that the isomorphism
T (CT) = Extyp pp(BP,, BP,)

preserves higher products (Toda brackets in homotopy and Massey products in algebra). In

other words, the Fy-page of the classical Adams-Novikov spectral sequence can be realized
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with its higher structure as the homotopy of a motivic spectrum.

The ring structure mentioned in Remark 3.3 will be constructed by obstruction theory.
To prepare the computations, we will now deduce some Corollaries about ,.(C7) and
T (End(CT)).
Corollary 3.4 ([16]). The group ms.,(CT) is zero when either w > s, or w < %s, or s <0,

except that mo0(CT) = Zy. This is sketched in Figure 1.

Proof. The vanishing regions in , ,(C'7) come from the vanishing regions of Ext;}, zp(BP., BP,)

via the isomorphism

Tsw(CT) = Extyn 53 (BP,, BP,)

of Proposition 3.1. The region w > s corresponds to the vanishing region above the line
t — s = s of slope 1 on the Es-page of the Adams-Novikov spectral sequence, the region
w < %s corresponds to the Es-page being 0 in negative Adams filtation s < 0, and finally
s < 0 corresponds to Fs-page being zero in negative stems t — s < 0. O

w

Zero ZzZero

Z€ero
Z€ero ZEro S

Figure 1: Vanishing regions of the homotopy groups s, (CT).

Corollary 3.5. The group [2*"Ct,CT] is zero if either w > s+ 2, or w < %s, ors < —1,

except that [Cr, 1) = Zy in degree (0,0). This is sketched in Figure 2.

Proof. Using the cofiber sequence

p

)
gsw SSW Ss—&-l,w—l’



29

we get a long exact sequence

e [, O] < [EMCT, O] < [$H L O7] e e
after mapping into C'r. The result follows by noticing that the hypothesis of this Corollary
force both homotopy groups 7, (C7) and 7si1.4-1 (CT) to be 0 by the previous Corollary
3.4.

w w=s+2

Zero Zero
non-vanishing region

w =

N |—

Z€Ero
ZEro ZE€ro S

Figure 2: Vanishing regions of the abelian group [2**Cr, CT].

O

Remark 3.6. This result is not sharp and one can slightly improve the non-vanishing region
by being careful about choosing which of the 3 conditions of Corollary 3.4 to use. For

example, the group [X71°C'r, C7] is zero as it sits in a long exact sequence

s — 710 (C7) P (2100, CT] S 701 (CT) <— -+,
and both homotopy groups surrounding it are zero. However, none of the 3 conditions of
Corollary 3.5 are satisfied for the pair (s,w) = (—1,0) and thus we cannot use it to deduce
that [X~1°Cr, C7] is zero.
The vanishing of the following groups of homotopy classes of maps will often be used in
this document.

Corollary 3.7. The following groups of homotopy classes of maps are zero

(1) [2%71Cr,C7] =0,
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(2) [X°CT,Cr] =0,
(3) [Zb"1Cr,Cr] =0,
(4) [X™"Ct,C1] =0 for any n > 1.

3.2 The F, Ring Structure on C1

In this Section we construct the E., ring structure on the motivic spectrum C'7. We start
by endowing C't with a homotopy unital, homotopy associative and homotopy commutative
multiplication using elementary techniques with triangulated categories. The E., coherences
of such a multiplication cannot be constructed by hand via similar techniques and requires
some machinery. We will use a version of Robinson’s obstruction theory from [51], that we
adapt to the motivic setting in Section 3.2.1.
3.2.1 Motivic A, and F,, Operads and Obstruction Theory

Consider a simplicial symmetric monoidal model category presenting Spte, with smash
product — A =%, and denote the simplicial mapping space by Map(X,Y’). Given a motivic
spectrum X, denote its endomorphism operad in simplicial sets by End(X), where End(X),, is
the simplicial set Map(X"", X). If F/(—, —) denotes the internal (motivic) function spectrum,
then we recover

T (End(X) ) = o (F(XN™, X)), (3.2)

only exploiting the weight zero homotopy groups of the function spectrum. Fix an A, or
E, operad © in simplicial sets. A ©-algebra structure on a motivic spectrum X is a map of
operads

O —> &nd(X).

Equivalently, one can see © as an operad in motivic spaces via the constant functor and
define a ©-algebra via the motivic enrichment, which might seem more natural and internal
to motivic homotopy theory. Because of this reason, classical (simplicial) operads transported

into the motivic world are sometimes called constant operads.

6For example Jardine’s model of motivic symmetric spectra [26].
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In this chapter, we will produce A, and E., structures by obstruction theory. The
obstruction theory for A, algebras is well-known, for example [2, Theorem 3.1] (itself inspired
by [50]) exhibits an obstruction class in a certain abelian group. In all our cases, we will
show that all the relevant abelian groups for the obstruction theory are zero. The obstruction
theory for F., algebras is less well-known. We will here briefly recap the work done in [51]
and adapt it to our motivic situation.

We will consider the simplicial E,, operad T defined in [51, Section 5]. This operad is
the product of a combinatorially defined cofibrant simplicial operad with the Barratt-Eccles
E. (simplicial) operad EY,. It inherits both properties and is thus a cofibrant E,, operad.

The cofibrancy roughly means that the operadic composition maps

7:1 X Tm — Tm+n71 (33)

are injective and that their images intersect in fairly small and regular subcomplexes. We
refer to [52, Section 1.5] for more details. The injectivity of these maps is a key property that
will be used for inductive arguments, since a map out of 7,,,,_1 is thus already determined
on the image of all these composition maps. The bar filtration on the Barrat-Eccles operad
induces a filtration on 7, where the n**-filtration space of 7, is denoted by 7.* C 7,,. In
particular 7" = ) if n < 0. Consider now the diagonal filtration V*T which is the sum of
the bar filtration from the Barratt-Eccles operad and the filtration by operadic subspaces.
More precisely, the n't-graded piece V*T C T has m'M-space given by V"7, = 7™, If
m > n, then by definition we have V"7, = (). In particular, observe that V™7 is not a
suboperad as it does not contain m-ary operations for m > n.

Robinson defines an n-stage for an E. structure on X to consist in a map V"] ——>
End(X) satisfying some obvious coherences. More precisely, this is the data of 3,,-equivariant
maps

T~ ™ — End(X),
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for 0 < m < n, which on their restricted domain of definition satisfy the requirements for a
morphism of operads. Since the operad 7 is non-unital and thus 7o = 7; = (), we only need
to specify these maps for 2 < m < n. From the definition of the diagonal filtration one can
identify that

e a 2-stage is the data of a map 7 —> &nd(X)s, i.e., specifying amap pu: XAX —> X,

e a 3-stage is the data of a 2-stage with the extra structure of an associative and commu-
tative homotopy for the multiplication pu,

e a 4-stage is the data of a 3-stage with the extra structure of homotopies for the well-
known pentagonal and hexagonal axioms [33], as well as a homotopy saying that the
commutativity homotopy itself is homotopy commutative,

e an oo-stage are the coherences of an F, ring structure on X with multiplication .

An n-stage determines an (n — 1)-stage by restriction, and an (n — 1)-stage determines an
n-stage on the boundary V"7 by injectivity of the composition maps of equation (3.3). We
refer to [51, Section 5.2] for more details. Therefore, given an (n — 1)-stage, the data of an

n-stage extending the underlying (n — 1)-stage consists precisely in the data of extensions

OV T, \VALY
\ :
End(X),,

for every 0 < m < n. The cofibrancy of the operad T is used again to show that for any m,
the map
OV" T —> V"7,

is a principal X,,-equivariant cofibration, whose cofiber is a wedge of spheres S™? indexed
over a set with free 3,,-action. This allows us to formulate the following result.
Proposition 3.8. Let X be a motivic spectrum with a given (n — 1)-stage for an E ring

structure.



33

(1) If the homotopy groups m,—3(End(X),,) are zero for every 2 < m < n, the given (n—1)-
stage lifts to an n-stage.

(2) If in addition the homotopy groups m,_o(End(X),,) are zero for every 2 < m < n, the
extension is (essentially) unique.

Proof. The fact that OV"T,, > V"7, is a principal cofibration allows us to rotate it one

step to the left, producing the unstable cofiber sequence of simplicial sets

VS — OV, —> VT, —> VS" 2

An (n — 1)-stage produces a map V"7, —> &nd(X),,, which extends as in the diagram

vsnTs AVAY VT vSn2
\ |
End(X)m
if and only if the relevant composite is zero in the abelian group
[VS™ 3 End(X),,]| = &my_s(End(X),,).
Moreover, if [S"72 End(X),,] = 0 then the extension is unique up to homotopy. O

By using equation (3.2) and the fact that a 3-stage is equivalent to a unital, associative
and commutative monoid in the homotopy category, we get the following Corollary.
Corollary 3.9. Let X be a motivic spectrum with a map p: X NX —— X that is homotopy
unital, homotopy associative and homotopy commutative.

(1) If the homotopy groups m,—s0(F (X", X)) are zero for every n > 4 and 2 < m < n,

then pu can be extended to an FEo, ring structure on X.

(2) If in addition the homotopy groups mn_o0(F(X"™, X)) are zero for every n > 4 and

2 <m < n, then pu can be extended to an E, ring structure on X in essentially a unique

way.
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Remark 3.10. These results are extracted from Robinson’s work in [51], even though they
do not explicitly appear in this form in his paper. The reason is because this is not a powerful
result when applied to the topological setting for the following reason. Fix a (topological)
spectrum X € Spt. To apply this F., obstruction theory to X, its endomorphism operad
End(X) has to satisfy the conditions of Proposition 3.8, which require the homotopy groups
&End(X),, to vanish for all n > 4 and 2 < m < n. In particular, for any fixed m the space
End(X),, needs to have vanishing homotopy groups in degrees n > m. The paper [51]
proceeds to study what happens during an extension of an (n — 1)-stage to an n-stage if
one allows to perturb underlying stages. This reduces the size of the obstruction groups and
gives a constraint between n and m, reducing the number of obstruction groups to check.
In our motivic setting the obstructions live in the groups m,_30(End(X),,), which are only
a small fraction of all homotopy groups 7,. Corollary 3.9 will be sufficient to prove our
result.
Remark 3.11. We should point out that, in analogy with the genuine G-equivariant E
operads in [6] (called N, operads), there ought to be a notion of motivic A, and E,, operads.
An algebra over such a motivic operad would have a lot more structure than an algebra over
a constant operad, such as transfers upon changing the base scheme. It is possible that such
algebras are exactly the objects corresponding to strict commutative ring spectra. However,
for the purpose of this thesis, constant A, and E, operads suffice. We will therefore drop
the word ”constant” and refer to those just as A, and E., operads.
3.2.2 The Homotopy Ring Structure on C'7

In this Section we construct a ring structure on C't up to homotopy. More precisely, we
show that C'7 is a unital, associative and commutative monoid in the homotopy category
Ho(Spt(). Recall that this is a 3-stage in Robinson’s obstruction theory, which can be seen
as the initial input to start the obstruction theory. In this Section, we will exclusively work

in the stable triangulated category Ho(Spt), without further mentioning it.
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Lemma 3.12. There exists a unique left unital multiplication
o
CrANCt —> CT.

Proof. The equation (3.1) gives an exact triangle

T 7 p
SO,—l SO’O Cr Sl’_l,

where ¢ denotes the inclusion of the bottom cell and p denotes the projection on the top cell.

By smashing it with — A C'1, we get another triangle
T i P
SN Cr —> S A Cr s Cr A O > SEACT

where i;, denotes a left unit and p; the projection on the top cell of the left factor. Since
the abelian group of maps [X%~'C7, Cr] = 0 by Corollary 3.7, the map 7 € [ 1C7, C7] is

zero on C't. This produces a left unital multiplication @ on C'7 as shown in the diagram

T

SOt A Cr SOOA Cr CrACT SL=UACT
\ EN
v
Cr.

Moreover, since [X171Cr, C7] = 0 by Corollary 3.7, there is no choice for such a map which

is unique. 0

Before studying the properties of this multiplication map p, we show a fundamental
equivalence that will be used throughout the document.

Lemma 3.13. There is a canonical isomorphism

CrACT2CrvibhiCor.
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Proof. Recall that since [X%1C7,C7] = 0, the map 7 is zero on C7. The exact triangle
S%IACT > S9N CT > Cr A Cr s SV A Cr,

is thus split, giving both a retraction p and a section s, as in the diagram

T=0
SOTIANCT — > SO A CT Cr ANCT

As it is the case for p, the section s is unique since [XV"'C7, C7] = 0 by Corollary 3.7.

Moreover, the relation p o s = 0 is forced since the composite lives in the zero group

[(XL=1Cr, C7] = 0. This gives a canonical identification
CrACT=CrvyhIcr,

via the inverse maps

( P ) 7 s
CrANCT ﬂ» crvybhior and crvbhior L—+> CrNCT.

Corollary 3.14. For any n > 2, there is a canonical isomorphism

n—1
—1 o
Cr\" \/ <n ) )EZ’_IC’T,
7
i=0

where we use (") SO to indicate a wedge sum of (") terms of the spectrum $v7'Cr.

We will use the identification of Lemma 3.13 to show that p endows C'7 with a unital,
associative and commutative monoid structure in Ho(Spt¢). We first compute the relevant
maps on C7 V X1 "1C7 after composing with this identification.

Lemma 3.15. After the canonical identification Ct A Ct = C1 VvV XV71C1 of Lemma 3.13
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(1) the multiplication map CT A CT oris giwen by the matriz

1—1 [id 0]
Crvy¥—Cr——> Cr,
i.€., by the canonical projection onto the first factor,
(2) the factor swap map CT A CT X 0rACT s gwen by the matriz

Lip )
top —id
crvsilor 225 orvebhlor

Proof.
(1) The composite

ir+s

crvytlcr — s CrACT N Cr

restricts to the identity on C7 since p is a retraction of iz, and to zero on X1 ~'Cr since
sopu =0 by Lemma 3.13.

(2) We claim that the following diagram

X
CrnNCT CrNCT
Z.L + s (luvpL>
[ id 0
iop —id
Crvyb-1Cr------- > Crvyhior

commutes. First observe that the top right entry is forced to be zero since [L11Cr, C7] =
0 by Corollary 3.7. The bottom left entry can be computed explicitly by a simple diagram

chase. It is
0.0 iAid X pAid -
SYUNCT —— O NCT ———> CtANCT ——> S ACT,
which is homotopic to the composite

X id A¢ pAid
SOONCr 25 O ASY s O ACT —— SV A O
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By commuting id Ai and p A id and using the canonical equivalences S°° A C1 = C1 =

Ct A S% we can rewrite it as

P 2
T —> T — T
C Sh—t yh-io

For the diagonal entries, recall that [C'7,C'7] 2 Z, and that the matrix has to be an
involution since x is. This forces the diagonal entries to be +id and —id. One could
conclude by arguing that the top left entry arises by commuting C't with S°Y, and thus

should be +id, while the bottom right entry arises by commuting C7 with St~ and

thus should be —id. More precisely, consider the diagram

A1
500 A §0.0 —— COr ACT

|

SO’O

0

~.

Cr.

By factoring the map ¢ A ¢ as id Az followed by i;, = 7 A id, and using that po iy, = id,
one sees that the diagram commutes up to the usual canonical equivalences of smashing
with S%°. By factoring it the other way now, as i A id followed by id Ai, we get that
o (id A7) = id. This shows that the top left entry of the matrix is id. The bottom right

entry is thus forced to be —id since the matrix is an involution. 0

Proposition 3.16. The unique left unital multiplication map CT A CT s Or turns Cr

into a unital, associative and commutative monoid in Ho(Spts).

Proof. Consider the diagram

CrANCT CrnANCT

(M,p/\ld) iL+S

T Cr,

[ 0,] %

Crv s Cr —— Cr VELIOr
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which is commutative by Lemma 3.15. Since p is left unital and since po¢ = 0, the dashed
arrow is given by the canonical inclusion. It follows that the composite p o y o iy, is simply

given by the matrix multiplication

[io] - [5 Sa] <[] =1d.

Since the right unit is given by x o4y, this shows that u is right unital. To show that u is

commutative, we have to compute the composite
CrACT —> Cr ACT - Or.
We can again read it from diagram (3.4), where it is given by the matrix multiplication
[ido] - [iiso 70id] : [pkid] = K,
showing that p is commutative. To see that p is associative, we will show that the map
CrANCTANCT M Cr
is zero. By left and right unitatlity it restricts to zero on the subspectrum

(S ACTACT)V (CTASYACT)V (CTACTASY) —> CTACTACT.  (35)

By [55, Lemma 3.6], there is a bijection between maps Ct A Ct A C7 —— C7 that restrict

to zero on the subspectrum of equation (3.5), and maps
G338 = gh-l A gh-l A gl s O,

Here St~! appears because it is the cofiber of the unit map S%° — C7. By Corollary 3.4,
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we have that w3 _3(C't) = 0, which shows that there is a unique such map. Since the zero
map C7 A CT ANCT —> C'7 restricts to zero on the subspectrum of equation (3.5), it is the

unique such map. This shows that po (1 A pu— pu A1) is zero, i.e., that p is associative. [

3.2.3 The E, Ring Structure on C7

In this Section, we will use Robinson’s obstruction theory from Section 3.2.1 to construct
the F, ring structure on C'7. In the previous Section 3.2.2 we endowed C't with a unital,
associative and commutative monoid structure in the the homotopy category Ho(Spt().
Recall that this to a 3-stage in Robinson’s obstruction theory. We will now use Corollary
3.9 to rigidify this multiplication to an E., ring structure in Spt.. Although not needed for
the F ring structure, as a warm-up, we first show in Proposition 3.17 that C'7 admits a
unique A, ring structure.
Proposition 3.17. The multiplication p on C'T can be uniquely extended to an A, multi-

plication.

Proof. An A, structure corresponds to unital homotopies (left and right), and an A3 structure
adds an associative homotopy. We constructed both structures in Proposition 3.16. The A
obstruction theory originated in [50] exhibits obstruction classes to extend an A,,_; structure
to an A, structure. In more modern language, [2, Theorem 3.1] exhibits the obstruction to

go from A,,_; structure to an A, structure as an element in the abelian group

[S-308mn O] 2[5 O] = myya(C) 3.6

Corollary 3.4 shows that these groups are zero for any n (we really just need n > 4), which
shows that p can be extended to an A, structure. Furthermore, given that an A, _; structure

extends to A, structure, the possible extensions are in bijection with the abelian group

[Z"‘2’OS"’_”, CT] = Ton—2,-n(CT).

This group is also zero for any n, showing that p can be uniquely extended to an A,
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structure. [l

Remark 3.18. For the case n = 3, i.e., to endow C7 with an As structure, the obstruction
group from equation (3.6) is w3 _3(C'7). Observe that this is the exact same group that
appears in Proposition 3.16, where we show with elementary techniques that C'7 admits an
Az structure.

Remark 3.19. Mahowald conjectured that no non-trivial topological 2-cell complex posses
an A, structure. There are 2 trivial cases to exclude which are the cofiber of the zero map
and the cofiber of the identity map, as shown in the cofiber sequences

020 5 glvS  and 80— S0 s

Since motivic spheres Betti realize to topological spheres, motivic 2-cell complexes Betti
realize to topological 2-cell complexes. Moreover, since we are using simplicial (constant)
operads, motivic algebras over A, or F,, operads realize to classical algebras over the same A,
or FE, operads. However, the fact that C't admits an A, ring structure does not contradict
Mahowald’s conjecture, as the map S®~' — > S99 realizes to the identity map S° 9, g0
Theorem 3.20. The multiplication p on CT can be uniquely extended to an E., multiplica-

tion.

Proof. We showed in Proposition 3.16 that C'7 is a unital, associative and commutative
monoid in the homotopy category Ho(Spt). This corresponds to a 3-stage in Robinson’s
obstruction theory. By Corollary 3.9, the obstructions of extending this 3-stage to an F.,

ring structure live in
Tus0(F(CT'™, CT)) 2 [£"30Cr", O7]

for n > 4 and 2 < m < n. Recall from Corollary 3.5 that [2**Cr, C7] has in particular a

vanishing region for s > 0 and 2w < s. We now show that all obstruction groups live in this
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vanishing area. By the equivalence

m—1

[Cr"™, 7] = @( ) ShCr, O]

=0

of Corollary 3.14, we have
3 (m—1
Tn_so(F(CT"™, CT1)) = [Z”_?”OCTN”,C’T] = @ ( , ) [Z”_?’“’_iCT, CT} )
1

1=0

In particular, all the obstructions live in groups of the form [Y**Cr,C1| where the s-
coordinate satisfies

s=n—-3+1>4—-3+1>1

while the w-coordinate satisfies both
w=-—<0 and w=—-1=n—8—3>1—s.

This corresponds to the region bounded by s > 1 and 1 — s < w < s, which lies entirely
in the vanishing area described above. The situation is summarized in Figure 3. Similarly,
recall from Corollary 3.9 that the obstructions for uniqueness of such an E, ring structure

live in groups of the form
T-20(F(CT'™, Cr)) = [R"720Cr"™, O]

A similar analysis shows that all obstruction groups again live in the vanishing region, as

described in Figure 3. This shows that C't admits a unique F, ring structure. U

Corollary 3.21. There is an isomorphism of rings

T (CT) =2 Extyp pp(BP., BP,),
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ZEro ZEro

Z€ro Obstructions 5 Zero Obstructions s
for existence for uniqueness

Figure 3: Chart of [X**C'1, C7] where all obstruction groups live in the vanishing region.

which sends Massey products in Ext to Toda brackets in m, ., and vice-versa.

Proof. Since C1 is an FE,, ring spectrum, its motivic Adams-Novikov spectral sequence is
multiplicative and converges to an associated graded of the ring 7, .(C7). Recall from
Proposition 3.1 that the spectral sequence collapses at Ey with no possible hidden extensions
as a module over the spectral sequence for S°%. For the exact same reason, there are no
possible hidden extensions as a multiplicative spectral sequence. By the Moss Convergence

Theorem [43], we get a highly structured bigraded isomorphism

Extgpar, .spaL(BPGL, ., BPGL, ,/T) = 7, .(CT), (3.7)

between the Fs-page and the output of the spectral sequence. More precisely, Massey prod-
ucts computed in Ext converge to Toda brackets computed in 7, . (CT).
Until the end of the proof, denote the motivic Brown-Peterson spectrum BPGL by B.

To finish the proof, we have to show that there is a highly structured ring isomorphism

Extp,  /r(Bix/T, Bax/T) = Extp,  p(Biy, Bis/T).

These are Ext-groups computed in comodules and since the first variable is projective (even
free) over the base ring, both of those Ext terms can be computed from their cobar complex

[47, Corollary A1.2.12]. Moreover, since the cobar complex also controls the Massey products
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in the Ext-ring, this will give an isomorphism preserving this structure. The cobar complex

of the left Ext-group is given by

B*,*/T®B*7*/TB*,*B/T®B*7*/TB*,*/T —> B*,*/T®B*,*/TB*,*B/T®B*’*/TB*,*B/T®B*7*/TB*,*/T —_— >

while the cobar complex of the right term is given by

B*,* &B.. B*,*B OB, . B*,*/T - B*,* X B, . B*,*B &B. . B*,*B @ By B*,*/T —

By iterating the ring isomorphism

B*,*/T ®B*’*/7— B*,*B/T = B*,* ®B*7* B*,*/T7

these cobar complexes are isomorphic as dga’s. By taking cohomology, we get an isomorphism

Extp, ,B(Bay, Bex/T) 2 Extp,  B)r(Biy/T, Bix/T) (3.8)

that preserves Massey products. The trigraded Ext-term Extg, , g/ (B, /T, Bs./T) is really
bigraded because of the relation ¢ = 2w between the internal degree ¢ and the weight w.
Therefore, when working mod 7, we can regrade everything in sight by keeping the internal
degree and forgetting the weight. With this convention, the degree of v,, € B, /7 is the single
number 2" — 2 and thus there is an isomorphism of Hopf algebroids B,B/T = BP,BP.

This provides the (higher) ring isomorphism

EXtB*B/T(B*/T, B*/T) = EXth*BP(BP*, BP*) (39)

By combining the isomorphisms of equation (3.7), (3.8) and (3.9), we get an isomorphism

T (CT) = EXtBP*BP(BP*a BP*)
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of higher rings, that sends Toda brackets to Massey products and vice-versa. 0

3.3 (Co-)operations on C1

In this Section we describe the homotopy types of CT A C7 and End(C'7) as ring spectra.
Understanding their homotopy types is crucial for the computation of the Steenrod algebra
of the spectrum HFy A C'7 in Section 3.4.2. Most proofs are done by diagram chasing and
identifying composites of maps.
3.3.1 The Spectrum C7 ACT

The F ring structure on C'7 induces an F, ring structure on the smash product CTAC'T

via the multiplication

IAxAL LA
perncr: (CTACT)N (CTANCT) ——> CTACTACTANCT —— CT ACT.

Here i denotes the multiplication map on C'7 and x denotes the factor swap map. Recall

from Lemma 3.13 that there is a canonical equivalence
CrANCT~CrVIh1iCr,

describing the additive homotopy type of C7 A C't. The next lemma describes its ring
structure.

Lemma 3.22. Under the canonical vertical identifications given by

(CTANCT)N(CT ANCT) fomer CrANCT

(CrvEb=1Cr) A (Cr v Bh—10T) Crvyh—1tor

(CrACT)V (EVICr ACT)V (CT ASEICr) v (VI Cr AXMIOT) ----- > COrvEh-ior,
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the multiplication on C't A CT is given by the maps

(1,0)
CrANCT L» Ccrvbhior

(0,1)
Y lor A CT —M> crvybhior
1—1 (0,1) 1—1
CrANY "7 Cr —— CrvY"CTt

(0,0)
Yhlor At tior —— or v EbTieT

Proof. These four maps are given by a simple diagram chase, where we only have to be
careful with the identifications. For simplicity, let’s denote the sphere spectrum S%° by S,
and ignore or denote by 1 some identity maps id in the following diagrams. Recall the cofiber

sequence

T 7 P
SO,fl S0,0 CT Sl,fl

from equation (3.1). The first map CTACT —> C7VEL~1C7 corresponds to the composite

(,p Ao (A ) o (LAXATL) o (@A),

which is embedded in the commutative diagram

LAXA1 A (1, p A1)
(CTACT)N(CT ANCT) CtANCTANCTANCT CrANCT Crvyb-iCcr
zAﬂ iAﬂ iAuT
(SACT)A(SACT) ———— SASACTACr ———— SACTACT.

We can compute by the other path, where we use that the map

S/\CT/\C’T&CT/\CT



47

decomposes as

1AL inl
SANCTANCT —> SANCt —— C7 ANCT,

and by using that pei =0 and po (i A 1) = id. For the second map, the canonical splitting

of Lemma 3.13 induces a splitting
sUler A Cr =~ 28 or v 2220
By Corollary 3.7 we have [SV1Cr, C7] = [£272C7,C7] = 0, and thus the second map
s lCr A Cr — CrvEhTIOT

corestricts to zero on C'7. To compute the other part, recall first from Lemma 3.13 that the

map p A 1 admits a canonical section s, as shown in the cofiber sequence

SACT Cr ACr ——— SY "' pCr —

SO=L A Cr

The second map is the composite in the commutative diagram

IAxYA1L WA pAl
(CTACT)N(CTACT) CtANCTANCTACT CrANCT Yo
s/\(z’/\l)T el Tl PA“

CrACTASACT CrASACTACT.

(SVEACT)A (S ACT) TAOAD

We again compute it by following the other path

(AL e (MAp)e(sA(LAL).

The result follows by noticing that the last two maps p A 1 and 1 A  commute with each

other, together with the fact that s is a section of p A 1. For the third map, we can either do
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a similar diagram chase, or use the fact that C't A C7 is an F,, ring spectrum, and so the
third map is homotopic to the second map we just computed. The last map is forced to be

nullhomotopic since

S ICr AShTICT ~ 2330 Vv EETAOT
and there are no non-trivial maps to both C'7 and X~ 1Cr by Corollary 3.5. U

The additive splitting Ct A C1 ~ C7 vV X1 ~1C7 gives the isomorphism
Tan(CTANCT) Z 71 (CT) @ Br - T (CT).

The class (3, has degree |3,| = (1, —1), and is the unit element of the shifted copy given by
the composite

1AL
§hl o SLEA S0 T gL A O > CT A CT

We call it 3, because it induces a 7-Bockstein operations in HFy A C'7-(co)homology, as we
show in Propositions 3.33 and 3.34. Lemma 3.22 gives the following multiplicative description
of the homotopy groups m, .(CT A CT).

Corollary 3.23. The E., ring spectrum Ct A CT has homotopy ring
Tow (CT N CT) = T (CT) [5;] //Bz,

where | -] = (1, —1).
3.3.2 The Endomorphism Spectrum End(CT)

In this Section we explicitly describe the homotopy type of End(C7) as a ring spectrum
and give a presentation of its homotopy ring . .(End(C7)), in the same way that we did for
Ct A Ct. However, the endomorphism spectrum End(C'1) is a little harder to understand
than C'7 AC'T. First, it is only an associative A, spectrum, whereas CTACT is E,. Second,

its multiplication comes from composition of morphisms and has nothing to do with the fact
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that C'7 is a ring object, whereas the multiplication on C't A C'1 is easy to describe in terms
of the multiplication of C'7. Finally, it turns out that out of the eight maps that assemble
together to give the multiplication on End(C'T), only three are forced to be nullhomotopic
for degree reasons, whereas five where forced to be nullhomotopic for Ct7 A Cr.

An important tool that we use is Spanier-Whitehead duality, adapted to the motivic
setting from the categorical treatment in [31, Chapter 3]. We briefly recall some notation
and elementary results from both [31, Chapter 3] and [32, Sections 4.6-7]. Consider two
motivic spectra X and Y. If X is dualizable, its Spanier-Whitehead dual is defined to be
the motivic spectrum

DX = F(X, 5%,

In particular, finite cell complexes are dualizable. For spheres, there is a canonical identifi-
cation

Dsm,n — F(Sm’n, S0,0) ~ F(SO’O, S—m,—n) ~ S—m,—n. (310)

Givenamap f: X —> Y between dualizable motivic spectra, denote its Spanier-Whitehead
dual by
Df = F(f,S"): DY —> DX.

If X is dualizable, the smashing morphism F(X, S%%) A X AN F(X, 5% A X) is an equiv-

alence, giving the equivalence
DX AX = F(X,S") A X —> F(X, 5% A X) = End(X). (3.11)
Denote the evaluation map that is adjoint to the identity map on F(X,S%?) by
DX AX = F(X, 8" A X —> 590,

The endomorphism spectrum End(X) is always a motivic A, ring spectrum with multipli-



50

cation map given by the composite pgnq(x) in the diagram

HEnd(X)
End(X) AEnd(X) -----n-mmmmmmmm e > End(X)
can.H CaH.H
IAxA1 1 AevAl
DXANXADXAX DXANDXAXANX —> DX ASYAX.

The spectrum C'7 is dualizable since it is a 2-cell complex. The A, ring structure on
End(C'7) can thus be understood in terms of Spanier-Whitehead duality. For this, we have to
compute the homotopy type of the Spanier-Whitehead dual DC7 and identify the evaluation
map DCT A CT &, 500,

Proposition 3.24. We have the following identifications.
(1) The Spanier-Whitehead dual of S%' —> S°0 js Dr ~ 7: §%0 —» §O.1,
(2) The Spanier-Whitehead dual of the cofiber sequence

0.1 T 0.0 v Cr p gl-1
1s the cofiber sequence
g0l T g00 P oyt i g-11
In particular we have Di ~ p and Dp ~ i, and a canonical (up to homotopy) identification

DCr ~x (T (3.13)

Proof.
(1) Start with the map S%~! > §%0. The functor D = F(—,S5%% and the canonical
Dt
identification of equation (3.10) gives a map S%° —— S%! which by definition, sends

1 to 7 on moo. Since it lives in the group [S°°, S| = Z, generated by 7, we get that
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Dr~rT.

(2) Since the dualization functor D preserves cofiber sequences, we get the cofiber sequence
Dr Di D
DS* 1 <L pse0 L por <= pShL

To understand it, we use the canonical equivalences of equation (3.10) and embed it in

the diagram

Di Dp
DSO! D SO0 ' per D81
A
can. can. ! can. ‘
50,1 T SO’O P Z_I:ICT S_l’l.

By the 5-lemma, the map X~1'Cr —— DCT is an equivalence. Moreover, given two
such equivalences, their difference would factor trough the map p and thus trough S%°.
It follows that this equivalence is canonical up to homotopy, since by Corollary 3.4 we

have

7TO70(DCT) = 70’0(271’107') = 7T1,,1(C’7') = 0.

O

Lemma 3.25. Up to sign, the evaluation map DCT NCT T, 500 g given by the commu-

tative diagram

DCT NCT 50,0
~ [ can. p
Y LOrACT Y-LioT

Proof. We compute the abelian group of homotopy classes of maps [DCT A CT, 5%°]. We

have
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[DCT ACT, 5% = [B"4C7r A CT, 5% by equation (3.13)
~ [u-bCr v O, 890 by Lemma 3.13
~ X0, S @ [Cr, SO0
=~ [§90, 599 & via D-b10r — §00
~7,

which is generated by the identity. This means that [DCT A C7,S%Y] is generated by the

composite

DCTANCT~SYOoraACT N »hlor _r, 500,

On the other side, by adjunction we have an isomorphism
[DCT,DCT] = [DCT A CT,5%°],

which sends the identity map to the evaluation map (by definition of the evaluation map).

This shows that ev is also one of the two units +1 € ZQ, finishing the proof. 0

Lemma 3.26. Under the vertical identifications given by

MEnd(CT)

End(C7) A End(CT) End(CT)
(ZHCrvar) A (ZHCOr v OT) Y Lorv Cr
(ZHCrAxHCr) v (ETHCT ACT) vV (Cr AN MOV (CT ACT) ------- > Y- bMorvCr,

the multiplication on End(C'T) is given by the maps

(pA1,0)
Yy oA Hor p—» »borv or

(1,0)
Y hOorACT L» yborv or

(k,pA1)
CrAYMOor L» yborv or

(0,1)
CrANCT —M> yblorv O
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Sketch of proof. This proof is by tedious diagram chases, and is in the spirit as the proof of
Lemma 3.22. We will now briefly sketch the steps in the proof. The first part is to break
End(C7) AEnd(C7) in more manageable summands via Spanier-Whitehead duality, and the
necessary identifications are done in Proposition 3.24. We then use the definition of the
multiplication map on End(C7) from diagram (3.12), as a composite of the factor swap map
and the evaluation map. The evaluation map was explicitly computed in Lemma 3.25. The

remainder of the proof consists on carefully identifying composites. O

The additive splitting End(C7) ~ C1 Vv £~ C7 gives the isomorphism
T (End(C7)) 2 7, o (CT) @ ;- T i (CT).
The class (3, has degree |3,| = (—1,1), and is the unit element of the shifted copy given by

the composite given by the composite

p X _
Cr — St — yt-ior

Lemma 3.26 gives the following multiplicative description of the homotopy groups . .(End(C1)).

Corollary 3.27. The Ay, ring spectrum End(CT) has homotopy ring

re s (Bnd(C7)) & s (C7) (87) / o — (=1)l5a = i pla)
# =0

where B, is a non-commutative variable and o span the elements of m. .(CT).
Remark 3.28. The canonical inclusion C7 —— End(C'1) is a map of A, ring spectra and
on homotopy is the inclusion of 7, ,(C7) onto the non-shifted factor. We can also think of

the ring 7, ,(End(C7)) as being the abelian group

T (End(C7)) =2 7, o (CT) & Br - ma u (CT)
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with ring structure given by the following multiplication table

aocd = ad
ao B = (—1)B.ad + (iop(a))d
Braod = Braa

Brao frof = B (iop(a))d,

where a, o € T,..(C7) and B,a, B,a’ € B, - T (X7HCT).

Remark 3.29. Since S%° ——» (7 is the ring map which induces the 7, .(S%%)-module

structure on 7, ,(C7), we have the compatibility formula
ila)a’ = ad for a € m,.(5%%),a/ € 7,.(CT).

The first multiplication uses the ring structure of C'7 while the second uses the S%°-module
structure on C'7. This simplifies some of the formulas of Corollary 3.27, for example by

Brao B! = Bp(a)a’ since p(a) is in the homotopy groups of the motivic sphere.

3.4 Examples of C'7-Modules

Since the 2-cell complex C7 is a (cofibrant) commutative ring spectrum, we can use
[46, Section 2.8] to endow the category o,Mod with a closed symmetric monoidal model
structure. The closed monoidal structure is given by the the relative smash product — A¢, —
and the internal function spectrum Fe,(—, —). Moreover, the model structure is created by

the forgetful functor, and is thus part of the Quillen adjunction

—NCT
Spt: = sooMod <= .Mod. (3.14)
U

In this section we will first give some elementary lemmas about the category o,Mod, and
then study some important spectra that are induced up from S%°-modules by smashing with

— A C71. We call such a spectrum a C't-induced spectrum.
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We start with the C'7-induced Eilenberg-Maclane spectrum HF;ACT which has homotopy
groups m,.(HFy A C71) = Fy in degree (0,0). We will compute its Steenrod algebra of
operations (and its dual) as a Hopf algebra, both in Spt and ¢.Mod. This computation is
used in future work [15] to construct Morava K-theories for the motivic w; periodic operators.
The first operator w; was introduced in [1]. We then show that the C7-induced Moore
spectrum S/(2,7) admits a unique structure of an F., algebra over C7. We also observe
that it admits a vi-self map, whereas S%°/2 only admits a v{-self map. Finally, we compute
the homology and homotopy of the C'7-induced connective algebraic and hermitian K-theory
spectra kgl and kq. Here again an interesting phenomenon arises in hermitian K-theory: an
obstruction is killed and we can see the element v? in the homotopy of kq A Ct, whereas we
only see its square v} in kq.

3.4.1 Elementary Results on C7-Modules
Let X be a (left) C7-module with action map ¢x: C7 A X ——> X. The left unitality

condition says that the triangle in the diagram

) p
SO pA X —— G0N X —— Or A X — SL-1A X

IS

X

commutes, i.e., that ¢x is a retraction of the unit. This produces a splitting

(6x )
Or A X 05 xvetoly (3.15)

up to homotopy, whose inverse map requires a choice of section of p. There is however a

canonical choice of section given by the composite

- L 0.0 idninid sAid id Apx
SUTIANX=S5"TASTANX — ST ANCTAX — CTANCTAX —> CT AKX,
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by using the canonical section s: ¥4 1Cr7 ——> C7 A C7 from Lemma 3.13. The Betti
realization functor Spto —— Spt naturally extends to ¢,Mod by composing with the
forget functor

Re
c-Mod —> Spt. —> Spt.

Lemma 3.30. Every C't-module realizes to a contractible spectrum in Top.

Proof. Consider a spectrum X € Sptq endowed with a structure of C'7-module. Since
the Betti realization functor is (strict) symmetric monoidal and sends C'7 to a contractible

spectrum, we have

Rec(CT A X) ~ Rec(C1) A Reg(X) ~ .

It follows that Rec(X) ~ * as X is a retract of C7 A X by equation (3.15). O

The next two elementary lemmas will often be used for studying C7-induced spectra.
Lemma 3.31. Let X be a spectrum with T-free homotopy (resp. homology) groups, i.e.,
multiplication by T is injective on m, (X) (resp. on HF,, (X)). Then the homotopy (resp.

homology) groups of the CT-induced spectrum X A Ct are given by
Ten(X A CT) 2T X) /2 (resp. HFy, (X NCT) = HFs, (X) /).

Moreover if X is an E, ring spectrum, then this isomorphism is a ring isomorphism.

Proof. This follows by the long exact sequence induced from the cofiber sequence
0IX > X —> OTAX
since multiplication by 7 is injective. Moreover, if X is an E, ring spectrum, then the map
0.0 inid
SYUPANX ——> O AN X

is a map of F, ring spectra as well. 0]
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Lemma 3.32. Let X be a spectrum with 7-free HF5-cohomology groups, i.e., multiplication
by T is injective on HFy"*(X). Then the cohomology groups of the Ct-induced spectrum

X ANCT are given by
HFy*(X ACr) = HF™(BV71X) /.

Proof. Similarly to the proof of Lemma 3.31, this just follows by the long exact sequence
induced from the cofiber sequence

CrAX — 2 1x 5 w0y

since multiplication by 7 is injective. 0

3.4.2 The C71-Induced Eilenberg-Maclane Spectrum

Consider the C'7-induced Eilenberg-Maclane spectrum

H = HFQ VAN CT,

which has homotopy m,.(H) = Fy concentrated in degree (0,0) by Lemma 3.31. Unlike

HT5, this spectrum detects both cells of C't since

Fy if (x,%) = (0,0)
HE,"(CT) = (T, if (x,#) = (1, —1)

0  otherwise.

\

This spectrum plays an important role in the theory of motivic periodicities, as it is the
building block of the Morava K-theories K (w,) and of the Brown-Peterson spectrum wBP

that we construct in [15]. Denote the H-Steenrod algebra of operations in H-cohomology by

Ac=n_. . (F(H,H)),
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and its dual algebra of co-operations in H-homology by

4

The two main ingredients for these computations are our previous knowledge of the HIF,-
Steenrod algebra Ac¢, which we recalled in Section 2.2, and the descriptions of C7 A C'T and
End(C7) from Section 3.3. Since 7 € M is an element of the base ring, there is an induced
Hopf algebra structure over My /7 = F, on the quotients “Ac /- and A?c /T

Proposition 3.33. The dual H-Steenrod algebra A has the following Hopf algebra structure
Ac = Ac /r @ E(B;) 2 Falé1,&,.. ] ® E(To,71,...) ® E(B;)

where B, is a T-Bockstein in degree (1, —1) which is primitive in the coalgebra structure.

Proof. The dual H-Steenrod algebra is given by the homotopy groups of the E. ring spec-
trum

HAH=HF;ANCt A HFyACT ~ HFy A HFy ACT A CT.

Since 7, .(H) = Fy, the left and right units of the Hopf algebroid .., (F/\H) are flat
maps and they agree, turning it into a Hopf algebra. If we smash the canonical equivalence

Cr ANCT ~ C71 VXY IC7 of Lemma 3.13 with HF; A HIF,, we get an additive splitting
HANH~ (HF, AN HF, ACT) V (S5 'HFy A HF, ACT)

into two wedge summands that we can understand individually. Since the dual Steenrod

algebra .A?C is 7-free, Lemma 3.31 gives a ring description of the homotopy
Tun(HFy A HFy A CT) = Ac /1,

and thus the dual H-Steenrod algebra is a free module of rank 2 over Ajc- The first generator



59

in degree (0,0) is the unit given by the ring map

%

SO0 > HAH.

The second generator in degree (1,—1) that we call 3, is given by the map

i

g5 oyblor s ornor - HAH,

where ¢ denotes the inclusion of the bottom cell and s denotes the canonical section of p, as
in Lemma 3.13. We choose the name 3, because its dual element in the H-Steenrod algebra
does behave like a 7-Bockstein in cohomology, as we explain in Proposition 3.34. To finish
the description of the ring structure of .7[;:, we have to compute the product 3, - 8, which

lands in degree (2, —2). This product is the homotopy class of the composite
1.1 121 BenBr — — — = b = =
GBS NS  —>HANHANHANH — HANH
which is nullhomotopic since pc,os ~ 0. This gives the ring structure as the tensor products

A~ A ® E(B) 2 Fole, &, @ Elry,m,..) ® E(By).

For the coalgebra structure, the counit is forced as there is only a copy of Fy in degree (0, 0).

It thus only remains to compute the coproduct. The ring map
HFy, —> H
induces the following map of Hopf algebras

v P VY v
A — A = A/TQ E(Br): a—> a®1,
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which can be factored as reduction modulo 7 and then inclusion into the — ® 1 factor. It
follows that the coproduct A(a ® 1) can be computed by choosing a pre-image a of a ® 1,
computing the coproduct in A?C, and then pushing it back via 1. Since the coproduct formula
on the &’s and 7;’s in -Ajc does not involve any 7-multiples, the exact same formula holds for
the coproduct of elements of the form a ® 1 € ./Tltc. It only remains to compute the diagonal
on the element 1 ® .. We show in the next Proposition 3.34 that its dual is exterior in the

algebra structure of Ag, implying that 1 ® 3, is primitive. [l

Proposition 3.34. The H-Steenrod algebra Ac has the following Hopf algebra structure
ZC = AC/T ®E(ﬁ7>

where B, is a T-Bockstein in degree (1, —1) which is primitive in the coalgebra structure.

Proof. Since C'1 is dualizable we can rewrite
F(H,H) = F(HFy A C1, HFy A C7) ~ F(HF5, HFy) A CT A DCT.
By the identification of Section 3.3.2 we further have
F(H,H) ~ (F(HF5, HF>) AC1) V (X' F(HF, HF,) ACT) .

By Lemma 3.31 we get that Agc is a free Ac/7-module of rank 2 with generators given by

the operations
id: H—> H and B.: H P Sl HT, t »L1H,

where p denotes the projection of C't on its top cell, while ¢ denotes the inclusion of it bottom
cell. The definition of 5, explains why we call it a 7-Bockstein. Since the Steenrod algebra is

defined as negative homotopy groups of the endomorphism spectrum, the 7-Bockstein [, is
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in degree (1, —1). This settles the additive structure of A¢, and it remains to understand its
Hopf algebra structure. Since .,Tl?c is a Hopf algebra of finite type, we can dualize its structure
from Proposition 3.33 to get the desired Hopf algebra structure of Ac. Recall that we did not
yet finish the proof of Proposition 3.33, as we still have to show that (3, € .71?@ is primitive.

This is equivalent to 3, € Ac being exterior, which is clear since it is the composite
B.0B: H—> S 1HE, — > YL 1H L5 wU-lgF, s U

which is nullhomotopic as pe7 ~ 0. U

Remark 3.35 (Cr-linear H-homology and cohomology). We can define the C'7-linear ho-

mology and cohomology of a C'7-module X to be

—C'r ——%, %

H, . (X)=m.HN-X) and Her(X) =7y (For (X, H))

The relevant H-Steenrod algebra of Ct-linear operations and co-operations are then

\4

Tsv (For(H, H)) and Ac = m. (H Aer H) .

Their computation follows from Lemmas 3.31 and 3.32, and the result is the usual motivic
Steenrod algebra and its dual, modulo 7. The only difference with the computations of
Propositions 3.33 and 3.34 is that the C7-linear Steenrod algebras do not contain the 7-
Bockstein element ;. In particular, the dual C7-linear H-Steenrod algebra enjoys the nice

formula

Fol&1, &, ...l ® E(1o, 11, - - .)

that is very reminiscent of the odd-primary classical Steenrod algebra.
3.4.3 The Cr-Induced Moore Spectrum

Denote by S°/2 the mod 2 Moore spectrum in the usual category of topological spectra
Spt. Recall that the classical Toda bracket (2,7,2) = n? implies that m5(S%/2) = Z/4. This
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shows that multiplication by 2 is not a nullhomotopic map on S°/2, and thus that there is

no possible filler in the diagram

SONS0/2 2 L OAS D §0INSO ) g0/

\ i;gu

A\
S0/2.

This shows that there exists no left unital multiplication on S°/2.

Denote now the motivic mod 2 Moore spectrum by S%°/2. Similarly, we can compute
the motivic homotopy group g o(S%"/2) = Z/4 via the same argument. More precisely, the
analoguous Toda bracket is (2,77, 2) = 72n?, where € m 1(S%°) and thus i € m o(S*?).
This again implies that there is no left unital multiplication on the Moore spectrum S%°/2.
Observe that this could also have been noticed by the fact that a left unital multiplication
on S$%9/2 would induce one on S°/2 by Betti realization.

Denote the cofiber of multiplication by 7 on S%°/2 by S/(2, 7). This spectrum does admit

a left unital multiplication since
2,7,2) =m> =0 modulo 7.

This does not imply that there is a ring structure on S/(2,7) as this bracket is just one
possible obstruction (the obstruction to left unitality). In Theorem 3.37 we show that all
obstructions are of this type and that S/(2,7) admits the structure of an F., algebra over
Cr.

Since cofibers in C'7-modules can be computed in the underlying category of motivic
spectra, it follows that the cofiber of 2 on C'7 has underlying spectrum S/(2,7). Consider
now S/(2,7) as a C't-module, for example as constructed in the category ¢,Mod by the
cofiber sequence

Or —> Or —» §/(2,7) —> £19Cr. (3.16)
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To equip S/(2,7) with an E,, CTt-algebra structure, we will proceed very similarly as in
Section 3.2, which we refer to for more details.
Proposition 3.36. There is a unique homotopy unital and homotopy commutative CT-

algebra structure on S/(2,7).

Proof. The computation of [S/(2,7),S/(2,7)]., = Z/2 generated by the identity map shows

that -2 is nullhomotopic on S/(2, 7), providing a left unital multiplication p from the diagram

Cr Aow S/(2,7) —2—s O Aow S/(2,7) —Es §/(2,7) Aow 8/(2,7) —2s 1907 Ay S/(2,7)

\ =

S/(2,71).

The computation [X"°CT Acr S/(2,7),5/(2,7)]s, = 0 shows that there is a unique left
unital multiplication up to homotopy on S/(2,7). As in Lemma 3.13, it also implies that

there is a unique section s of py, giving a canonical additive splitting
S/(2,7) Aer S/(2,7) ~ S/(2,7) v E105/(2, 7). (3.17)

The induced multiplication g after this identification is again just projection onto the first
factor, and the factor swap map y is given by the following diagram
S/(2,7) Aer §/(2,7) ———— S/(2,7) Ay S/(2,7)
iL + s (,LL, pL)

S/(2,7)V £108/(2,7) - Tl §(2,7) v £195/(2, 7).

The matrix can be completely determined since [S/(2,7),5/(2,7)|s, = Z/2. By an easy
matrix multiplication as in Proposition 3.16, this shows that w is right unital and homotopy

commutative. [l

The next step is to show that this (unique) multiplication map p on S/(2,7) can be
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extended to an F,, multiplication. We proceed in the exact same way as we did in Proposition
3.17 and Theorem 3.20.
Theorem 3.37. The Ct-algebra structure on S/(2,7) can be uniquely extended to an E

structure.

Proof. We first extend it to an A, structure as in Proposition 3.17, with obstructions living

in the abelian group
[2”73’0(21’007')/\”, S/(2, T)}CT = [EQn*g’OCTA", S/(2, T)]CT

for n > 3. Here we used £1°Cr since it is the cofiber of the unit map Cr — S/(2,7). By

using the decomposition formula for C7"" from Corollary (3.14), the obstructions live in the

group

é (7;) (2230, 5/(2,7)] ., -

1=0

By the free-forget adjunction these groups are

T2n—3+i,—i (S/(27 T)) .

For n > 3 and for any 0 < i < n this homotopy group is zero, making the obstruction group
zero and allowing u to extend to an A, structure. Similarly the obstructions for uniqueness
live in zero groups, showing that S/(2,7) admits a unique A, algebra structure over CT.

The Aj structure gives an associative homotopy, and thus we now have a unital, asso-
ciative and commutative monoid in the homotopy category. This is a 3-stage in Robinsin’s
obstruction theory, so we can apply Corollary 3.9 to extend it to an E, ring structure. The
obstructions live in

[(7305/(2,7)"™, §/(2,7)] 0.

for n > 4 and 2 < m < n, where the smash product is over C'7. As in the proof of Theorem

3.20, we first break the source in smaller pieces by recursively using equation (3.17). It is then



65

easy to show that all of those groups are zero by using cofiber sequences in the first variable
to reduce it to homotopy groups of S/(2, 7). Similarly, the obstructions for uniqueness live
in

[2”—1057(2,7)AM,57(2,7)}CT

for n > 4 and 2 < m < n. We show by the exact same method that all those groups are

zero, finishing the proof. O

Remark 3.38. The fact that multiplication by 2 is nullhomotopic on S/(2,7) ~ C7/2 is
not so surprising, as C'7 is of somehow of algebraic nature. In fact, multiplication by n on
X/n is always nullhomotopic in such algebraic categories, as explained in [54, Proposition
1].

Remark 3.39. The Toda bracket (2,7,2) = n? is also responsible for the non-existence of

a vi-self map on the topological Moore spectrum S°/2. This is illustrated in the diagram

] 2
§2/2 ——n g2 S
g0 20T
A7 g D 2
S0/2 — g St

The map 7 exists since 2 = 0, but there is no v;-self map as 27 # 0. Motivically, the same
diagram has the same problem because of the non-vanishing of the bracket (2,7,2) = 5%
However, in C'T-modules this bracket vanishes and the C'7-induced Moore spectrum admits
a vi-self map. The diagram

1

¥218/(2,7) Y210r »210r
ERUR El/:ﬁ//// n
Vool
S/(2,71) »LoCr »LoCr

exhibits this v;-self map

$215/(2,7) —> S/(2,7).



66

More precisely, this follows since the computation [$2'C'r, S/(2, 7)] = Z/2 forces the relation
2-n>~0.
3.4.4 The C7-Induced connective Algebraic and Hermitian K-Theory Spectra
Consider the motivic algebraic K-theory spectrum KGL constructed in [59]. This spec-
trum represents algebraic K-theory on schemes. More precisely, given any scheme X, the
K G L-cohomology of its stabilization ¥°X computes the algebraic K-theory of the scheme
X. Consider now its connective cover kgl as described in [25] over Spec C and in [44] over
more general basis. It is shown in [44] that both KGL and kgl admit a unique E,, ring
structure. Recall that we work in the 2-completed category, and we use kgl to denote the
2-completed connective algebraic K-theory spectrum. Its coefficients and mod 2 homology

of kgl over Spec C are computed in [25] and given by
7T*7*(k’gl) = ZQ[T, Ul] and HF2*7*(kgl) = FZ[T] [fla 527 . '][7-27 T3y - ] /7-1.2 = Tfi—‘rl’

where the element v is in degree (2,1) and corresponds to the usual Bott periodicity. Its
homology is written as a subalgebra of the mod 2 homology of HIF, recalled in equation
(2.2).

Consider now the hermitian K-theory spectrum K@ defined in [20] and studied in [53].
The paper [25] defines its connective cover kq over Spec C, by taking appropriate Co-fixed
points (although it is denoted by ko in that paper). It also computes its coefficients and

mod 2 homology

Tr*,*(kq) = ZQ[T’ @, b] /27]7 7—7737 an, CL2 - 4b

H]F2*,*(k3Q) = FQ[T]E%? 627 .. 'HTQ, 735 - - ] /7'@.2 = T§i+1 .

To explain the homotopy ring 7, .(kq), Figure 4 displays the E,-page of the motivic Adams
spectral sequence computing 7, .(kq). The horizontal axis represents the stem, i.e., the s in

Tsw(kq), while the vertical axis represents the Adams filtration. As it is usually done with
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emeans Mo filtration
means My /7 = Fy )
a
(stem, filtration, weight):
vl = (0,0,-1) i
ho =2 and |ho| = (0,1,0) R
hi =mnand |h1| = (1,1,1)
‘a’ = (4a 3a 2) hO hy
4 8 stem

Figure 4: The E-page of the Adams spectral sequence computing . ,(kq).

motivic charts, the weight w in 7y, (kq) is suppressed from the chart and one can imagine
it on a third axis perpendicular to the page.

In this section we consider the C'T-induced spectra that we denote by

kgl = kgl ACT and kq = kq A CT.

Both of them are Crt-algebras, where kgl is an E,, algebra as being the smash product of
two E rings.
The case of algebraic K-theory kgl

The fact that both its homotopy and homology are 7-free makes the description of kgl

straightforward. Indeed, by Lemma 3.31 we immediately get

_ A

7T*7*<]€gl) gZQ[UI] and HFQ*’*(k_gl) gFQ[fl,gg,...] ®E(T2,T3,...).

The case of hermitian K-theory kq

Its homology is 7-free and so again we immediately get

HF?*,*(k_Q> > Fy[€1, 6y, .. .| ® E(1o, 73, .. .).
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Its homotopy is more interesting as it is not 7-free, and we will get contributions both from
the cokernel and kernel of multiplication by 7. Moreover, a surprising fact occurs as there is
a hidden extension which makes kq contain the periodicity element v? in its homotopy.

Proposition 3.40. The homotopy ring . .(kq) has the presentation
7 (kg) = Lo, 7] /9.
Proof. The usual cofiber sequence (3.1) for C't, smashed with kq gives the cofiber sequence
Y01 kg SN kq —l> kq 2, Y1k
Since the homology HF», , (X% 'kq) is 7-free, we ge the short exact sequence
0 —> HF,,, (5" "'kq) —> HF,, (kq) —> HFs, , (fq) —> 0
in homology. For any motivic spectrum X, denote by Ext*(X) the trigraded term

Ext™)"  (HFs,.(S"°), HF,, (X))

Ag-comod

that represents the Fs-page of the motivic Adams spectral sequence for X. We use the
indicated grading in Ext*(X) to denote the homological degree in Ext, i.e., the Adams
filtration on the Ey-page. From the above short exact sequence, we get a long exact sequence

in Ext-groups
. > Ext*(kq) —> Ext*(kg) —> Ext™ (S0 kq) —> -+

i.e., a long exact sequence in Fy-pages. This gives short exact sequences

0 — Ext™(kq) /, =, Ext*(kq) I, » Ext* (2% kq) —> 0,
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where the left term is the cokernel of 7 while the right term is the 7-torsion. Since ¢ is a ring
map, the term Ext(kq)/7 includes as a subring of Ext(kq). However, this cokernel can act
non-trivially on the 7-torsion part, giving potential extension problems to solve. Since the
motivic Adams spectral sequence for kq collapses at the F>-page with no hidden extensions,
the term Ext(kq) is given by the Figure 4 on page 67. These two pieces assemble to give
the additive description of the Es-page of the motivic Adams spectral sequence for kg as

described in Figure 5. It still remains to solve the possible extension problems and possible

A means M2/7— o ]F2 filtration

(stem, filration, weight): 9 "/

a
ho = 2 and ’ho‘ = (0, 1,0)
h1 =7 and |hy]| = (1,1,1) X

|a’ = (47372) a7 b
bl =(8,4,9) X
h3 =n3 and |h3| = (4,2,2) ho h1 h3

\
4 8 stem

Figure 5: The E,-page of the motivic Adams spectral sequence for kq as an Fa-vector space.

Adams differentials. The only possible extension is whether or not 2 - ffbv‘f = @, as indicated

in Figure 5. Consider the Toda bracket (7,73, 2) as in the diagram

2 n T
5372 5372 EO’_lkq k:q
\\\ 773 \\\ p
\\\ \\A
\\ E_l’okq
\\\ /L
\\A
E—l,Ok%

where we have that 2 - 7% € i.(T,m%,2) by [24, Section 3.1.1]. We can compute this bracket
in the motivic May spectral sequence using May’s Convergence Theorem. See [35] for the
original reference, and [24, Theorem 2.2.3| for an exposition of the motivic version. More

precisely, we can compute it on the motivic May Fs-page via the differential ds(by) = Th}
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(since hoh, is already zero). This bracket has no indeterminacy giving

<7'» h?a ho> = {bQOhO} .

Recall from Figure 4 that a = byphg giving that indeed, in 71'*7*(]{?_(]), there is an extension
2 - I;I’ = @. This hg-extension appears as the round dotted line on Figure 5. We now spell

out the ring structure of this Fy-page. First observe that
~\ 2 ~\ 2 —92
4 (hi‘) - (2h§> — @2 =4b,

~\ 2 _
and because there are no possible extensions in that column, we get that (hi”) = b. The

Es-page of the motivic Adams spectral sequence for kq has therefore the ring presentation
E2 ~F |:h07ﬁl7 h‘ilg] /hOEI .

There are no possible Adams differentials on these 3 generators, and thus Figure 5 also
represents the E,.-page of the Adams spectral sequence for kq. Except the hg-towers, there

are no possible hidden extensions, giving the multiplicative description
T s (kq) & Za[n, f?ﬂ /on.

Finally, we show that };1)) detects the element v}. We can smash the cofiber sequence
S kg —> kg — kgl

with C'7 to obtain the cofiber sequence

Sk — s g — gl
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Since 7 is a ring map, then so is the induced map 7. The ring map 7 sends the 8-fold Bott
_ ~\2 ~
periodicity element b = (hi”) to the 8-fold Bott periodicity element v}, which forces h$ to

be sent to vZ. The FE,-page of kq has therefore the ring presentation

7o (Fg) = Lo, 03] /o 00
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CHAPTER 4 EXOTIC MOTIVIC PERIODICITY

In this chapter, we explain what motivic w,-periodicity is, and construct the motivic
exotic fields K (w,). These fields are called exotic because our intuition from classical homo-
topy theory would lead us to believe that the only motivic fields of this form (i.e., associated
with periodic operators) are the usual Morava K-theories K (n).

We refer to the Introduction for more motivation about motivic w,-periodicity. Finally,

let’s mention that this chapter appears as a separate paper, in [15].

Organization

Here is the organization of this chapter.
Section 4.1. In this section we first describe the setting in which we work, which is the
category of cellular C'7-modules. This includes the following : computing the relevant Steen-
rod algebra and its dual, deriving some important properties, and setting up an appropriate

Adams spectral sequence.

Section 4.2. This section contains the construction of the motivic fields K (w,). This
goes through first constructing connective versions k(w, ), endowing them with an F., ring

structure, and finally inverting multiplication by w,,.

Section 4.3. This section contains the construction of the spectrum wBP, and its trunca-

tions wBP(n).

4.1 Recollection on C'7-Modules and its Steenrod Algebra

In this section we will describe the general framework in which all spectra will be con-
structed. We first start by recalling notation in 4.1.1, as well as set up the category ,Cell of
cellular (2-completed) CT-modules. In 4.1.2 we recall from Section 3.4.2 the C't-induced mod
2 Eilenberg-Maclane spectrum H, and its Steenrod algebra of operations and co-operations.
This spectrum plays in ¢, Cell the role that HF, plays in Sptc, and will serve as a building
block for the Postnikov tower constructions of Section 4.2. In 4.1.3 we further study this

Steenrod algebra and give the relevant definitions which lead to the definition of w, peri-



73

odicity. Finally, in 4.1.4 we briefly describe the H-based Adams spectral sequence in the
category ¢,Cell. This spectral sequence will be used in several places in Sections 4.2 and
4.3.
4.1.1 Cellular motivic spectra and C'7-modules

Recall from [12] that a motivic spectrum is called cellular if it can be built out of spheres
S under filtered colimits. Denote by Cell: the category of cellular motivic spectra over
Spec C, constructed as the right Bousfield localization at the set of spheres {S*"}; ez. The
weak equivalences in Cellg are thus given by m, ,-isomorphisms. The Bousfield localization
is part of an adjunction

Cells = Spt,
C

where the unit is a weak equivalence in Cellc, and the counit C(X) — X is a m, .-
isomorphism. This discussion can be carried out both in the world of

e presentable, closed symmetric monoidal oo-categories, following [49],

e cellular, closed symmetric monoidal model categories, via the motivic symmetric spectra

of [26], [46], and the theory of right Bousfield localization in that setting following [4].

In this chapter we will be working in Cell¢ as all spectra constructed will be cellular. This
has in particular the advantages that a spectrum X € Cellc is contractible if and only if its
homotopy groups 7, .(X) vanish, and that our spectral sequences converge.

In Chapter 3, we considered the cofiber of T € 1y _15%°

T

i
G-t > 500 > C',

and shown that the motivic 2-cell complex C'7 admits a unique F, ring structure, producing
thus a closed symmetric monoidal category (c.Mod, — A¢, —) of C7-modules. The usual

adjunction from the ring map S%° —— C'7 restricts to an adjunction

—ACT
Cell(c - CTCGH
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on cellular objects. From now on, we will call an object X € ,Cell a C'T-module, omitting
the word cellular.
Remark 4.1 (Working in C'7-modules). Similarly with the fact that the Morava K-theories
K (n) are 2-completed’, the spectra K (w,) are naturally C7-modules. In the case of K (wy),
this can be seen from the relation 0 = 75 € 7r473(§2). Since K (wp) contains !, this forces
T to act by zero on it, which in this case is sufficient to promote a spectrum to a C'T-module.
We will therefore work in the category of ¢, Cell in which we will construct the motivic fields
K(wy,).
4.1.2 Cr-linear H-(co)homology and its (co)operations

We will now exclusively be working in ¢, Cell, i.e., with cellular C7-modules and with C'7-
linear maps between them. Most invariants of the underlying spectrum of a C7-module X
can be rewritten in this category. For example, the usual adjunction describes its homotopy
groups by

Tew(X) = [E2VCT, X] 4, -

The analog of the mod 2 Eilenberg-Maclane spectrum in this category is the C'7-induced
Eilenberg-Maclane spectrum H = HF, A C7. Recall from Section 3.4.2 that given a C7-

module X, we defined its C7-linear H-homology to be
H,.(X) = m.(HAcr X),
and its Ct-linear H-cohomology of X to be
H*(X) =7 _(For (X, SV H)).

As explained in Section 3.4.2, these are isomorphic to the H-homology and (shifted) coho-

mology of the underlying spectrum, and are naturally acted upon by the C'r-linear operations

Texcept for K(0) ~ HQ.
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Ac =7 _._.Fo.(H,H), and cooperations A = 7, .(H Ac, H). Recall the computation of
A from Proposition 3.33.

Proposition 4.2. The Ct-linear co-operations of H are given by the Hopf algebra
Ac 2Flé1, &, .. ] ® E(1o, 71, . ..),
with bidegrees given by |&,| = (2" —2,2" — 1) and |7,| = (2" — 1,2" — 1), and coproduct

AE) = €, 06=601+E 06+ +&, 06+ +10&,
1=0

AR) =1 @1+ 2 0n=r@1+&@m+& @+ +E&, T+ +18 T,
=0

The advantage of working with the coaction of ch instead of .A?C is now apparent by
comparing Proposition 4.2 with Voevodsky’s formula (2.2). First, ch is smaller and more
regular, which will be convenient for computations. Second, since 7 € m_1.5%° is nullhomo-
topic on any C'T-module X, it will act as zero on any algebraic invariant of X. Morally, it
is thus natural to expect that the coaction of .Aé on the homology HFs, ,(X) should factor
through the quotient Ajc /7 = ./Tltc. Working with C'7-linear H-homology is a way of making
this remark precise. The exact same remark applies to cohomology, where the computation
of the C7-linear Steenrod algebra Ac follows from Proposition 3.34 and is given by the
quotient Ag = Ac /.

Convention 4.3. Given a C7-module X, we will always consider its C7-linear H-homology
(i.e., its HFy-homology) endowed with the coaction of 7(:@. Similarly, its C7-linear H-
cohomology will always be considered as an Ac-module.

To state another crucial advantage of Ag over Ac we need the following definition.
Definition 4.4 (Chow degree). Let A, . be a bigraded abelian group. The Chow degree of
an element z € A, is given by the difference s — 2w. The bigraded group A, . splits as a

sum of its summands in a fixed Chow degree, which ranges through Z.
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Remark 4.5 (The Chow degree on motivic Steenrod algebras). Both A¢ and Ac are gen-
erated as algebras (over Fq[7| and Fy respectively) by the Steenrod squares Sq". The even

21 are in Chow degree 1. It

squares Sq*" are in Chow degree 0, while the odd squares Sq
follows that the whole Steenrod algebra Ac is concentrated in positive Chow degrees, i.e.,
is bounded below by 0. This in particular allows recursive arguments on the Chow degree.
On the other side, since in this cohomological setting |7| = (0,1) is in Chow degree —2, the
Steenrod algebra Ac of Voevodsky is non-vanishing in all Chow degrees and does not allow
recursive arguments of this type.

Finally, let’s mention that H**-cohomology satisfies a Kiinneth formula.

Proposition 4.6. Given two Ct-modules X and Y, there is a Kinneth isomorphism
H*(XAY) = H*(X) ®p, H**(Y)

of Ac-modules, where the right hand side has the diagonal Ac-module structure.

Proof. Consider the motivic Kiinneth spectral sequence from [12], [58]

Tory (H**(X), H**(Y)) = H"*“(X AY),

where s is the homological degree, and (t,w) are the usual two internal degrees. Since
H** = T, is a field, this spectral sequence is concentrated in homological degree s = 0 and

thus collapses, giving the desired result. 0

4.1.3 The Motivic Margolis elements P/

In this section we will set-up some notation and formulas in the Steenrod algebra Ag.
These formulas are the motivic adaptation of classical formulas in A, proven by Milnor, see
for example [10, Section 2]. There are two different ways of showing these formulas in the
motivic setting
(1) either by brute-force, by adapting the classical proof to the motivic setting, or

(2) by transporting them via a map between the classical and motivic Steenrod algebras.
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We chose to use the second option. Consider the injective map
Ay —> Ac (4.1)

of Hopf algebras, defined in [24, Section 2.1.3], where A, denotes the mod 2 classical Steenrod
algebra. One can for example define it as the dual to the natural quotient map between dual

Steenrod algebras
Z(C = ]]-?2[617 52, .. ] (024 E(Tg,Tl, .. ) —> “’401 = ]Fz[fl,fg, .. ] (42)

Remark 4.7. It is easy to see that both map are graded if the motivic bigraded object is
consider as simply graded by the weight. Restricting to the weight in the motivic setting
feels artificial, but turns out to be useful for the following reason.. Denote by ¢(—) the
conjugation map on both the classical and motivic Steenrod algebras (and their duals). By
analyzing the coproduct on ch, it is easy to see that the ring map (4.2) is in fact a graded
map of bialgebras over Fy. Since both are connected Hopf algebras, the conjugation ¢(—) is
uniquely determined, and thus both maps (4.1) and (4.2) are maps of Hopf algebras.
Notation 4.8 (Margolis’ P?). Denote by P? € Ac the element dual to £ € 71;;, by dualizing
in the canonical monomial basis.

Example 4.9. Since the motivic Steenrod algebra at p = 2 admits a slightly different
notation than the classical one, let’s look at low dimensional elements. When s = 0, these
elements are the sequence P, = Sq®, P, = [Sq? Sq*], etc. Observe that Qy = Sq' does
not appear in this notation. The sequence {P,} is a doubled version of the classical Milnor
sequence {Q;}.

Lemma 4.10. The element P? € Ag is exterior if and only if s < t. Moreover, the subalgebra

generated by the elements Py is an exterior commutative algebra.

Proof. Let’s also denote by P € Ay the classical element dual to &°. Since the map (4.2)

sends £2° to €2, its dual map (4.1) sends P? to P?. It is proven in [34, Lemma 15.1.4] that
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the classical P;’s are exterior if and only if s < ¢. The if part follows immediately and the
only if part follows by injectivity of the map (4.1).

In the classical setting, recall that the dual element to & € .Avd is the Milnor primitive
Q-1 € Aq. It follows that the map (4.1) sends Q);_1 to P;. Since the @);’s commute, then so
do the P,’s, finishing the proof. O
Notation 4.11. Denote by E(P,) the exterior algebra (in Ac) generated by P, and by
E(Py, P, ...) the exterior algebra (in Ag) generated by P, P, .. ..

Since P, is exterior, one can consider Margolis homology with respect to P;. Recall that

given an Ac-module M, this is defined as the homology of the complex

i.e., by the formula H(M; P,) = ker P,/im P,. If H(M; P,) = 0, one says that P, is exact on
M.

Corollary 4.12. For every t, the element P, is primitive, exterior and exact on Ac.

Proof. Notice that P, is primitive since it is dual to the indecomposable element &;, and that
it is exterior by Lemma 4.10 applied with s = 0.

To show the vanishing of the P,-Margolis homology on Ag, we use the same strategy as
in [34, Proposition 19.1.1]. First of all, it is easy to see by inspection that the subalgebra
E(Py, Py, ...) has no Margolis homology for every P;. By a theorem of Milnor-Moore [37], the
Hopf algebra Ag is free over E(Py, Py, ...), i.e., can be written as a direct sum @FE(Py, Py, .. .)
as an E(Py, P,,...)-module. It follows that A¢ has no P-Margolis homology, i.e., that P, is

exact on Ag. ]

Remark 4.13 (The Steenrod algebra and w,,-periodicity). There is a tight relation between
the periodic operator v, and the cohomology operation @),,. This can for example be seen

by the interplay between the homotopy and cohomology of the connective Morava K-theory
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spectrum k(n). In the classical setting, these invariants are

r(k(n) 2 Folo,]  and  H(k(n);Fy) = Aa//E(Qn).

This can equivalently be seen in the Postnikov tower of k(n), whose layers are given by
Eilenberg-Maclane spectra HIF5, which are attached via ),. The same relation exists mo-
tivically for the motivic Morava K-theories. An intuition for w,-periodicity is that the
relation between w, and Margolis’ P, is the exact same as the relation between v,, and @),.
4.1.4 The H-based C7-linear motivic Adams spectral sequence

In what follows, we will construct an H-based Adams spectral sequence in the category
of Ct-modules. One can set it up as in [13, Section 7] by replacing motivic spectra with
Ct-modules and HF, with H. In this setting, an Adams resolution of a C7-module X is

given by a diagram of C'T-modules

Y — fo X, i X, fa
90| 91‘ 921
KO Kl K27

where K is a wedge of suspensions of H and f; is zero in H-(co)homology. Consider the fiber

s Hof Ct-modules, where the map C7 —> H comes from the

sequence F d > C'1
unit $%° —— HTF,. Then we can form a canonical Adams resolution as usual by inductively
setting K; ~ X Acy F "' Aoy H and X; ~ X Ag, F ¢ where f; and g; are induced from
f and g.

In [13, Section 7] Dugger-Isaksen define a category (S°°) g, for which the motivic Adams
spectral sequence converges. This is the full subcategory of Spt containing cellular spectra,
which is also closed by smashing with HIF;. This last condition was necessary at that time
since it was not known that HF, was cellular. It was later proved in [22] that the mod

2 motivic Eilenberg-Maclane spectrum HTFy is cellular, and thus that (S%%) g, is just the
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category of motivic cellular spectra.
By copying [13, Section 7], we get a C'7-linear H-based motivic Adams spectral sequence

with Es-term given by
E2 = EXtZ@ (}_[*’*(X), [_{*’*(CT)) = Eth@ (I_{*’*(X), Fg)

It remains to study what the E.-page computes. Again by [13, Section 7|, the E.-page

computes the homotopy groups of the homotopy limit of the semi-cosimplicial spectrum

HAor X —= H Aor H Aoy X —5 -+ (4.3)

where all cofaces are induced from Ct —— H. To compute this homotopy limit one can

compare it with the HFy-tower of the underlying spectrum of X

HFy AX —=3 HFy ANHF, A X — -+ (4.4)

which we know totalizes to X by [13, Section 7], since X is already 2-complete. Since
H Aoy O =~ HF5 A S%0, there are level-wise weak equivalences between these two towers®
which commute with the coface maps. Since forgetting the C'T-module structure is a right

adjoint, it follows that the underlying spectrum of the totalization of the tower (4.3) is also

X. There is thus a convergent C'7-linear H-based motivic Adams spectral sequence
Ext;ZW(FI*7*(X), Fo) = Mg (X). (4.5)

Remark 4.14. Even though both towers (4.3) and (4.4) have the same underlying spectrum,
they do not live in the same category and thus do not produce the same spectral sequence.
They converge to the same object, but the Es-term of the Adams spectral sequence coming

from (4.3) is smaller and more computable.

8more precisely between the underlying tower of (4.3) and the tower (4.4).
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4.2 The Motivic Fields K (w,)

The goal of this section is to construct motivic fields K (w,,), that detect w,, periodicity.
As explained in Remark 4.1, these spectra will be constructed in the category o,Cell. We
will thus from now on exclusively work in the category ¢,Cell and denote the smash product
over C1 simply by — A —, homotopy classes of Cr-linear maps by [—, —], work with Cr-
linear H-homology and cohomology, etc. The spectrum K (w,) should be a ring spectrum

with homotopy groups given by

T (K (wn)) = Folwy"].

The strategy is to first construct a connective version k(w,) with homotopy groups

Mo (k(wn)) = Fafwn],

endow it with a ring structure, and finally invert multiplication by w,, to get K(w,). In
4.2.1 we will construct k(w,) and show that it has the correct homotopy, and appropriate
cohomology. The construction is done along an inverse tower, which can be seen as Postnikov
tower of k(w,) (in the stem direction, for example). From this tower one can easily compute
the homotopy and cohomology of k(w,) by the associated spectral sequences. In 4.2.2 we
will again use this tower to construct a ring map k(w,) A k(w,) —> k(w,). We will then
use Robinson’s obstruction theory to rigidify it to an F., ring structure, which allows the
definition of K (wy,).
4.2.1 The construction of k(w,)

Fix an n € Ny until the end of the section. We will now construct k(w,) via its Postnikov
tower, in the category of C'T-modules. Recall that k(w,) should be a motivic ring spectrum

whose homotopy groups are given by the polynomial ring

Mo (k(wn)) = Fafwy],
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where w,, is an element detected by the cohomology operation P,. This suggests that k(w,,)
could be constructed via a tower whose layers are copies of H, each of which is attached
by P,. We will call this tower the Postnikov tower of k(w,), as the layers are becoming
more and more connected (in both the stem, and the weight). We proceed to explain this
construction now.

Construction 4.15 (The construction of k(w,,)). Start the bottom of the tower with the

fiber sequence

=0 —
* YO/,

where k_; denotes the —1°° k-invariant. The Postnikov truncation &(w,,)(0) has thus homo-
topy groups . (k(w,)(0)) = 7, .(H) = F,. We now want to attach the second copy of H
via the Steenrod operation P,. This requires a k-invariant kg that restricts to the operation

P, on H as shown in the diagram

* — ZLOH,

where we denote the bidegree of P, by r = |P,|. There is obviously a unique such filler up
to homotopy, which is ky = P,. The next step is to take the fiber of ky to get the next stage

in the tower, which we denote by k(w,)(1) as shown in
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0
s r—(LO) F — ‘0 k(wn 1) EI kl : 2r—(10) 7
Ho
_ id k _

H = k(w,)(0) ————= %A

\“‘*Pn __________ -’_‘_—
s — SLOH.

To continue the process, we need the existence of a k-invariant k; that restricts to P, on

»r=(LOH . Equivalently, we are trying to extend P, to k(w,){1) as in the diagram

ko — iO 0
310k (1, ) (0) ———> SO (1) (1) — () {0)

R 37 ky

Z2r—(1,0)ﬁ‘

It follows that a k-invariant ky exists if and only if the composite
ko — P, _
2_170k(wn)<0> Eﬂ"—(l,O)H EQIT—(I,O)H

is nullhomotopic, which is equivalent to having the relation P,ky = 0 in the cohomology
H* (k(w,)(0)). If such a k-invariant k; exists, then the difference of two such extensions
would factor through the map py, and so one can alter k; up to homotopy by the group
of maps in [k(wn)<()), »&E-0 } modulo ky-divisibles. In order to keep the outline of the
construction clear, we postpone the proof of the relation P,ky = 0, and the fact that the
moduli of such extensions is trivial to Proposition 4.17. These two facts show that there
exists a unique k-invariant k; up to homotopy, so the homotopy type k(w,)(1) is uniquely
defined and we can canonically continue to build the tower. We can now repeat the process

by taking the fiber of k; as shown in the diagram
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o
$2r—(2,0) fF — 1 ]{Z(wn)<2> _____ EI 2 : $3r—(2,0)
‘\\\‘Pn ————— _—'—_—_’,—(/

2l
sr—(1,0) ~ %0 k(wp)(1) —lil_: 20— (1,0) Ff
\\““Pﬁ _________ _"”’/

Ho
— d k —
H=—" () (0) —— v
e -

* — BLOH.

Similarly, the k-invariant k5 exists if and only if the composite P,k is nullhomotopic, and the
set of such extensions is given by a subset of homotopy classes of maps in [k(w,)(1), 23~ f].
As for the previous case, the existence of a unique k-invariant ks will be shown in Proposition
4.17.

More generally, if the k-invariants ko, . .., k,, exist, one can define k(w,){m + 1) and ask
if we can continue building the tower, i.e., if the next k-invariant k,,,; exists. The pattern

is clear and a k-invariant k,,,; exists if and only if we have the relation
Pk = 0 € Hm =m0 (L, ) (m)). (4.6)
Once k,,11 exists, one can alter it by the set of maps
o) m), S+ HOVTF] & FOW0 1) ) (o)), (4.7)

We will show in Proposition 4.17 that at each step there exists a unique k-invariant k,,,
which in addition turns out to satisfy the relation P,k,, = 0, producing k,,,;. Having all
these k-invariants, we can define a motivic spectrum k(w,) as the homotopy limit of the

tower

k(w,) = holim ( s kw) (1) s k(w,)(0) 2 *) . (4.8)
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The map k(w,) —> k(w,){(0) = H will represent the element 1 in cohomology so we call it
the fundamental class. Since the choice of k-invariants k,, is canonical, this shows that there
is a unique homotopy type k(w,) whose Postnikov tower has layers H that are successively
attached via the cohomology operation FP,. 0

Construction 4.15 contains the framework for the construction of the motivic spectrum
k(w,). However, as mentioned above, the formula (4.8) does not make sense until we show
the existence of the k-invariants ki, ks, ..., which we do in Proposition 4.17. It is folklore
that the existence of these k-invariants is equivalent to showing that some specific Toda
brackets between Eilenberg-Maclane contain the element zero. Although we don’t pursue
this direction further, the following remark is meant to explain this folklore result.
Remark 4.16 (Existence of k-invariants from Toda brackets). The first k-invariant k; exists
if and only if the relation P,ky = 0 holds in the H-cohomology of k(w,)(0) = H. The second
k-invariant ko exists if and only if P,k; = 0 in the cohomology of the 2-stage motivic spectrum
k(w,)(1). The diagram

k(w,)(0) = H — Y'H S0 [ ———— Y[

io ) )

Po s
Y10k (w,)(0)

kOZPn

$r+(1L.0) FF

shows that the relation P,k; = 0 holds if and only if the Toda bracket (P,, P,, P,) contains
an element that is P,-divisible. Since the indeterminacy is also P,-divisible, this is equivalent
to the bracket (P,, P,, P,) containing zero. Moreover, the indeterminacy of the Toda bracket

corresponds to the choices of such extensions ky. This generalizes to higher Toda brackets
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for the higher k;’s, but we do not explore this direction, as we will show by other means that
Pk, = 0.

In the following Proposition 4.17 we now show the existence of these k-invariants, as well
as their uniqueness up to homotopy.
Proposition 4.17. There exist unique k-invariants ko, ki, ks, ... as described in Construc-
tion 4.15, defining a unique homotopy type k(w,) by equation (4.8).

Proof. Suppose that the tower has been constructed until the stage

' 37 k.,
z(m+1)r—(m+1,0)3 tm k(wn)<m + 1> .............. . > Y(m+2)r—(m+1,0)
\\‘“—-Pﬁ-—_"-----——""’/
p
— tm—1 k’m —
yymr—(m,0) ff — — k(wn)<m> E(m—&-l)r—(m,O)H’
\\““P;L ____________ -
Prf—1

and we want to show that there is a unique possible k-invariant k,,.;. Note that in Con-
struction 4.15 we uniquely constructed the tower in the case m = 0 so we can start the
inductive process.

We will show in Lemma 4.18 below that if k(w,)(m) exists (as assumed by the induction
hypothesis), then its cohomology H**(k(w,){m)) vanishes in Chow degrees less than —m.
This implies that if a k-invariant k,,,; exists then it is unique, since the set of choices from
equation (4.7) is a subset of the cohomology of k(w,)(m) that is concentrated in Chow
degrees less than —m — 1, which vanishes since —m — 1 < —m.

To show existence, by equation (4.6) we have to show that P,k,, = 0. We will show
in Lemma 4.20 by induction that despite the group H™*+27=(m0)(k (1, )(m)) not vanishing,
we still have the relation P,k,, = 0. By induction, this concludes the existence of unique
k-invariants ko, k1, ... and allows us to define a unique homotopy type k(w,) by equation
(4.8). O

Lemma 4.18. Fiz an m, and suppose that k(w,)(0), k(w,)(1),. .., k(w,)(m) are constructed
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as in Construction 4.15. Then H**(k(w,)(m)) vanishes in Chow degrees less than —m.

Proof. We show it by induction. For the initial case recall that k(w,){(0) = H and thus
H**(k(w,){0)) = Ag is the Steenrod algebra of operations of H. Recall from Remark 4.5
that it is concentrated in positive Chow degrees, showing the initial case.

Suppose that the Lemma is shown for k(w,)(0),..., k(w,){s — 1). The cofiber sequence
S EOH — k(w,)(s) —> k(w,)(s — 1)

induces a long exact sequence in cohomology

—(a,b)—sr+(s,0)

e A — Hk(wn)(s) ~— Hk(wy)(s — 1) <— ---

Fix a couple (a,b) in Chow degree less than —s, i.e., such that a — 2b < —s. Then

zé:a,b) —sr+(s,0

"= 0 by the initial case since it is in negative Chow degree, and H**k(w,,)(s —
1) = 0 by the inductive hypothesis since it is in Chow degree less than —s, which is less than
—(s —1). This implies that H**k(w,)(s) = 0, showing the inductive step and finishing the
proof. O
Remark 4.19. This bound is sharp for every m, as it can be seen by the long exact sequences
in cohomology that the groups H**(k(w,){m)) do not vanish in Chow degree —m. The
composite Pk, € Hm2r=m0) (k(w,)(m)) lives in this non-zero group in Chow degree
—m, so we cannot use Lemma 4.18 to show that the product P,k,, is zero.

Lemma 4.20. Fiz an m, and suppose that k(w,,)(0), k(w,)(1), ..., k(w,){m) are constructed

as in Construction 4.15. Then we have the relation

Pk, = 0 € HM2r=m0) (L ) (m)).
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Proof. Consider the cofiber sequence
SO — > k(w,)(m) —> k(w,)(m —1).

— Py —
The natural transformation H** —> H®**T induces a map of long exact sequences, which
in bidegree (*,*) = (m + 1)r — (m,0) becomes

AL HmADr=m0) (s (w,, ) (m)) «<— HmF7=m0) (k1w ) (m — 1)) «— - -

lpn. [pn. [pn.

o T HO D) () (m)) —— HODT00) (k) 1)) -

Both cohomology groups of k(w,){m — 1) on the right of the above diagram are concentrated

in Chow degree —m, so they vanish by Lemma 4.18. We thus get the commutative square

P, € Ay +—— HmAD=m0) (k(w, ) (m)) 3 kn,

P"'l pn.|

PP, € AF +— Hm+25=m0) (k(w,) (m)) 3 Pk,

with injective horizontal maps. The element k,, lives in the top right corner of the square,
and by definition is sent to P, € .,Tlé along the top horizontal map. Since P, P, =0 € 71?
by Lemma 4.10, the product P,k,, is also sent to zero in .71(2; by the bottom horizontal map.

Since the bottom horizontal map is injective, it follows that P,k,, = 0. O

This finishes the construction started in 4.15, constructing a homotopy type k(w,,) defined
by its Postnikov tower. From this tower, we will now compute its cohomology.

Proposition 4.21. The cohomology of k(w,) is given as an Ac-module by
H** (k(w,)) = Ac//E(P,). (4.9)

In particular, it is concentrated in non-negative Chow degrees.

Proof. Applying the contravariant functor H** to the tower defining k(w,,) gives an unrolled
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exact couple and thus an associated spectral sequence as shown in Figure 6. The E -page

k(wy)
dl = Pn
_ i
227‘7(2 O)A(C wrZL 227":(270)]_[ 1 k}(wn) <2>
— P,o
d =P, | i
i 1
N T —— k(w,)(1)
— AVAVAVAV PnO
h=F Ho
- .
SO0 A - 2] s k(wy)(0)
*

Figure 6: The spectral sequence computing the cohomology of k(w,,) is drawn schematically
on the left-hand side.

of this spectral sequence computes the colimit

H** = colim (H**(k(w,){0)) —> H**(k(w,)(1)) —> --+).

We will first show that the E,.-page is isomorphic to the quotient Ag//E(F,), and then

show that in this setting we have

H*7* o~ f[*’*(k‘(wn)),

i.e., that the cohomology of this homotopy limit is computed by the colimit of the cohomolo-
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gies. We index the E;-page of this spectral sequence as
Eis,t,w _ Ht,w (Z&(Ir—(l,[)))ﬁ) 7

where s is the homological degree, and (t,w) are the internal degrees. The first differential
dy is the boundary map in the tower, which is multiplication by the cohomology operation
P,. Since P, is exact on Ac by Corollary 4.12, the d; differential wipes out everything in
homological degree s > 0, and leaves the quotient Ac//E(P,) in degree s = 0. It thus
follows that the spectral sequence collapses at Fs for degree reasons, with no possible hidden
extensions.

It remains to show that this colimit is isomorphic to H**(k(w,)). This is shown by a
standard technique which we explain for the reader’s convenience. Fix a bidegree (¢, w) until

the end of the proof. Consider the diagram
= H"(k(w,)(m)) — H" (k(w,)(m + 1)) — H** (k(w,){(m +2)) — -

|

H" (k(wy)),

where the vertical and diagonal maps are induced by the maps from the diagram defining

k(w,) as a homotopy limit. For m big enough, the maps in the diagram

~ ~

B4 (ke (w,) (m)) — F (k1) (m 4+ 1)) —> -+ —> H
are all isomorphisms since the successive fibers

Emrr—(m,o)ﬁ’ E(m—&—l)r—(m—f—l,o)]f]’ o

are suspended too much and have no cohomology in degree (¢, w). Similarly, for m big enough

the fiber of k(w,) —> k(w,){m) is too connected, and thus also has no cohomology. It
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follows that for m big enough, the maps in the diagram

[ Y

e HY () (m)) —— O () (m + 1)) = " (b(wn)m +2)) —> -+

‘g

HY (k(wn)),

I

become isomorphisms, and thus we have the required isomorphism
HY (k(w,)) ~— HY™.

Since Ag is concentrated in non-negative Chow degrees by Remark 4.5, then so is H**(k(w,,)) &

Corollary 4.22. The cohomology of the smash product k(w,) A k(w,) is given by
H** (k(wn) A k(wn)) = Ac//E(P,) ® Ac/[E(P,),
with the diagonal Ac-module structure. More generally, for any m > 1 we have
H* (k(uwn) ™) 2 (Ac/ [ E(P) ™",

with the iterated diagonal Ac-module structure. In particular, for any m the cohomology
H**(k(w,)"™) is concentrated in positive Chow degrees.

Proof. The first part follows from the Kiinneth isomorphism of Proposition 4.6. An easy in-
duction computes the cohomology of the smash product k(w,)"™. Finally, Ac//E(P,) is con-
centrated in positive Chow degrees since Ag is (Remark 4.5), and thus so is (Ac//E(P,)) om

O

Remark 4.23 (Additive description of 7, .(k(ws,))). It is easy to see from Construction 4.15



92

that additively the homotopy groups of k(w,) are given by sparse copies of Fy’s

Fy if (s,w) =m -t for some m € Ny
7TS,w(k(wn)) =
0  otherwise.

For example, one can compute 7, . (k(w,)) by Milnor’s lim' short exact sequence, where the
lim! term vanishes since p,, is surjective in homotopy groups and thus the inverse sequence
satisfies the Mittag-Leffler condition. We will compute the ring structure on 7, ,(k(w,)) via
the motivic H-based Adams spectral sequence in Theorem 4.26.
4.2.2 The E, ring structure and K(w,)

We will now endow the motivic spectrum k(w, ) with an E, ring structure. The technique
is the same as in [14, Section 3] and is done in three steps. The first step is to construct a
ring map p: k(w,) A k(w,) —> k(w,), which we do by lifting the fundamental class 1 €
H*Y(k(w,)"?) along the Postnikov tower of k(w,). We will then show that this endows k(w;, )
with a unital, associative and commutative monoid structure in the homotopy category. The
last step is to use Robinson’s obstruction theory [51] to extend it to an E. ring structure.

The following Lemma 4.24 provides a homotopy class of maps p: k(w,) A k(w,) —>
k(w,), as well as some estimates necessary to apply Robinson’s obstruction theory.

Lemma 4.24. For any m > 1 the abelian group of homotopy classes of maps satisfies

F2 Zf (tvw) = (0,0)
[k:(wn)/\m,Zt’wk:(wn)} o

0 if (t,w) is in negative Chow degree, i.e., t — 2w < 0.

Moreover, the non-trivial map k(w,)"™ —> k(w,) preserves the fundamental class in H-

cohomology, i.e., sends 1 to 1™,

Proof. Consider the Atiyah-Hirzebruch spectral sequence computing

[ (wn)"™, K (wn)]

*,k
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given by applying the functor [k(w,)"™, —] to the tower defining k(w,,) in Construction 4.15.

We index the Ej-page by
Ef,t,w _ [k(wn)/\m’ Et,wzsrf(s,O)ﬁ] ~ I_{(t,w)Jrsrf(s,O) (k(wn)/\m)’

where s > 0 is the homological degree and (t,w) are the internal degrees. This is a first

quadrant spectral sequence (if plotted in the (s,¢) plane) and thus converges to

B 22 [k(w,)"™, 85k (wy,)] -

Since the cohomology of the smash power k(w,)"™ is concentrated in non-negative Chow
degrees by Corollary 4.22; and since r is in Chow degree zero, the Ej-page is concentrated
in degrees

t—2w—s>0.

In particular, if ¢ — 2w < 0, the spot E55" is zero for any s and thus also
[k (w,)"™, S k(w,)] = 0.

In the case where (t,w) = (0,0), then necessarily s = 0. The [*! differential d; goes from

(s,t,w) to (s +[,t + 1,w), and there is thus no possible differential entering BV,

Since
d; reduces the quantity ¢t — 2w — s by [ — 1, the only possible differential exiting E?,o,o is
a di. As in Proposition 4.21, observe that the d; differential is multiplication by P, on

H**(k(w,)"™). Recall from Corollary 4.22 that
H (k(w,)"™) = (Ac//E(P,))"",

with H%O(k(w,)"™) = Z/2™ = 7,/2. Since P, € Ag is primitive, it acts as zero on 1®- - -®1.
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This shows that there is no possible differential on EY*° and thus
ke (wn)™, k(w,)] = EYO0 = HOO (k(w,)"™) =2 Z/2%™ = 7,/2.

Let’s call a representative for the non-trivial class by p: k(w,)""™ —> k(w,). Unwinding
this chain of isomorphisms shows that u start as the fundamental class 19™ = ug: k(w, )™ —>

H and can be uniquely lifted along the Postnikov tower as shown in the diagram

k(“’ﬂ)
p
J/ ko _
; k(w,)(2) ————— X COH
/ D1
// ,U/Z L kl .
P Ck(wy) (1) ———— £ -0 H
,/ // Ml ,///
ol Po
e e =1 k _
F(wn)™™ - 227 (wn) (0) ———— ST

This shows that u sends the fundamental class 1 to the fundamental class 1™ in cohomology

since the vertical composite is non-trivial and thus 1 in cohomology. 0

Proposition 4.25. The map k(w,) A k(w,) A k(w,,) is homotopy unital, associative and

commutative.

Proof. Since moo(k(w,)) = Fy from Remark 4.23, the non-zero element

g00 1, k(wy,)

will be the unit of the ring structure on k(w,). The multiplication u is homotopy left unital

if and only if the composite

SO0 (wp) — E(wn) A k(wn) —> k()
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is homotopy equivalent to the identity map on k(w,). By Corollary 4.22 the group of
homotopy classes of self-maps of degree (0,0) on k(w,) is Z/2, so it suffices to show that
the above composite is not nullhomotopic. We can do so by embedding it in the following
commutative diagram

SO0 A k(w,) SN k(wy) A k(w,,) SN k(wy)

id/\@'[ ll/\l ll

1N\ _
SO0 A H,

where both squares are seen to commute by Lemma 4.24 since the map 1 represents 1 in
the cohomology of k(w,). The top horizontal composite cannot be nullhomotopic since the
bottom horizontal composite is the unit of H and thus not nullhomotopic. This shows that
1 is left unital, and by a similar argument that p is also right unital.

Recall from Corollary 4.22 that p lives in the group [k(w,) A k(wy,), k(w,)] = Z/2 - {u}.
Precomposing with the factor swap map x: k(w,)Ak(w,) —> k(w,)Ak(w,) is an involution
on this group, which forces po x = pu, i.e., showing that p is homotopy commutative.

For associativity, we need to compare the two maps po(pAid) and pe (id Ag) in the group
of homotopy classes of maps [k(w,) A k(w,) A k(w,), k(w,)]. Since p is unital, precomposing

both maps with the units

SO0 A 500 A 500 L Y A () A K(wn)
gives the non-zero map S%° N k(w,). This means that both maps po(puAid) and po(id Ap)
are not nullhomotopic, and since [k(w,) A k(w,) A k(w,), k(w,)] = Z/2 by Corollary 4.22,
they are homotopic. O
Theorem 4.26. For any n, the motiic spectrum k(w,) € ¢ Cell admits an essentially
unique Eo, ring structure and satisfies
o H**(k(wy,)) = Ac//E(P,) as an Ac-module,

o T, .(k(w,)) = Fylw,| as a ring.
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Proof. We start by rigidifying the homotopy ring structure on k(w,) to an E,, ring structure
by using Robinson’s obstruction theory. This obstruction theory has been adapted to the
motivic setting in [14, Corollary 3.2]. More precisely, the multiplication p extends to an E

ring structure if the groups

k(wn)/\m, 237m’,0k(wn)

are all zero for m’ > 4 and 2 < m < m/. For a fixed m’ > 4, observe that these groups are
in negative Chow degree for any m, and thus vanish by Lemma 4.24. This shows that the
multiplication map p can be extended to an E, ring structure on k(w,). Furthermore, [14,

Corollary 3.2] shows that this F., ring structure is unique if
k(wn)Am, 227m’,0k(wn>

are all zero for m’ > 4 and 2 < m < m’. Another application of Lemma 4.24 shows these
are zero and thus that k(w,) admits a unique F., ring structure.

Its cohomology has been computed in Proposition 4.21. For its homotopy, we already
know from remark 4.23 that 7, .(k(w,)) is given by a copy of [y in every degree of the form
m - (r — (1,0)) where m > 0 and r — (1,0) is the bidegree of the class w,,. To show that the
ring structure is polynomial, one can for example consider the C7-linear H-based motivic

Adams spectral sequence

By = Extg, (H* (k(wy)), F2) = m . (k(w,))

12

which is now multiplicative since k(w,) is a motivic ring spectrum. Since H**(k(w,))

Ac//E(P,) we can apply the usual change of rings to the Ey-page

EQ = EXtE(pn)(FQ,FQ) = Fg[wn]

The spectral sequence collapses now at Ey with no possible hidden extensions. O



97

Another relation between the homotopy element w,, and the cohomology operation P, is
given in the following proposition.

Proposition 4.27. For any n, there is a cofiber sequence

r—(1,0) Wn 1= By
STV Ek(wy) — k(wy,) —> H —> Xk(wy,),

where the boundary map B, is such that the composite
—  Bn 1 —
H — Y'k(w,) — ¥'H

gives the cohomology operation P, € Ag.

Proof. Consider the cofiber sequence

Wn

Er*(l,o)k(wn) - > k‘(wn) - —> Erk(wn>,

where we denote by C' the cofiber of multiplication by w,. Comparing it with the cofiber

sequence coming from the beginning of the tower of k(w,) gives a diagram

S0 k(1) s (o) c— L Srh(w,)

N

() (1) ——> k(w,)(0) = 7

S0 7

)

where k(w,) —> k(w,)(1) is the natural map and 1 denotes the fundamental class. The
composite 10w, lives in the Chow degree —1 part of the cohomology of k(w,), which is zero

by Proposition 4.21. This implies that there exists a filler ¢

wy, q n
SO (,) ———> k(w,) C — Yk(w,) _ W Y10k (w,)
, ‘

sr—(1,0) F




98

which itself implies that there is another filler ¢ making all squares commute. By the
long exact sequence in cohomology, it is easy to see that [C, H } = 7/2. Observe that v
is non-zero since k(w,) —> k(w,)(0) is non-zero, which implies that 1 is unique up to
homotopy and induces an isomorphism on homotopy groups. It follows that its cofiber is
contractible and thus that it is an equivalence. Observe that ¢ is unique up to homotopy
since [S1k(w,), X*H| = 0 by Proposition 4.21. Since [S"k(w,), X" H| = Z/2 and P, # 0,
then ¢ is also non-zero, forcing it to be the fundamental class ¢ = 1. This gives the desired
cofiber sequence

Wn, —_ 677,
Zr_(l’o)k(wn) - k(wn) _1’ H—> Emk(wn%

—  Bn 1 —
where we denote the composite go~! by ,. The composite H —> X k(w,) —> X*H is

the cohomology operation P, by the above comparison of cofiber sequences. 0

Corollary 4.28. For any n, there is a motivic E., graded field K (w,) with
e (K (wn) = Falwy ).
Proof. As a module, define K(w,) as the homotopy colimit
K (w,,) = hocolim (k:(wn) oy Sl (w,) BN > .
By compactness of S%%, its homotopy groups are given by

T (K (wn)) 2 T (k(wn))[wy '] = Falwy].

)

It remains to show that this localization can be performed in motivic F., rings. For this,
one can apply the methods of [19]. We will now give a minimal argument to explain how
this applies to the motivic setting, and refer to [19, Section 3.1] for more details. Recall that
the motivic F,, operad that we consider is the simplicial operad where E3Y, is a constant

motivic space. In particular, this space admits a cellular filtration where the layers are
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spheres S*Y in weight zero. There is thus a spectral sequence computing the homotopy
groups of (EX, )+ As, Z, which has as input the homotopy groups of various suspensions
¥*0Z. One can now apply [19] since the acyclics form a localizing subcategory that is closed

under suspensions of the form X*°. O

4.3 The Motivic Spectrum wBP

In this section we will construct E,, ring spectra wBP and wBP(n) with homotopy

groups given by
Tex(WBP) = Fo[wg, wy, . . | and Tex(WBP(n)) = Fylwg, wy, . .., wy,).
These spectra will be constructed for the property that
H**(wBP) 2 Ac//E(Py, Py, ...) and  H"*(wBP(n)) = Ac//E(Pi,...,P,)

with the natural Ac-module structure. As we did in Section 4.1.3 for k(w,), in Section 4.3.1
we derive some formulas in the Steenrod algebra Ac and its dual .,lec In Section 4.3.2 we
proceed to construct wBP, by using a version of Toda’s Realization Theorem [57, Lemma
3.1]. We finally endow it with an E,, ring structure in Section 4.3.3.
4.3.1 More formulas in the H-Steenrod algebra

Recall from Proposition 4.2 that the C'7-linear dual H-Steenrod algebra, i.e., the Hopf

algebra, of C'7-linear co-operations on H is given by
ﬂ*,*([_{ Ner }_-[) = Z(C = F2[517€27 .- ] ® E(TOa Tiy - - )

In this section we will need to work in Milnor’s basis, whose notation we recall.
Notation 4.29 (Milnor’s basis and the P notation). Given a sequence R = (r1,79,...) of

non-negative integers with only finitely many non-zero entries, denote by P% € A¢ the dual
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element to £'€5% - - . The length of a sequence R is the non-negative number
Z(R):T1+T2+"' .

Denote by A; the sequence of length 1 containing a 1 in position j, and thus we recover
P2 = P;. Given two sequences R and R', denote by

dual to §II_T,1§;2_TIQ oo ifry > for all j

/

PR—R —
0 if not.

A sequence R is called even if every r; is even. Given a sequence R, denote by P?® the dual
to £21¢2™ ... and thus P?% is dual to £.

Recall the ungraded injective map of Hopf algebras A, —> Ag from equation (4.1). By
using the same P¥ notation in the classical setting (and so in Ay we have P; = Q;_1), this
map sends PF to PR and P; = Q;_; to P;. Moreover, the classical formula ¢(Q;) = Q; € Aq
implies that motivically ¢(P;) = P; € Ac.

We will construct wBP by assembling k(wp)’s, and since its cohomology is given by
H**(k(wg)) = Ac//E(P1), we need to derive some formulas in the Hopf algebra quotient
Ac//E(P).

Lemma 4.30. In Ac//E(P), the following relations hold
(1) Pjy = Py c(P?), for any j > 2.

(2) Py -c(P*) = Z c(P?R7285) L Py - ¢(P?29), for any sequence R.
Jj=1
Proof. In [10, Section 2], it is shown that the following formula

P2RQ0 + Q0P2R _ Z QjP2R—2Aj e Acl

j=1

holds in the classical Steenrod algebra for any sequence R. We warn the reader that there

is a switch in notation between this formula and [10, Formula 2.5], as Brown and Peterson
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adopt a different notation in the case p = 2, where they let P® be the dual of &€ .- .

Through the map A —> Ag, this relation gives the motivic formula

PP 4 PP = Py PP (4.10)

j>1

When R = A, this formula becomes

P P?*%i 4 P?2ipP, =P, . (4.11)

J

Applying the anti-morphism ¢(—) and considering it in the quotient Ac//E(P;) = Ac®pp)
I, gives the desired first formula Pj,; = Pic(P?27). By plugging equation (4.11) in (4.10)
we get

P1P2R + PQRpl — Z P1P2Aj P2R—2Aj + PQA]- P1P2R—2Aj .

j>1
Applying the anti-morphism ¢(—) and considering it in the quotient Ac//E(P;) = Ac®pp)

Fy gives the desired second formula

Py (PP =) " o(PP89) L Py o(PP),

j>1

O

Remark 4.31. The formulas of Lemma 4.30 live in the quotient Ac//E(P;) & Ac ®p(p,) Fa,
where the action of Py on the right is reduced to zero. The first formula (4.11) is symmetric,
and the conjugation morphism ¢(—) is unnecessary for this formula alone. However, the
point of applying the conjugation ¢(—) is because the element P; is multiplied on the left in
equation (4.10). Without applying the anit-morphism ¢(—) there would be no simplification
after plugging-in (4.10) in (4.11) and the formulas would not be as nice. In fact, as we will
see in Proposition 4.32, topologically realizing the differential of the chain complex (4.16)

would not be possible without applying ¢(—).
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4.3.2 The construction of wBP

We will construct wBP via a certain tower, in the category of C'r-modules. Recall that
we are trying to construct a motivic ring spectrum wB P whose homotopy groups are given
by the polynomial ring

7T*7*(U)BP) = FQ[’U}O, Wi, .. .],

where w,, is an element detected by the cohomology operation P,. Unlike the previous
section, the Postnikov tower approach is not tractable for wBP as it is hard to isolate the
monomials wy®w]? - - - of a given bidegree, and thus hard to describe the layers.

Observe however that as in the case of k(w,,), it suffices to construct a motivic spectrum
with cohomology given by the Hopf algebra quotient Ac//E(Py, P, ...). In fact, by a change
of rings theorem and a careful analysis of degrees, the C'7-linear H-based Adams spectral se-
quence computing the homotopy of such a motivic spectrum collapses at Fy = Fylwg, wy, . . ..

We will construct such a motivic spectrum by following an idea of Toda from [57, Lemma
3.1], where Toda constructs classical spectra with given cohomology by attaching copies of
HTFy together. We also need to adapt and incorporate a trick which was used in [10] to
construct the classical Brown-Peterson spectrum BP. This trick is to construct wBP by
attaching together wedges of k(wy)’s, instead of wedges of H’s. This has the effect of reducing
the number of wedge summands in the layers, and also of reducing the complexity of some
computations, since these are included in the construction of k(wg) that was already done
in Theorem 4.26.

More precisely, we will construct an inverse tower of motivic spectra, whose associated
graded will be a topological realization of a resolution of Ac//E(P;, P,,...). The following
proposition is the first step in doing so, by constructing this associated graded, i.e., the layers
of the desired tower.

Proposition 4.32. There exists a complex of motivic spectra kVj i» kVy i» -+, where

(1) the composite of two consecutive maps is nullhomotopic,
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(2) each X; is a locally finite wedge® of suspensions of k(wy),

(3) the H-cohomology of this cochain complex is an Ac /| E(Py)-free resolution of Ac//E(Py, P, ..

Proof. For every j > 2, consider the periodic bigraded E(P;)-free resolution of Z/2 given by
P P,
0 «— Z/2 «<— E(P)) «— SIEB(P) «— 2IE(P) «— ---. (4.12)
For simplicity, we will denote the exterior subalgebra generated by P, P, ... by
E = E(Pl,Pg,)//E(P1> = E(PQ,P?,,...).
By tensoring together these resolutions'® for every j > 2, we get a bigraded E-free resolution

d d
0 Z)2<«— EQVy<«— EQV, «—— E@Vy «—— -+, (4.13)

for some bigraded Fo-vector space V;. A preferred Fo-basis of V; is given by the set of

sequences

{er | R = (rq,rs,...) satisfies [(R) =ry + 73+ --- =i} (4.14)

of length i. It follows that the bigrading on V; is given by

lerl =Y i 1Bl = lgl =)y (T = 2,27~ 1), (4.15)

7>2 7j>2 j>2

In the notation £ ® V;, the E-linear differential is given on this basis by

1®BR ZP@ GRA

j>2

We can now tensor up the resolution of equation (4.13) via Ac//E(P,) ®z — to obtain the

%.e., a possibly infinite wedge [{aca X7 Xo with a finite number of wedge summands X, ’s in any given
(bl) degree T.

10where the term Z/2 is not part of the resolution and F(P;) is in homological degree 0.

).



104

algebraic Ag//E(P;)-free resolution
_ _ do — dy
0<«— Ac//E(P, By, ...) <— Ac//E(P) @ Vy <—— Ac//E(P)®@ V) <— -+ (4.16)

of Ac//E(Py, Py,...). The goal is to now realize this resolution topologically. Since the
V; are finite dimensional and the terms in (4.16) are free Ac//E(P;)-modules, they are
realized by locally finite wedges of suspensions of k(wy) indexed over the same basis. For
simplicity, denote by kV; the bigraded wedge of suspensions of k(wg) indexed by the chosen
basis of V; given by equation (4.14), which thus has the prescribed cohomology H**(kV;) =
Ac//E(P))®V;. Similarly, denote by HV; the bigraded wedge of suspensions of H indexed by
the same basis of V;. To realize the differentials, observe that by Lemma 4.30, the differential

d; in (4.16) can be simplified to the formula

G(1@er) = Y Py@ (erna,) = Pi- 3 c(P) @ (e a)). (4.17)

Jj=2 j>2
The differential d; can thus be realized by the composite

1 — [Ie(P?%9) — B
§;: kV; —> HV; > S CUHV, > kVig,

where [ is the Bockstein from Proposition 4.27. The middle map is a locally finite matrix

with entries in Ac, where for a given sequence R of length i, it is assembled from the maps
o(P*9): H{er} —> H{epsn,} —> HVii1.

The composite 9; realizes the differential d; since for a given sequence R of length 7 + 1 we

have



kV; HV; SEVHV kVip

ﬁ{eR}u

which recovers exactly formula (4.17) since 1o fy = P, by Proposition 4.27. We have thus

defined a sequence of motivic spectra

8o & 8
Vo —> kV) —> kVy —> -+

in which each term is a locally finite wedge of suspensions of k(wy)’s, and which produces
an Ac//E(P,)-free resolution of Ac//E(Py, P, ...) after applying H-cohomology.
It remains to show that the composites d;.1 © 9; are nullhomotopic. This is accomplished

by the following commutative diagram

where the wedges []c(P?*%) are taken over sequences R of length 2, and the composite

kV; — HV., is identified from a sum over all such R’s of the equation

Pie(P*) =" (P72 Pie(P*) € Ac//E(Py)

Jj=1
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from lemma 4.30. The total composite
BooProJe(P)e1=0

is zero since Byo P = [y 1e [y, and Byo1 = 0 since they are consecutive maps in the cofiber

sequence of Proposition 4.27. 0

The next step is to construct an inverse tower of motivic spectra, whose layers and

induced d;-differential are exactly the cochain complex of motivic spectra

8o 51 52
KV, > kV, > kV, . ...

from Proposition 4.32. The idea is that once we construct this tower, we can compute
the cohomology of its inverse limit by the spectral sequence emerging from applying the
cohomological functor H**(—). We will define wBP to be the inverse limit of this tower.
The Ei-page of the associated spectral sequence is the cohomology of the layers, i.e., the
cohomology of the above cochain complex. We just showed in Proposition 4.32 that this
cohomology forms a resolution of Ac//E(Py, Py, ...), and thus the spectral sequence collapses
at By = E,, with output Ac//E(P;, P, ...).

Construction 4.33 (Construction of wBP via Toda’s realization method). Recall that the

goal is now to construct a tower of motivic spectra

X,1:*< XO‘ X1‘

with layers and induced d;-differential given by the cochain complex

do 01 02

The beginning of the tower is given by
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kVo
50/// 7;71 — ld
P10
X_1 =k e—— XO - k“/b
]{371 \\\ 37 ko
PR AT EVA,

where the suspension by X109 of the first layer is a small adjustment to get the correct output.
Evidently, since i_; = id, there is a unique filler ky up to homotopy. We can thus set ky = dy,

denote its fiber by X, and ask if the following filler &, exists in the diagram

/kVo Z/_l’ok‘Vl
50/// i1 =1d 5L// 1o
X =% <—'—p_1 :I Xo=kWy fo :,I X1
k_q \\\\\\ ko = dg \‘\\\\ 37 ky
YLOEV, h kVy E\:Lsng.

By taking the fiber of ¢, this problem becomes an extension problem in the cofiber sequence

koo = & i
N0y, —— 2 w10y, 0 X, o X,
3 k
\ 1
271,0]{:‘/27

where a filler k; exists since the composite d1dy is nullhomotopic by Propositon 4.32. The

choices of such extensions are parametrized by the quotient

[Xo, X710k /5O—divisible elements.
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Recall that both Xy = kV; and kV; are locally finite wedges of suspension of k(wg)’s, and
we can read from equation (4.15) that the bidegrees of all suspensions are in Chow degree
0. The set of homotopy classes of maps [Xg, 2710k V5] is thus built out of self-maps of k(wy)
in Chow degree —1. This is zero by Lemma 4.24, and thus there exists a unique filler k;.

Getting this far was the base case for the inductive process. Suppose now that the tower

Ut RV A VAR z—f%vn
5n//1/ In—2 57;'/ In—1
X, DPn—2 {’I X, DPn—1 ;/I X,
Fon Fon 37 k,
N-=20ky, 2—@—1%%1/” z—;:OI;VnH,

has been constructed for some n > 2. As above, we can desuspend one step, and rewrite

this extension problem as

kn—l Z.nfl Pn—1

DIRERD » kY, Xn Xn-1
Ein’okjvn_;'_l .

We will now show that d,k,_1 = 0 and thus that a filler k, exists, and that [X,_1, 27"k V, 1] =
0 and thus that such a filler is unique.

Let’s first deal with the uniqueness part, as the statement we show will come up in
the existence part as well. A slightly more general result is true, namely that the k(wy)-
cohomology of any X,, vanishes in Chow degrees strictly smaller than —m. This is easy to
show by an induction on m (for all m less than n, so that X, is already constructed), and is
completely analogous to Lemma 4.18. The base case is Xy = kVp, whose k(wg)-cohomology

vanishes in negative Chow degrees by Lemma 4.24. The induction is done by inspecting the
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long exact sequence in cohomology of the cofiber sequence X~"°kV,, —> X,, —> X,,_1.
We refer to Lemma 4.18 for more details. We can now use this statement to show that
(X 1,579V, 1] = 0. In fact, this set of maps is made out of the part in Chow degree —n
of the k(wp)-cohomology of X,,_1, which vanishes since —n < —(n — 1).

For the existence part, consider the ¥~1Y-desuspension of the cofiber sequence

—(n—1),0 in—2 Pn—2
D kvnfl —_— anl B Xn72-

By applying the cohomological functor [—, X7™"%kV,,, ], we get a long exact sequence

[ P2

e e [Efn,okvnih Efn,(]kvn+1] (_7: [Eil’Oanl, an,OkVnJrl] - [Eil’oXn,g, an,Ok,VnJrl} «— e

which contains the composite 6k, in its middle term. The right term [X,,_o, 5=""D-0k V], 4]
vanishes since it is concentrated in the Chow degree —(n — 1) part of the k(wy)-cohomology

of X,,_5. This simplifies the long exact sequence to

o*

(270, 1, Sk V] <— [E790X, 1, 5 0kV, ] «—— 0.
The image of ¢, k,—1 under the precomposition map ¢;_, is
i _o(Onkn—1) = dnkn-1in—2 = 6,0n_1,

which is zero by Proposition 4.32. Since i} _, is injective, it follows that ,,k,—; = 0 and thus
that k, exists. O

Definition 4.34. Define a motivic spectrum wBP € ,Cell as the inverse limit of the tower
wBP = holim (x = X_; «— Xog«— X; «—— --+) (4.18)

from Construction 4.33.
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It remains to show that this spectrum has the correct cohomology. The situation is very
similar to the case of k(w,) in Section 4.2.
Proposition 4.35. The cohomology of wBP is given as an Ac-module by the Hopf algebra
quotient

H** (wBP) = Ac//E(P,, Py, . ..).

Proof. This is analogous to Proposition 4.21, which we refer to for more details. Applying the
contravariant functor H** to the tower defining wBP gives a spectral sequence computing
the algebraic colimit colim H**(X;). The E;-page is given by the cohomology of the layers
kV;, which form a resolution of Ac//E(Py, P,,...) by Proposition 4.32. The E,-page is
thus given by Ac//E(Py, Py, ...) concentrated in homological degree s = 0, and the spectral
sequence collapses with no possible hidden extensions. Observe that the layers ©~(=D-0k1;
are more and more connected. In fact, the element of lowest bidegree corresponds to the
sequence R = (r, =14,0,0,...), and so X~ 0~Y2%V; has no cohomology in degrees lower than

(5¢ + 1, 3i). By using this bound, the exact same proof as in Proposition 4.21 shows that

H**(wBP) «— colim H**(X;) = Ac//E(P,, P, ...).

Corollary 4.36. For any m > 1 we have an isomorphism of Ac-modules
A" (wBP") 2 (Ac//E(P1, Py, ...)) ",

where the right hand side has the iterated diagonal Ac-module structure. In particular, for

any m the cohomology H** (wBPAm) is concentrated in positive Chow degrees.

Proof. This proof is similar to the proof of Corollary 4.22. O
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4.3.3 The E, ring structure on wBP, and wBP(n)

Having constructed a motivic spectrum wBP € ¢,;Cell with correct cohomology, we will
now follow the same methodology as we did for k(w,) in Section 4.2.2. We first construct
a ring map pu: wBP" —— wBP by understanding some parts of various groups of ho-
motopy classes of maps [wBP"™, wBP]*7*. We then show that p turns wBP into a unital,
associative and commutative monoid in the homotopy category. Finally, the vanishing of
[wBP"",wBP], , in some particular degrees feeds Robinson’s obstruction theory [51] which
rigidifies 4 to an E, ring structure on wBP. The C7-linear H-based motivic Adams spec-
tral sequence is now multiplicative and collapses at Es, showing that wBP has polynomial
homotopy in the periodicity elements wy, w, . . ..

Most of these steps are very similar to the case of k(w,). We will only sketch the argu-
ments in these cases and refer to the appropriate proof in Section 4.2 for more details. Since
wBP is built out of a tower whose layers are wedges of suspensions of k(wy)’s, there is a spec-
tral sequence computing [wBP"™, wBP], , whose layers are made out of [wBP"™, k(wo)], .-

We first say something about these layers.

Lemma 4.37. For any m > 1 we have

Fy if (t,w) = (0,0
[wBP"™, S5k (wy,)] = Fitw=10.0

0 i (t,w) is in negative Chow degree, i.e., t — 2w < 0.

Proof. The exact same proof as in Lemma 4.24 applies by changing k(wg) to wBP, since the
cohomology of the smash powers wBP™ is also concentrated in non-negative Chow degrees,

with a copy of Z/2 in degree (0,0). O

Lemma 4.38. For any m > 1 we have

. Fy if (t,w) = (0,0)
[wBP"™, S wBP] =

0 if (t,w) is in negative Chow degree, i.e., t — 2w < 0.
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Moreover, the non-trivial map wBP"" —— wBP sends 1 to 1°™ in cohomology.

Proof. As in Lemma 4.24 and Lemma 4.37, this is another Atiyah-Hirzebruch spectral se-
quence, by applying the functor [wBP"™, —] to the inverse limit tower defining wBP. With

the indexing

EPt = [wBP"™ S0V, ] & [wBPY™, SRV,

this is a first quadrant spectral sequence in the (s,¢) plane which converges to
B3 [wBP/\m, Zt’waP} :

Recall that each kVj is a locally finite wedge of suspensions of k(wy), where the suspensions
are in Chow degree 0. By Lemma 4.37, the k(wp)-cohomology of wBP is concentrated in
non-negative Chow degree, with only a Z/2 in degree (0,0). The proof of Lemma 4.24 applies
by changing H to k(wy), and k(wg) to wBP. O
In the case m = 2, call a representative of the non-trivial class of maps by pu: wBP A

wBP —> wBP. We are now ready to show that this map can be extended to an E ring
structure on wBP.
Theorem 4.39. The motivic spectrum wBP € ¢, Cell admits an essentially unique E.
ring structure and satisfies

o H**(wBP) = Ac//E(P,, Ps,...) as an Ac-module,

o T..(wBP) = Fylwp,ws,...] as a ring.
Proof. First use the proof of Proposition 4.25 by changing k(wy) to wBP to show that p
turns wBP into a unital, associative and commutative monoid in the homotopy category.
Similarly, by using the vanishing results of Lemma 4.38, the proof of Theorem 4.26 shows
that p can be uniquely extended to an F, ring structure. Finally, the C7-linear H-based

motivic Adams spectral sequence

E, = Exty, (H**(wBP),Fy) = m, .(wBP)
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is multiplicative since wBP is a ring spectrum. Since H**(wBP) = Ac//E(P,, P,,...) we

can apply the usual change of rings to the Fs-page
Ey =2 Extgp, p,,..)(F2, Fa) = Folw, wy, . . .

The spectral sequence collapses now at Fy with no possible hidden extensions. [l

Corollary 4.40. For any n > 0 there exists a motivic spectrum wBP(n) € ¢, Cell, which
admits an essentially unique E, ring structure and satisfies

o H**(wBP(n)) = Ac//E(P,, Py,...,Pni1) as an Ac-module,

o T, .(wBP(n)) = Fylwy, wy, ..., wy,] as a ring.
Proof. The whole proof is very similar to the case of wBP, so we will only indicate what
needs to be changed. Tensoring together for 2 < j < n+1 the resolutions of equation (4.12)

gives a resolution

d d
0« Z2«— E@Vy«— EQV, «—— E@Vy «—— -+,

where £ = E (P, Ps, ..., P,y1) and where V; is a finite dimensional bigraded Fs-vector space

with basis given by the set of sequences
{R=(ro,r3,....rn41) | {R) = T2+ 13+ -+ Tpp1 =i}
Tensoring up to Ac//E(P) @ — gives the Ac//E(P;)-free resolution
0 «— Ac//E(Py, Ps,..., Pop)) < Ac//E(P)®Vo < Ac//E(P)RV) < — -+ |
The differential is still given by

dG(1®R) =Y P®(R—Aj) =P Y (P& (R-4;),

j>2 5>2
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since the formula we use still lives in the quotient Ac//E(P;). From here on, the rest of the
proof is a copy of the proof for wBP, with the advantage that the terms £V, are now finite

wedges of suspensions of copies of k(wp)’s. O

Remark 4.41. One can also construct the underlying spectrum of wBP(n) by taking the

quotient

wBP
/wn+1,wn+2, et

The fact that these quotients are E, rings requires some extra work from this point of view

though.
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CHAPTER 5 AN ALGEBRAIC MODEL FOR C7-MODULES

DISCLAIMER: We warn the reader that this chapter is currently wrong, and MGL
should be replaced by BPGL. The original version of this work was done with BPGL,
because this is how the traditional Adams-Novikov spectral sequence is considered. The
idea to switch to M GL was to bypass the issue that BP is potentially not E.. However,
some lemmas true for BPGL are here wrong for MG L. This is however not crucial, and in
the end the main result is true as stated (because M GL and BPGL should have equivalent
categories of modules, as their associated stack of cooperations have the same cohomology).

In this chapter, we will show that some category ,Cell®™ of cellular C'T-modules is
equivalent the derived bounded category of its heart

D"( ;0. i7pComod) —> ¢, Cell®™,

where MU denotes the 2-completion of the complex cobordism spectrum MU. We will in
fact show that

Db(iMGL*Y*iMGLComodCV) —> &, Cell®™,

where MGL is a version of the motivic spectrum of algebraic cobordism. This result is

hinted by the isomorphism

T+ (CT) = Extyrar, srar(MGLw s, MG L, )

that is easily deduced from Proposition 3.1, which shows that the motivic 2-cell complex
C'1 is of algebraic nature. In the joint paper [17], we show an important application of this
result, by identifying two spectral sequences: the motivic Adams spectral sequence for Cr,
and the algebraic Novikov-spectral sequence for Extgp gp. Another application would be
that the previous Chapter 4 could be entirely rewritten in algebraic language, via the bridge

of equation (5). Finally, work in progress of Barthel-Drew-Krause about further motivic
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periodicity is also relying on the equivalence of equation (5). We believe that the main
theorem of this chapter (corresponding to equation (5)) has many more future applications.

We refer to the Introduction for more application of this equivalence of categories. The
contents of this chapter will appear in joint work in preparation with Zhouli Xu and Guozhen
Wang in [17]. This chapter represents the part of the collaboration that was contributed by

the author of this thesis.

Organization

Here is the organization of this chapter.
Section 5.1. In this section we show a general result about t-structure on stable co-
categories in two different versions, one using injective objects, and one using projective
objects. Each version will be used exactly once in the remaining of the chapter, and provides

a strategy for proving the main Theorem.

Section 5.2. This section contains an easier version of our main Theorem, where we replace
Ct-modules with MG L-modules. The main result of this section is interesting on its own,

but also necessary for proving our main Theorem.

Section 5.3. This section contains the main Theorem, i.e., the equivalence of categories
of equation (5). Along the way, we set-up a very general motivic Adams-Novikov spectral
sequence, which takes most of the section. The strategy of the proof of our main Theorem

mimics the proof of the main Theorem of Section 5.2, even though it uses results from there.

5.1 A Theorem on t-structures

In this section, we state a result about ¢-structures that will be used twice in this chapter,
once stated in its projective version in Proposition 5.1 and once it is injective version in
Proposition 5.2. Both versions follow rather directly from [32, Proposition 1.3.3.7], which
itself is inspired from a triangulated version in [5]. Before stating the Theorem, we will very
briefly recall some terminology and results about t-structures, and refer to [32, Chapter 1]

for more details.
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Let C be a stable oo-category. Denote by hC its homotopy category, and by [—, —] the
group of homotopy classes of maps in C, i.e., the group of maps in hC. Recall that a t-
structure on C is the data of two full subcategories C>¢,C<op C C which are closed under
isomorphisms, and which satisfy the following three axioms
(1) for X € Csp and Y € ¥7!'C, we have [X,Y] =0,

(2) there is an inclusion XCs C Cxo,

(3) for any X € C, there exists a fiber sequence
X0 —> X —> X<,

with XSO c CSO and Xy € ECZO'
Denote by C>,, and C,, the categories ¥"C>o and X"C<( respectively. For every n € Z, these

subcategories sit in adjunctions

T<n
T>n

where 75, and 7<,, are called the n'-truncation functors.

Denote the subcategories of left-bounded and right-bounded objects in C by
C* == hocolim <C§0 —> C<y —> ) and  C~ = hocolim (Czo —> C>_] —> ),

and let C® := C* N C~ be the subcategory of bounded objects. We say that the t-structure is
left-bounded, right-bounded, or bounded, if the inclusion of C*, C~ or CP respectively, in C, is
an equivalence.

At the other extreme, define the left and right completions of the t-structure by

é\l ‘= holim ( tee 5 CSI E’ CSO) and é\,,« := holim ( cee 72_1; C>_1 TZO} CZO)'
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We say that the t-structure is left-complete if the functor C — (/f\l is an equivalence, and
right-complete if C — é\r is an equivalence. The left and right completions are again stable
oo-categories and inherit a t-structure from C.

Finally, denote the intersection by C¥ = Csq N C<o the heart of the t-structure, whose
homotopy category hC” is always an abelian category. The goal of this section is to determine
under what hypotheses we can reconstruct the whole category C from its heart.

Let’s thus start with an abelian category A with enough projective objects. There is
an associated right-bounded derived category D~ (A) with objects classes of chain complexes
M, of projective objects in A such that M, ~ 0 for n small enough!!. This is a stable
oo-category that admits a natural ¢-structure defined by

e D~ (A)>g is the full co-subcategory spanned by those complexes { M,, } ez with vanishing

homology in negative degrees n < 0,

e D~ (A)<p is the full co-subcategory spanned by those complexes { M,, } ez with vanishing

homology in positive degrees n > 0.

Moreover, this t-structure is left-complete and right-bounded.

Given a stable oo-category C with t-structure, one can ask what are necessary conditions
for C to be equivalent to some versions of the derived category of its heart hC¥. The derived
category is universal in the sense that there will always be a functor from it to C. Moreover,
the following result states that under mild conditions on the t-structure on C, this functor
is fullyfaithful with explicit image. The following proposition stated in its projective version
will be used below in Section 5.2.

Proposition 5.1. Let C be a stable co-category with a t-structure. Suppose that
(1) the abelian category hC® has enough projectives,
(2) for any objects X, Y € hCY with X projective we have [X,X'Y] = 0 for all i > 0.

1 The condition that A has enough projectives is necessary in order to define the derived category.
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Then there exists an essentially unique t-exact functor F making the diagram

co » C)
A F
D~ (hC?),
commute. Moreover, its essential image is (a)* If in addition the t-structure on C s

right-bounded, then F' induces a t-exact equivalence of oo-categories
F: DY(hC¥) — .

Proof. The existence, essential uniqueness, and essential image of F' are provided by [32,

Proposition 1.3.3.7] applied to the left-completion CAl This gives a t-exact equivalence

o

F: D (hC®) — (A)_.

By taking left-bounded objects on both sides one obtains another equivalence

[a)

F: D°(hC¥) — ((cﬁ)_y

The result follows by the zig-zag of equivalences

(@) = (@) e e

where the first equivalence is true since the t-structure is right-bounded, the second equiv-
alence is from [32, Remark 1.2.1.18] and the last one again uses that the ¢-structure is

right-bounded. 0

In Section 5.3, we will be dealing with comodule categories. These categories tend to
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not always have enough projective objectives, but rather enough injectives [47, Appendix
1]. We thus need a version of this result when the heart of the t-structure only has enough
injectives.

Let thus A be an abelian category with enough injective objects. In this case, there is a
left-bounded derived category D' (A) with objects classes of chain complexes M, of injective
objects in A such that M, ~ 0 for n large enough. This is again a stable co-category that
admits a natural t-structure defined by

e Dt (A)sq is the full co-subcategory spanned by those complexes { M, },,cz with vanishing

homology in negative degrees n < 0,

e DT (A)< is the full co-subcategory spanned by those complexes { M, },cz with vanishing

homology in positive degrees n > 0.

Dual to the case of D™, this t-structure is now right-complete and left-bounded. Moreover,

one has a t-exact equivalence

DT (A)P = D™ (AP) (5.1)

of oco-categories, induced by the identity functor. We can now state the main result in its
injective version, that will be used below in Section 5.3.

Proposition 5.2. Let C be a stable oco-category with a t-structure. Suppose that

(1) the abelian category hC® has enough injectives,

(2) for any objects X, Y € hC® with Y injecitive we have [X,%Y] =0 for all i > 0,

(3) the t-structure is left-bounded.

Then there exists an essentially unique t-exact functor that induces a t-exact equivalence
DY(hC¥) — C°

of co-categories.

Proof. By applying Proposition 5.1 with the opposite t-structure on C°P; we get a t-exact
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equivalence

F: D (h(C®)%) —> (€™)".

Since the identity functor induces the equivalence h(CP)% = (hCQ)Op as abelian categories,

it follows from equation (5.1) that the identity functor induces t-exact equivalences
Db (h(cop)®> ~ Db ((hc(?)op) ~ Db (hCQ?)op.

The identity functor induces another ¢-exact equivalence (COp)b o (Cb)Op, and thus F' induces

the t-exact equivalence

D" (hC¥)” — (C°).
The required equivalence follows by applying (—)°P. O

5.2 Warm-up : An Algebraic Model for MGL-Modules

As its name indicates, this section is a warm-up for the equivalence of categories to be
proved in Section 5.3. As explained in more details underneath, in this section we will
provide an algebraic model for MG L-modules, which will be used in order to prove the main
result in Section 5.3.

5.2.1 The categories 5;7;Cell and ez, Mod
Since C'7 is a cell complex, the usual adjunction from the ring map S%° —— C7 between

the categories of modules restricts to an adjunction

CTNA—
Celle <= c,Cell, (5.2)

between cellular motivic spectra and cellular (left) C7-modules. The analogue of the alge-
braic cobordism spectrum in C'7-modules is the tensored up spectrum MGL = Ct A MGL.
This is a cellular E,, Ct-algebra since MGL is E., [45], and tensoring up with an E, ring
spectrum (here with C'7) is symmetric monoidal [32, Remark 4.5.3.2], and thus preserves

E-algebras. We will sometimes see it as a right C'7-module, by again using the fact that
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C7 is commutative. Denote by 3;z7Cell the category of cellular left MG L-modules, which

sits in the adjunction 2

—ACT —Ac+MGL
Cell(c ?’ CTCQH ?’ mCell (53)

Although the end goal of Chapter 5 is to study the category of ¢.Cell by using the MGL-
based Adams-Novikov spectral sequence, we will now focus on the category 3;zrCell of
cellular MG L-modules. In fact, given a Cr-module, the terms in its MG L-based Adams
resolution will be some injective MG L-modules with certain good properties. Similarly to
the situation in homological algebra, to construct such a resolution we need enough of those
injective objects. We will show the existence of those objects by better understanding the
category of MG L-modules, and in fact showing that it is equivalent to an algebraic category,
in which we know how to find injective objects.

Denote by [—, —|37ar the abelian group of homotopy classes of MG L-linear maps, and
by — Ager — the relative smash product. We will compare the topological category of

MG L-modules with an algebraic category via the functor of homotopy groups
werCell —— 5. Mod.

Before computing the homotopy groups of M GL, recall from Definition 4.4 that given a
bigraded abelian group M, ,, the Chow degree of an element x € Mj,,, is the integer s — 2w.

Lemma 5.3. The homotopy groups of MGL are given as a ring by

MGL,. = Zola1, xa,...] 2 Ten(MGLs) /.

where |z;| = (2i,1) are in Chow degree 0.

Proof. This follows immediately from Lemma 3.31. 0J

2the usual adjunction on modules restricts to one on cellular modules since M GL is a cellular C7-module.
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We now give the central definition that will lead to the ¢-structure on the topological
category mCellb.
Definition 5.4 (Chow degree in 3;57Cell). We say that an object X € y;77Cell is con-
centrated in Chow degrees |a,b] if its homotopy groups 7. .(X) are concentrated in Chow

degrees [a, b], i.e., if they satisfy
Tork (X)) =0 for any k ¢ [a, b].

We say that X has bounded Chow degree if it is concentrated in Chow degrees [a, b] for some
finite a, b # +oo0.

Notation 5.5. Denote by mCellb the full co-subcategory spanned by objects with bounded
Chow degree. Denote by 1;z:Cells, 1;7Cell< and MiGLCell@, the full co-subcategory of
MiGLCellb spanned by objects concentrated in respectively non-negative, non-positive and
zero Chow degrees. Similarly, there are obvious generalizations to ;57 Cells,,, 17aCells,,
srarCell<,,, 17z Cell.,,. We emphasize that all objects in these subcategories have in par-
ticular bounded Chow degree.

Remark 5.6. Even if we use the notation mCellQ? and call it the heart of the category
M—GLCellb, we do not claim yet that the Chow degree on mCellb defines a t-structure.
In fact, showing that this forms a t-structure is the hardest part of the argument, as the
main result in this section, Theorem 5.13, will then follow by a straightforward application
of Proposition 5.2.

Observe that by definition of the Chow degree, the homotopy groups of objects in the
heart MiGLCellQQ land in a smaller category than m*’*l\/[od. This target category will be
important, so let’s give it a name.

Definition 5.7. Denote by ]\/liGL*’*l\/Iodev the full subcategory of MiGL*’*Mod spanned by all

modules M concentrated in Chow degree 0, i.e., satisfying M ,, = 0 whenever s # 2w.
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We thus have a commutative diagram

Tlx %
warCell war. . Mod
mc I Iinc.
Q T % ev
MGLCell --------- > MGL MOd 3

and we will show that the restriction of 7, , to the heart 5;z7Cell” induces an equivalence

o)

et h (3rapCell”) —— 35z, . Mod™.

It is easy to see that

ev ~~v _ ev ~~v _
7MGL*’*M0d = MU*Mod =~ MU*Mod,

where MU, = Zg[xl,xg, ...] for |z;| = 2i, are the homotopy groups of the 2-completed
spectrum MU, and where ]\/ﬁj*l\/IodeV is the subcategory of ;7 Mod spanned by modules
concentrated in even degrees.

Our main tool to compute homotopy classes of maps in the oco-category mCellb will
be the Universal Coefficient spectral sequence constructed in [12].
Theorem 5.8 (Universal Coefficient spectral sequence). For any X,Y € ;a7 Cell, there is
a conditionally convergent spectral sequence

Ext®Y (7, (X), . (Y)) = [S77 X, Y]

MGL. . MGL

If X,Y have bounded Chow degree, then the spectral sequence is strongly convergent and

collapses at a finite page.
Proof. We refer to [12, Proposition 7.7] for the precise construction of the spectral sequence

and the statement about conditional convergence. However, to study the convergence in the

case where X and Y have bounded Chow degree, we need to briefly recall the construction
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and pay careful attention to degrees. Recall that this spectral sequence arises from an

MGL, .-free resolution
0 <« W*,*(X) < W*,*(FO> D — W*,*(F1> < -

Since M—GL*,* is concentrated in Chow degree 0, if 7, .(X) is concentrated in Chow degrees
la,b], then so is every m, .(Fs), independently of the homological degree s. The E;-page is
given by

B = Homgrgp, (7. (5707 F), m., (V).

and the Es-page is the cohomology of this chain complex, giving the claimed Ext groups.
Suppose that 7. .(Y") is concentrated in Chow degrees [c, d]. Since m, (X5 " F}) is concen-
trated in Chow degrees [a — (t — 2w), b — (t — 2w)], it follows that for a fixed weight w, the

group FE is possibly non-zero only for

te€a—d+2w,b—c+ 2uwl.

Since E*'™ is an iterated subquotient of E3""| it is also possibly non-zero only when t €

l[a —d + 2w,b — ¢ + 2w]. Recall that the d,-differential has the form

dr
Ef’t’w Eﬁ+r,t77“+l,w.

In particular, if r — 1 > (b —¢) — (a — d), the d,, = 0 for degree reasons, that is, the spectral

sequence collapses at the Ejy_,1q_c1o-page. O

5.2.2 Proof of the ¢-structure, the heart and the equivalence
As mentioned before, the main tool for computing homotopy classes of maps in the
category ;e Cell will be the Universal Coefficient spectral sequence of Theorem 5.8. An

immediate Corollary of its proof is the following result.
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Corollary 5.9. The functor
Test h (5rar Cell’) —— 3rar.  Mod®

15 fully faithful.
Proof. Pick two objects X,Y € mCellv. Since they are both concentrated in Chow degree

0, the end of the proof of Theorem 5.8 shows that the spectral sequence

Extj\’;gL*’*(m,*(X),W*,*(Y)) — [S X Y]

is concentrated in t = 2w and collapses at the FEs-page. Since there are also no possible

hidden extensions for degree reasons, it thus take the form of isomorphisms

Ext‘;’;%“;*(w*,*()(), T (Y)) &[S TVX, Y]m‘

In particular, in the case 2w + s = w = 0, we get s = 0 and the edge homomorphism

T

X, Ylyrer —— Homygr, (meu(X), (V)

is an isomorphism, showing the faithfullness of =, .. U

We will now prove the essential surjectivity of 7. . on 5;57Cell”, identifying the heart of
the category 7oz Cell”.

Proposition 5.10. The functor
Tlse s+ h (mCell@) —:> m*’*MOdev

1 an equivalence of categories.

Proof. Pick a module M € w5z, Mod® and let’s realize it topologically in mCello. If

M is a free MGL, ,-module, say M = ¢§MGL,,, then M is the homotopy groups of the
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wedge VM GL indexed by the same set in Chow degree zero.

For an arbitrary M, pick a free resolution

f1 fo
O<——M<——F0f Flf Fgf (54)

in mmModev. By the above step, each F; can be realized topologically by an MGL-
module Z; € MiGLCellQQ7 and by the previous Corollary 5.9, one can also realize the maps f;

by a tower

We will now construct a tower

Xy —> Xy —> -,

with the property that the homotopy groups of X; are given by

M = coker f; if k=0
T 244k, (Xz) = ker fz ifk=1
0 if k#0,1.

Let Xy = cof(Z; —> Zj), and it is easy to verify that it satisfies the required properties
from the long exact sequence in homotopy groups. Suppose now that the tower has been

constructed until X;_;. Since M GL, , is concentrated in Chow degree 0, there is a splitting

7‘-*,*(Xifl) = M & ker fifl

as MGL, ,-modules. The homomorphism

Tus(Zi) = Fy —>> im(fi1) Z ker(fio1) —> W*,*(Elfi’oxifl)

)
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of MGL. .-modules corresponds to a unique homotopy class of maps Z; — 370X, ; by

Corollary 5.9. Define X; to be the cofiber of its Xi~1Y suspension, as

2271’022‘ > Xifl > X@

By the associated long exact sequence in homotopy groups, it is easy to show that X satisfies

the required properties. The homotopy colimit

X = hocolim (X; —> Xy —> )

realizes M since its homotopy groups are given by the colimit

M itk=0

T (X) = colim (7, 4 (Xp) —> Teu(Xo) —> -++) =
0 ifk#0.

O

We can now start showing the required axioms for the t-structure. We will use the
following Lemma several times in what follows.
Lemma 5.11. Given X € ;7 Cellsy and Y € 3757 Cellc, the group of homotopy classes

of maps of degree (0,0) can be computed algebraically by

Homyzer, (M (X), mou(Y)) = [X, Ygrar -

Proof. 1t is clear from the proof of Theorem 5.8 that the Ey-page of the Universal Coefficient

spectral sequence

By = Bxtirgr (me(X), m (V)

is concentrated in s > 0 and ¢ — 2w > 0. We are interested in understanding [X, Y |3a7,

which is assembled from E5"* with s +¢ = 0 and w = 0. These conditions imply that
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s =t=w =0, and thus that [X, Y]z is a (possibly iterated) subquotient of
By = Homyzgr, (M (X), meu(Y)).

Recall that the d,-differential has the form E*"* o, Estrt=rtlw  There are thus no
possible differentials entering £%%° since the homological degree has to be non-negative, and
the only possible differential exiting E%*? is a d; since t — 2w > 0 implies that we must have
—r+1 > 0. However, we already are at the Fy-page and thus ES’O’O survives to the F..-page

giving the isomorphism
HomMGL*,* (Mo (X), meu (V) = [X, Ygraz

O

Proposition 5.12. The pair of subcategories (57a7 Cellso, yrar Cell<o) defines a t-structure

on mCellb, whose heart is given by the equivalence
Tl - h (mcell@) —:> MGL, *MOdeU.

Proof. The heart has been identified in Proposition 5.10. There are now three axioms to
show for the t-structure.
Given objects X € 357Cellsg and YV € 5;77Cell., the first axioms requires that

(X, Yyrer = 0. In particular observe that Y € 5;77Cell< and thus we have
(X, Yier = HomMGL*,* (i (X), s (V)

by Lemma 5.11. The right hand side is zero because this is a graded Hom-set, and , ,(X) is
concentrated in non-negative Chow degrees while 7, .(Y') is concentrated in negative Chow

degrees.
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The second axiom requires that if X € j7z7Cellsg, then 31X € 757Cells;. This is
clear from the definition of these subcategories.

Finally, for any spectrum X € mCellb, the last axiom asks for a fiber sequence

XZO —)X—>X<D

with X5¢ € 5zpCellsg and Xy € 375:Celly. Since X, or more precisely 7. .(X) has
bounded Chow degree, denote by n the largest integer that bounds it below. If n is non-
negative then

X — X —> %

is the desired fiber sequence since X € 3;77Cells,, C 3;57Cellso. If not, consider the
MGL, .-module 7T2*7*(Z*”’0X) that is concentrated in Chow degree 0. By Proposition 5.10

there is a spectrum X,, € ;;57Cell” with

7T2*’*<Xn> = T2 % (Z_n’0X>.

Moreover XX € 1757 Cellsq since n is maximal, and so the algebraic map

o

W*,*(Z_mOX) —>> 7T2>k,* (Z_mOX) = WQ*,*(XW») > Ty *(Xn>

)

can be topologically realized by a map ¥ ™°X —— X, by Lemma 5.11. Denote by

Xin+1,m+1) the fiber of its Y0_suspension as in

X[n+1,m+1] — X — ZH,OXn.

It is easy to see by the long exact sequence in homotopy groups that X, 1,41 is concentrated
in Chow degrees [n 4 1,m + 1] as its name suggests, and that the map Xj,11m41] —> X

induces an isomorphism in Chow degrees [n+ 1, m|. By re-iterating this process we construct
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a finite sequence of spectra
X[O,m—n} - X[—l,m—n—l] — > T X[n+1,m+l] - X,

where Xom—n) € 37azCell>o. By letting X5 = X[ ,n—n], the cofiber of this composite gives
the desired cofiber sequence

Xzo —> X —> X,

where Xg € 5;7Cell g since X>o —> X induces an isomorphism in Chow degrees [0, m].

O

Having this ¢-structure on 5757 Cell”, the main result of this section follows from an easy
application of Proposition 5.1.

Theorem 5.13. There is a t-exact equivalence of co-categories
D’ (3767 . Mod) —— 757 Cell'.

Proof. We need to check the conditions of Proposition 5.1 for the t-structure on mCellb.
The t-structure is clearly right-bounded (it is even bounded), and its heart has enough pro-
jectives by Proposition 5.10 since module categories have enough projectives. It remains to
show that for any two motivic spectra X,Y € M70LCell(9 with 7, .(X) a projective MGL, .-
module, there are no non-trivial maps in [X, XY |37 for any ¢ > 0. We apply the Universal
Coefficient spectral sequence

Eth\;;GwL*Y* (W*,*<X)7 W*,*<Y)) — [Z_s_t’_wX7 Y]m

of Theorem 5.8, and we are interested in the case —s —t = —i and w = 0. Since 7, (X)) is
a projective MGL, ,~-module, the spectral sequence is concentrated on the line s = 0, and
thus ¢t = 4, and collapses at Es. Moreover, since both X and Y are concentrated in Chow

degree 0, it is clear from the proof of Theorem 5.8 that the Fy-page is concentrated in degrees
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t — 2w = 0, and thus ¢ = 0. It follows that in weight 0, there are only maps of bidegree
(0,0), and thus [X, XY |3757 = 0 for ¢ > 0. O

5.3 Main Result: An Algebraic Model for C7-Modules

In this section we will prove the main theorem of the chapter, by constructing an algebraic
model for the category of cellular CT-modules. The strategy is very similar to what we did
in Section 5.2. In Definition 5.14, we first define the main functor of interest from the
topological category ¢,Cell to an algebraic category. The goal will then to put a t-structure
on ¢, Cell (or rather o, Cell®™), whose heart will be isomorphic to that algebraic category.
As in Section 5.2, we will then need a tool which plays well with the t-structure to compute
homotopy classes of maps in ¢,Cell. Unfortunately, as we explain more at the beginning of
Section 5.3.2, the Universal Coefficient spectral sequence in ¢,Cell does not play well with
the notion of Chow degree in that category. We will thus have to construct a generalized
motivic Adams-Novikov spectral sequence in Section 5.3.2. This is the most difficult part of
the section, and the main difference with Section 5.2. However, the proof of the main result
in Section 5.3.3 is very similar to that of Section 5.2, by replacing the Universal Coefficient
spectral sequence with the motivic Adams-Novikov spectral sequence.

5.3.1 The categories ¢-Cell and w7, 3erComod

Recall the E,, Cr-algebra MGL = Ct A MG L, with homotopy groups MGL, , = Zg[l’z]
In this section we will use MG L-homology to study the category of C7-modules. As done
in Chapter 4, it is more efficient to consider the C'7-linear MG L-homology for C'7-modules,
which is isomorphic but admits more structure that the MG L-homology of the underlying
spectrum. We refer to section 4.1.2 for more details.

Definition 5.14 (C7-linear MG L-homology). Given a C7-module X, define its C7-linear
MG L-homology to be
MGL, .(X) = m.(MGL Aoy X).

As it was the case for its homotopy groups, the C'7-linear cooperations of M GL are easy
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to deduce from the cooperations of MGL.

Lemma 5.15. The C1-linear cooperations of MGL are given as a Hopf algebroid by

MGL, .(MGL) = MGL, [t ts,...] 2 MGL. . MGL, /.

where |t;| = (2i,1) are in Chow degree 0.

Proof. The proof is similar to the proof of Proposition 3.33 and Remark 3.35, by replacing
H with MGL. 0
Remark 5.16. Given a Cr-module X, its C'7-linear MG L-homology is isomorphic as an

abelian group to the M G L-homology of the underlying spectrum of X since
UMGLNey X) ~ MGLANCT Aer X ~ MGL N X,

where U denotes the underlying spectrum from the adjunction (5.2). Moreover, the action
of MGL, , factors trough the action of M—GL*’*, and the coaction of the Hopf algebroid of
cooperations of MGL factors trough the coaction of C7-linear cooperations of MGL. The
only difference is the simple fact that 7 acts and coacts as zero on M—GL*,*(X ). This has
important consequences, for example since M—GL*,*M—GL is concentrated in Chow degree 0,
coacting by an element in M—CT'LHM—GL preserves the Chow degree, which is not true for
every element in MGL, ,MGL.

Definition 5.17. Denote by wcr. rer Comod the category of comodules over the Hopf al-
gebroid MGL, .,MGL. Denote by m*,*m(}omodev the full subcategory of 3757,  3rer Comod
spanned by all comodules M whose underlying MG L-module is in m*’*l\/[odev, i.e., is con-
centrated in Chow degree 0.

Recall that the adjunction between modules and comodules
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is reverse from the usual situation for just module categories. In particular, the forgetful
functor is only a left adjoint, while the tensor-up functor itself admits another right adjoint.
We refer to [21, Section 1.1] for more details.

By using the ring map C'1 — MGL, we can form the commutative diagram

T %
warCell wer, . Mod®
MGL Ner — forget
MGL...
CTCQH MGL. *mCOmodeV.

Recall that the algebraic identification of MiGLCell]D of Theorem 5.13 relies on a t-structure
on mCellb, such that the restriction of 7, , on the heart is an equivalence. The proof of
the main Theorem 5.37 follows the exact same strategy, where the goal is to endow ¢, Cell”
with a t-structure whose heart is isomorphic to the category MiGL*,*MiGLCOIHOdEV' Proving
the axioms for this ¢-structure is significantly harder, and will actually use Theorem 5.13.
We can now make the fundamental definition that will lead to the t-structure, which is very
similar to that of Definition 5.4.

Definition 5.18 (Chow degree in ¢,Cell). We say that an object X € ,Cell is concen-
trated in Chow degrees [a,b] if its MG L-homology MGL, .(X) is concentrated in Chow

degrees [a, b], i.e., if it satisfies

MGLgyi«(X) =0 for any k ¢ [a, b].

We say that X has bounded Chow degree if it is concentrated in Chow degrees [a, b] for some
finite numbers a, b # +oo.

Notation 5.19. Denote by ¢,Cell” the full subcategory of ¢, Cell spanned by objects of
bounded Chow degree. We define CTCellQ?, c-Cells,, ¢:Cell.,, ¢;Cell, and ¢,Cell.,, as

the obvious subcategories of ¢,Cell®, exactly as in Notation 5.5.
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The plan is now to show that this defines a t-structure on CTCellb, and that the bottom

horizontal arrow in the commutative diagram

MGL..,
CTCell MGL. *WCOmOd
inc.[ Iinc_
o MGL.,
CTCEH """""" > MGL. *mComodeV,
induces the equivalence

of abelian categories. The main theorem will then follow from an obvious application of
Proposition 5.2.
5.3.2 The C7-linear Adams-Novikov spectral sequence

In the previous Section 5.2, the tool that we used to compute maps [X,Y|3;ar was the
Universal Coefficient spectral sequence of Theorem 5.8. This was a very convenient tool to use
since both the Esy-page Extyrar(m.(X), me . (Y)) and the t-structure were defined in terms
of homotopy groups. More precisely, bounds in the ¢-structure transferred to vanishing areas
in the spectral sequence, allowing us to prove what we need. In the category of C'T-modules,
the t-structure is now defined in terms of M GL-homology, and so the Universal Coefficient
spectral sequence will not be of any use since being bounded for this ¢-structure does not
imply bounds in homotopy groups. We thus need a spectral sequence with MG L-homology
as input and C'r-linear maps as output.

Recall the usual MG L-based Adams-Novikov spectral sequence

EXtMGL*,*MGL(MGL*,*(SO’O)v MGL,.(Y)) = mus (Y)a1)
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constructed in [13, Section 8] or [23]. We need a spectral sequence of the form

EXtm*,*McL(MGL*,*(X)a MGL,.(Y)) = [X, (Y)/&ﬁ} cr?

which is more general in two aspects. First, we do not want to compute maps of motivic
spectra, but C'r-linear maps. This is easy to fix by working internally in the category of
Ct-modules by using the relative smash product, Cr-linear mapping spaces, etc. Second,
we need to allow more general spectra than the sphere (or C7 in the C7-linear setting) for
the first variable X, as we do not only compute homotopy groups, but general maps. This
means that we cannot use a standard Adams-Novikov resolution for the second variable Y
as is done traditionally [47, Chapter 2] (or [13, Section 8], [23] in the motivic setting) to set
up this spectral sequence. In fact, such a resolution induces a resolution of M—GL**(Y) by
relative injective comodules, which allows to compute the E, term as Ext-groups only when
the first variable MGL, .(X) is projective as a module [47, Corollary A1.2.12]. Since our
first variable X is arbitrary, this will generally not be the case and we have no (useful) ways
of computing the Fs-term.

The solution that we choose is to construct another Adams tower that produces a res-
olution of MGL, .(Y) by absolute injectives, rather than merely relative injectives. Since
absolute injective resolutions are not very popular'®, we need some preparation before con-
structing the tower. The first step in Lemma 5.21 is to even produce enough C'7-modules
whose M—GL*,*—homology will be an injective comodule of a special form. This is done below
by using Theorem 5.8. The second step in Lemma 5.22 is to show that algebraically one
can resolve comodules in m*’*mcomodev by the injective comodules arising from topol-
ogy. Before we show these two Lemmas, let’s point out a technical detail about injectives in
L, e Comod.

Remark 5.20 (Monomorphisms in comodule categories). Since injective objects are defined

13in the case of Adams spectral sequences, it is more common to use either projective, or relative injective
resolutions.
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via (extensions along) monomorphisms, let’s briefly recall what those are in comodule cate-
gories. More generally, given such a category with a forget functor F' to Set, injective maps
are monomorphisms if and only if F' is fully faithfull, and monomorphisms are injective if
and only if F' preserves pullbacks. In this case, the forget functor is faithfull and exact (but
does not preserve infinite products), and thus monomorphisms and injective maps agree. We
will thus use those two notions interchangeably.

Lemma 5.21. For any injective module I € m*’*Mode” concentrated in Chow degree 0,
there is a Ct-module Y € o, Cell” satisfying

(1) . (Y) = 1 is an injective M—GL*V*—module,

(2) M—GL**(Y) = M—GL*,*M—GL QNGE, . I is an injective M—GL*,*M—GL-comodule,

(8) for any X € ¢, Cell’ and any bidegree (t,w), we have isomorphisms
(X, ¥0"Y e, & Homm*y*(MGL*y*(X), Tuu (1Y) 2 Homm*ﬂ*m(MGLM(X), MGL, .(3""Y)).

Proof. From the equivalence of Proposition, 5.10 there exists an essentially unique MGL-
module Z with the property that 7, .(Z) = I as an M—GL*’*—module. By using the free-forget
adjunction of equation (5.3), the underlying C'7-module UZ will be the spectrum Y that we
look for. We now verify the conditions that UZ has to satisfy. First of all, its homotopy

groups are given by
Tunx(UZ) 2 [ECT,UZ]cr Z [ MGL, Zlgier = mien(Z) = 1.

By using the equivalence UZ ~ MGL Nyjer Z as (left) Cr-modules, we have the equivalence

MGL Ne- UZ ~ MGL Ney (MGL Nyer Z) ~ (MGL Ner MGL) Nyper 2.

The homotopy groups of the right term can be computed via the Tor-spectral sequence of
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[12, Proposition 7.7]

Tor 5 (MGL. . MGL, 7, ,(Z)) = s (MGL Aoy MGL Agar Z)

s, t,w

Since MGL, .,MGL is MGL, ,-free by Lemma 5.15, the spectral sequence is concentrated

on the line s = 0 and collapses at Fjy, giving the isomorphism of comodules

MGL,.(UZ) = MGL, , MGL @er mer(2).

It is well known (for example from [47, Lemma A1.2.2]) that comodules induced from injective
modules are injective as comodules, which shows that MGL, .(UZ) is injective.

Finally, let X € ,Cell”. We want to understand the set of homotopy classes of maps

(X, 25U Z) e, 2 [MGL Aoy X, 25 Z) st

which can be computed by the Universal Coefficient spectral sequence of Theorem 5.8

Extyry  (MGL..(X),7..(2)) =[S "“MGL Acr X, Zlyror:

since both Z and MGL Ao, X live in mCellb. Since 7, .(Z) = I is an injective MGL, ,-
module, the spectral sequence is concentrated on the line s = 0 and collapses at Ey. This

gives the graded isomorphism

HomM—GL*}*(MG’L*,*(X), Tun (B 2)) 2 [MGL Aoy X, 59 Z)grar 22 [ X, 9 U Z] o
Finally, the last isomorphism

Homyrer,  (MGL. (X)), T (S0 7)) Homyez, arer(MGL. . (X), MGL. (3" 7))
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follows by adjunction since M—CU/*7*(Et’WZ) & M—GL*V*M—GL QWET. . Tex(Z0 7). O
This will be our source of motivic Cr-modules whose MG L-homology is injective as a

comodule. We now show that these suffice to resolve any comodule in Chow degree 0.

Lemma 5.22. For any comodule M € MGL. . MCL Comod®™ concentrated in Chow degree 0,

there exists a monomorphism into a comodule which

(1) is concentrated in Chow degree 0,

(2) is of the form MGL, .MGL ez, I for some injective module I € yrer,  Mod™.

Proof. This proof is the standard way of showing that an abelian category has enough injec-

tives, by inducing them from Z-modules (or Zs in our case). Start with the monomorphism

M— [ =Qy/Z (5.6)

xeM\0

of bigraded zg—modules, where the target is an injective Zz-module that is concentrated in

Chow degree 0. By adjointing the above map trough the two adjunctions

m*y*mCOmod :t) mMOd <:Lt> 22].\/.[0(317
we get the monomorphism
M — SNGL, ,MGL @yrar, , Homg (MGL.., [[ Qu/Z») (5.7)

xeM\0

of comodules. The target is injective since both forget functors (which are the left adjoints)
preserve injective maps, i.e., monomorphisms. To see that the map (5.7) is still injective,

observe that postcomposing it with the two counits recovers the injective map (5.6). U

Remark 5.23. We warn the reader that the underlying M GL, .-module of

SFIMGL. . MGL @z, Homg, (MGL.., [[ Qu/Z»)

xeM\0
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is isomorphic to

MGL. . MGL @yar, . || 5" Homg, (MGL...,Qa/Z,)
xeM\0
but not to

[ =“MGL. . MGL ®3ez, . Homg (MGL. ., Qs/Z),

zeM\0
since the forgetful functor from comodules to modules is not a right adjoint and does not
commute with infinite products.
Having enough C'7-modules at hand to handcraft injective resolutions in the category of
M—GL*,*M—GL—comodules, we can now construct an MG L-based Adams-Novikov tower.

Proposition 5.24. Any Y € ¢, Cell’ admits a tower

Y:Y() }/1 }/2‘* )
I I

in o, Cell’ that we call an absolute Adams-Novikov tower for Y, where
(1) each map Yy —> Y,_1 is zero in MG L-homology,
(2) each cofiber I € ¢ Cell” is in the heart and satisfies the conditions of Lemma 5.21.

Moreover, any map f: X —> Y € ¢, Cell’ can be lifted to a map of such towers.
Proof. Since Y € ¢, Cell”, suppose that its homology M GL, .(Y) is concentrated in Chow
degree [a, b], that is

b
MGL,.(Y) = @D MGLyyi s (Y).
k=a

For every k € [a, b], pick a monomorphism

MGLyuiiu(Y) = MG Ly o(S7HY) —> MGL..MGL @31, . Nok
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by Lemma 5.22, for some injective module Ny ;. By Lemma 5.21, one can realize Ny by
some spectrum I, € o-Cell” satisfying all the properties of Lemma 5.21. In particular, the

algebraic map

MGLyo(S7Y) — MGL..MGL @yqr, . Nog = MGL. .(Io)

of comodules can be realized to a C7-linear map X% —— [,;. Denote the product
Iy = [[Z*°Iy 1, combine these maps into a unique map ¥ — I, and denote its fiber by

Y; as in the diagram
Y

Y.

Iy

Since the vertical map is an injection in M G L-homology, the long exact sequence in MGL-
homology shows that Y; —— Y induces the zero map. This implies that Y} is concentrated

in Chow degrees [a — 1,b — 1], so one can just repeat the procedure, producing a tower

Y Y Yy
Iy L

satisfying the desired properties.
To show the second claim, pick a map f: X —> Y € ,Cell>. We may assume that

X and Y have MG L-homology bounded above and below by the same bounds. Denote the
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first step of their tower by

% =1/ "
IO J0>

where [ and Jy are the products constructed above. Applying M G L-homology produces a
diagram of comodules

0 [

MGL..(X) MGL..(Y)

I

which admits a filler ¢g by the universal property of injective objects. Since J; satisfies the

properties of Lemma 5.21, the map ¢q is actually realized by a map gog: [y —> Jp, such

that the square

I, —2 7

commutes up to homotopy. This induces a filler f; as in

X X Xo

9o Y Y] Y,



143

Iterating this process produces the desired map of towers. 0
Every absolute injective tower gives raise to a C7-linear Adams-Novikov spectral se-

quence. In the following theorem, we show in addition that the spectral sequence does not

depend on the resolution, converges strongly, and we identify its Fs term as well as what it

converges to.

Theorem 5.25. For any X,Y € ¢, Cell’ there is a strongly convergent MGL-based Adams-

Nouvikov spectral sequence

Bxtyt ror (MGL W (X), MGL,.(Y)) = [27" X, Yier] o,

with differential

. staw s+rt+(r—1),w
d,: E5tv 5 B

)

where YA

vrar is the MGL-completion of Y. Moreover, this spectral sequence collapses at a

finite page.

Proof. Pick an absolute injective resolution of Y by Proposition 5.24

Y Y1 Ys Y3
Iy ... S 1 , L2
g L oo
d & (5.8)
By the construction of the tower, the cochain complex
MGL,.(Iy) —> MGL,.(2"L) —> - (5.9)

is an (absolute) injective resolution of the comodule MGL, .(Y). Applying the functor

[X, —]cr to the tower (5.8) gives an exact couple that gives the desired Adams-Novikov



144

spectral sequence. We grade the Ej-page as
Eyt =2 X, 550L],
and the d; differential in the tower (5.8) gives the cochain complex
- 1,0 - 2,0
X, Ilor ——> [X, 5000 ——> [X, 500, —> -

The cohomology of this cochain complex gives the Ey-page, which we now identify. Since
I; satisfy the properties of Lemma 5.21, the terms in this cochain complex can be identified
with the terms in the complex obtained from applying Homm*y*m(M—GL*,*(X ),—) to
the injective resolution of (5.9). The differentials agree as well by standard methods [47,
Chapter 2], so the Fy-page is given by

Byt = Extrt o (MGL. o(X), MGL..(Y)).

We will now show that the spectral sequence is strongly convergent under the hypotheses
that X and Y have bounded Chow degree. This is very similar to the argument given in
Theorem 5.8. Suppose that X has Chow degree bounded by [a, b], and Y has Chow degree

bounded by [c, d]. Recall that the Ej-page is given by
Ef’t’w ~ [ X, 200, Homm*’*m(MGL*,* (X)), MGL,F,*(ES’OIS)),

where 3% X is concentrated in Chow degree [a +t — 2w, b+t — 2w]. From the construction
of the tower (5.8) in Proposition 5.24, it follows that ¥%°I; has Chow degree bounded by

[c,d]. In particular, if E5%" = 0, then we must have

tefc—b+2w,d—a+ 2wl.
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By chasing trough the tower, observe that the d, differential has the form

. stw s+rt+(r—1)w
d,: B — > .

In particular it increases ¢ by r—1, and thus it is not possible for both E*%* and petrtrr=he

to be non-zero when r—1 > d—a+2w— (¢— b+ 2w). This implies that the spectral sequence
collapses when r >d —c+b—a+1, i.e., at the Ey .1 ,12-page.

We will now show that the spectral sequence does not depend (from Ey onward) on the
absolute injective resolution. Consider two such resolutions {Y, I} and {Yj, I} for Y. The
identity map id: Y —— Y produces by Proposition 5.24 a map of towers, and in particular
compatible maps gy: [, —> I,. These maps induce a lift of the identity map between the

two injective resolutions as illustrated in the diagram

0 — VGL,.(Y) MGL. .(Iy) — MGL. (I}) —> ---

id

0 —— MGL,.(Y)

The maps M—CU/*7*(gS) are thus unique up to homotopy by the Fundamental Theorem of
Homological Algebra. It follows that they induce an isomorphism on the Es-page, and thus
an isomorphism of spectral sequences by, for example, [7, Theorem 5.3]. We refer to [47,
Section 2.2] for more details.

It remains to identify what is computed by the E.-page. By abstract non-sense, the
FE.-page is the associated graded on some filtration on the set of homotopy classes of maps
(X, )A/]CT, for some Cr-module Y. We will show that Y has the same homotopy groups
as the MGL-completion of Y (in the sense of Bousfield’s [9]), and this will be enough to
identify [X,Y]cr 2 [X,Y2_ e, since X is cellular. To show this, set X = C7. Since

MGL

MGL,.(CT) = MGL,, is free as an MGL, .-module, we can use the canonical cobar
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resolution [47, Definition 2.2.10] for Y in this case. One can apply the same procedure as
we did above to get a map from the canonical cobar resolution to any tower of Y, which
extends the identity map on Y. This gives a homomorphism from the usual (C7-linear)
motivic Adams-Novikov spectral sequence for Y to our Adams-Novikov spectral sequence.
Since this map extends the identity map on Y, one can argue as above to show that this map
induces an isomorphism of spectral sequences and thus a weak equivalence v > YA/}*GL.

Since any cellular C'7-module X can be written in terms of filtered colimits and cofibers of

cells C't, there is an isomorphism

~
= ~

[X7 Yﬁ]cf - [X7 Y]C‘m

showing that our Adams-Novikov spectral sequence computes [ X, YA’}iGL] Cr- 0

Recall that we needed this motivic Adams-Novikov spectral sequence in order to compute
maps [X,Y]c, and not merely maps [X, Y ——|c, into a completion of Y. We thus have to
restrict to those C7-modules that are already complete with respect to MGL. In fact, since
X is cellular, it is sufficient to restrict to those C'T-modules whose completion map induces
an isomorphism on homotopy groups.

Definition 5.26 (7. .-complete). A C7-module Y is called 7, .-complete (with respect to

MGL) if the natural map ¥ —> Y2

Siar 18 a weak equivalence, ie., a 7, -isomorphism.

Denote by ¢,Cell®™ the full co-subcategory of ¢,Cell” spanned by T, ,-complete objects.
Theorem 5.25 immediately implies that the homotopy groups of Y € ,Cell®™" can be

computed via the motivic Adams-Novikov spectral sequence. By passing to filtered colimits

in the first variable we get the following Corollary.

Corollary 5.27. For any X,Y € ¢, Cell®®™, there is a strongly convergent motivic Adams-

Nowvikov spectral sequence

Extit or (MGL..(X), MGL..(Y)) = [£7"X,Y], .
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Moreover, this spectral sequence collapses at a finite page.

The following Corollary is easily deduced from the proof of Theorem 5.25 and from
Corollary 5.27, and will be of great use in what follows.
Corollary 5.28. If XY € ¢, Cell are each concentrated in a single Chow degree, and Y s
T -complete, then there is an isomorphism

[SPX,Y]er & Ext?St  (MGL, (59 X), MGL, .(Y))

MGL..MGL

for any bidegree (t,w).

Proof. We will show that the motivic Adams-Novikov spectral sequence collapses, by using
similar methods to those of Corollary 5.9, with minor changes in indexing. Since both X and
Y are concentrated in a single Chow degree, the end of the proof of Theorem 5.25, together
with the fact that Y is 7, ,-complete shows that the spectral sequence

EX'EM TIAT (MGL*,*<X)7 MGL*,*(Y)) = [Eti&wXu Y] Cr

MGL. .MGL

is concentrated in ¢ = 2w and collapses at the Fy-page. By re-indexing, and since no hidden
extensions are possible for degree reasons, we get the desired isomorphisms

Extoe bt o r(MGL. (X)), MGL..(Y)) = [ X,Y] .

O

Before moving on to endow ¢,Cell®™ with its Chow t-structure, we prove a Lemma
about 7, .-complete C'T-modules that we will need for identifying the heart.
Lemma 5.29. Let Y, be a filtered system in ¢ Cell” such that each Y, is . .-complete.

Then hocolimY,, is also 7, ,-complete.
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Proof. Consider the motivic Adams-Novikov of Theorem 5.25

Ext>H% (MGL..(C1), MGL, .(Y)) = [X"*"C1,Y2 1 Yo

MGL. .MGL MG’L} = Tsw(Yirar)

for Y := hocolimY, and X = C7. Since both C't and Y are in the heart, the spectral
sequence is concentrated in ¢ = 2w and collapses at E5 with no possible hidden extensions
by Corollary 5.28. This gives isomorphisms

Fosct 52200 (MGL..(CT), MGL, .(Y)) = Tow—sw(Yijar

MGL..MGL e rern) (5.10)

for any bidegrees. Since MGL, .(CT) = MGL, . is free over MGL, ., one can use the cobar
complex [47, Corollary A1.2.12] (or [13], [23]) to set-up this motivic Adams-Novikov spectral
sequence. Since the cobar complex is functorial, the Fundamental Theorem of Homological

Algebra shows that the isomorphism
colim MGL, ,(Yy) —» MGL..(Y)

induces an isomorphism

colim Extyrar. grar (MGLy, MGL,.(Ya)) —> Extyer. arar (MGEL.., MGL..(Y)).
(5.11)
Since each Y, is concentrated in Chow degree 0 and is 7, ,-complete, Corollary 5.28 gives
isomorphisms

Eth,Qw )

MGL. . MGL (MGL..(CT), MGL, .(Ya)) = 7ow—sw(Ya) (5.12)

for any bidegree and any «. By combining equations (5.10), (5.11), (5.12) with the fact that
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homotopy groups commute with filtered colimits, we get the desired isomorphism

~

Tow—sw(Y) R T2w—s,w (Y]\//\[GL)

for every bidegree. 0

Remark 5.30. Lemma 5.29 can be generalized to the case where there is a uniform bound
la, b] independent of «, such that each Y, is concentrated in Chow degree [a, b]. In this case,
more care has to be taken for ruling out hidden extensions.
5.3.3 Proof of the t-structure, the heart and the equivalence

This section mimics Section 5.2.2. Some proofs however require different techniques,
such as Landweber’s Filtration Theorem [29] [30]. The goal is to endow ¢,Cell®™ with
a t-structure, identify its heart, and conclude by identifying the subcategory of t-bounded
objects with an algebraic category. As in Section 5.2.2, once the t-structure is in place, the
main result follows by a straightforward application of Proposition 5.2.
Definition 5.31 (Chow degree in ¢, Cell“™"). We say that an object X € ,Cell®™P
is concentrated in Chow degrees [a,b], if it is so when seen in CTCellb, i.e., if its homol-
ogy MGL,.(X) is concentrated in Chow degrees [a,b]. As in Notation 5.5, consider the
subcategories ¢, Cell™P" corCell5)™, - CellZ)™, etc.

These categories sit in a commutative diagram

Cellmp MGlwe —Comod
cr-€ MGL. . MGL ~0mo

inc.[ Iinc'
MGL,

CTCelICOmp7® MGL. *MGLCOI’HOCIEV.

We will first show that the bottom horizontal arrow induces an equivalence

MGL,.: h (cTCellcomp”) — war... g Comod™.
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As in Section 5.2.2, faithfullness is an easy Corollary of the construction of the spectral
sequence.

Corollary 5.32. The functor

Tap: N (cT Cellcompp) > wiar, .mar Comod™

18 fully faithful.
Proof. Pick two objects X,V € ¢,Cell*®™ " Since they are both concentrated in Chow

degree 0 and Y is 7, ,-complete, Corollary 5.28 gives isomorphisms

Extﬁ’gz’fi"m(MGL*7*(X), MGL..(Y)) = [E"X, Y]

for any bidegree (¢,w). The desired isomorphism follows by letting ¢ = w = 0, which

moreover is realized by the edge homomorphism

~

MGL..: [X,Y]., —> Homygr, ez (MGL..(X), MGL..(Y)) .

O

We will now show the essential surjectivity of this functor, proving the equivalence of
categories. This result is proven in a different way than its analogous Proposition 5.10,
since we do not have free resolutions available. We will instead use Landweber’s Filtration
Theorem to realize all finitely presented comodules, and extend the result by filtered colimits.
We start with the following Lemma.

Lemma 5.33. Consider a short exact sequence

0— M L v L — 0 (5.13)

in 3rar. .wicr Comod™. If two of the three comodules are realizable in o Cell“™ | then so
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1s the third.

Proof. Suppose first that M’ = M—GL*,*(X’) and M = M—GL**(X) are realizable. The
algebraic map f’ is also realizable to a homotopy class of maps by Corollary 5.32. Since
o, Cell®™ % is closed under fibers and cofibers, the cofiber of any representative realizes the
comodule M"”. The case where M and M" is similar by taking the fiber of any representative.

Finally suppose that M’ = M—CJZ}*7*(X’) and M" = ]\/[—CJZ}*7*(X”) are realizable. The
short exact sequence (5.13) corresponds to an element in Ext%*’*m(M . M'), which can

be realized by a homotopy class of maps X~ X” —— X’ by Corollary 5.28. The cofiber of

this map realizes M. O

Proposition 5.34. The functor

~

MGL,.: h (CT Cell“’mp’@> — et ez Comod®

s an equivalence of categories.

Proof. Recall from [29] [30] that there are elements v, € MU, with vy = 2, giving the

invariant prime ideals I,, = (vg, ..., v,) < MU.,. Moreover, these elements satisfy the formula
nr(v,) =v, mod I, 4,
and so MU «/ I, is canonically an M U*m -comodule. This gives short exact sequences
0— m*/fn N ]\/JT]*/LL — m*/fn+1 —> 0

of comodules for every n € Ny. Landweber’s Filtration Theorem [29] [30] states that any
comodule M € , ., - Comod whose underlying MU «~-module is finitely presented, can be

reconstructed by finitely many extensions of suspensions of MU/I,,.
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All these results transfer to the category 3757, 77azComod® via the equivalences

wicr. g Comod®™ = |+ Comod®™ =,/ 7 Comod.

In particular, there are invariant prime ideals I, < M GL, , and short exact sequences
0 —> MGL,./I, —> MGL,,/I, —> MGL,,/I,.1 —> 0

of comodules, where the quotients M GL, . /I, are naturally MG L, .M G L-comodules. More-
over, any comodule M € m*y*m(}omodev in Chow degree 0 and whose underlying
M—GL*,*—module is finitely presented, can be constructed in finitely many extensions from
suspensions of various M GL/I,,. Finally, by mimicking the proof of [36, Lemma 2.11], or by
21, Chapter 1], any MGL, MG L-comodule in Chow degree 0 can be written as a filtered
colimit of finitely presented ones.

Pick now an arbitrary M € 757, .a7pComod®. By the above discussion, this can be
written as a filtered colimit M = colim M,, where each M, € 35z, . a7gz Comod® is finitely
presented as an MGL, ,-module. Since MGL, .(C7) & MGL,, is realizable, Lemma 5.33
shows that every quotient MGL/I, can be realized in orCell®™ ¥ Another application
of Lemma 5.33 shows that one can realize M, 2 MGL,.(X,) by X, € o Cell™ ¥ By
Corollary 5.32, one can realize the whole filtered system {M,} to a filtered system {X,}.
The colimit X := hocolim X, realizes M since M—GLM commutes with filtered colimits.
Moreover, since the X, are all concentrated in Chow degree 0, Lemma 5.29 shows that
X € CTCellcomp’O. This shows that the functor M—GL**(—) is essentially surjective, and

that it is an equivalence of categories by combining this with Corollary 5.32. U

We will now show that the Chow degree induces a t-structure on the category ¢, Cell“™P.
The following Lemma is the analogue of Lemma 5.11.

Lemma 5.35. Given X € ¢, Celll]™ and Y € ¢, CellZ]™, the group of homotopy classes
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of degree (0,0) can be computed algebraically by
HomMGL*,*MGL(MGL*,*(X)a MGL,.(Y)) = [X,Y]c.

Proof. The proof of Theorem 5.25 shows that for X in non-negative degrees and Y in non-
positive degrees, the Ey-page of the motivic Adams-Novikov spectral sequence

B = Bty o (WOL...(X), TIGL...(Y)

is concentrated in degrees 2t —w < 0 and s > 0. We are interested in understanding [ X, Y]c,
which is assembled from E%"* with t —s = 0 and w = 0. These conditions imply that w =0

and that s =t > 0, and thus that [X,Y]c, is a (possibly iterated) subquotient of
By = Homyrer, aar(MGL, .(X), MGL. .(Y)).

Recall that the d,-differential has the form E'* -, Estrttr=lw  There are thus no
possible differentials entering £%%° since the homological degree has to be non-negative, and
the only possible differential exiting E%*? is a d; since t — 2w < 0 implies that we must have
r —1 < 0. However, we are already at the Fy-page and thus ES’O’O survives to the E.-page

giving the isomorphism

Homyrer, srer(MG L. (X), MGL, .(Y)) = [X, Y]

We can finally show that the category o,.Cell®“™ admits a t-structure.
Theorem 5.36 (t-structure on ¢, Cell®™). The pair of subcategories (¢ CellSy™, o CellZ)™)

defines a t-structure on ¢, Cell™ whose heart is given by the equivalence

~

MGL,.: h (CT Cell“’m”’@) — srcz. 3oz Comod®.
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Proof. There are three axioms to show for the t-structure, and we have already identified
the heart in Proposition 5.34. The proof is very similar to that of Proposition 5.12, which
we refer to for more details.

For the first axiom, consider objects X € ¢-CellSy™ and Y € ¢.CellZ;™. One shows
that [X,Y]cr = 0 as in Proposition 5.12 by using Lemma 5.35 instead of Lemma 5.11.

The second axiom requires that if X € ¢,CellZy™, then YOX e c-CellZT™. This is
clear from the definition of these subcategories.

Finally, for any spectrum X € ,Cell®™" the last axiom asks for a fiber sequence
Xso—> X — X

with X>o € ¢-Cell5)™ and X € ¢,CellZ)™. This is again shown as in Proposition 5.12,
by using Proposition 5.34 and Lemma 5.35 instead of Proposition 5.10 and Lemma 5.11. [J

We can now state and prove the main result of this chapter.

Theorem 5.37. There is a t-exact equivalence of co-categories
Db(m* MGL Comode”) —:> Cr Cell®™.

Proof. The proof is very similar to the proof Theorem 5.13. We need to check the con-
ditions of Proposition 5.2 for the t-structure on o,Cell®™P. It is clearly right-bounded
(even bounded), and its heart has enough injectives by Proposition 5.34 since comodule cat-
egories have enough injectives. It remains to show that for objects X,V € ¢, Cell™
with MGL,.(Y) an injective MGL,,MGL-comodule, there are no non-trivial maps in
(X, 249 ], for any ¢ > 0. We will use the motivic Adams-Novikov spectral sequence of
Corollary 5.27

Extirt o (MGL, .(X), MGL, .(Y)) = [Z7°"X, Y],

MGL. .MGL
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and we are interested in the case t — s = —i and w = 0. Since M—GL**(Y) is an injective
M—GL*,*M—GL—comodule, the spectral sequence collapses at Fy and is concentrated on the
line s = 0, and thus ¢t = —i. Moreover, since both X and Y are concentrated in Chow degree
0, it is clear from the proof of Theorem 5.25 that the Es-page is concentrated in degrees
t — 2w = 0, and thus ¢ = 0. It follows that in weight 0, there are only maps of bidegree

(0,0), and thus [X,3*°Y]s, = 0 for i > 0. O

Corollary 5.38. There is a t-exact equivalence of oco-categories

DY, 55y Comod) —> ¢, Cell™,

where MU denotes the 2-completion of the complex cobordism spectrum MU .

Proof. This follows from the equivalence of abelian categories

ev ~~v _ ev ~v _
wer. repComod™ =y s Comod™ = ) 7 Comod.
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Consider the Tate twist 7 € H%'(S%?) in the mod 2 cohomology of the motivic sphere.
After 2-completion, the motivic Adams spectral sequence realizes this element as a map
7:8%71 —» SO0 This thesis begins with the study of its cofiber, that we denote by C.

We first show that this motivic 2-cell complex can be endowed with a unique F., ring
structure. This promotes the known isomorphism 7, .CT = Extgp gp(BP., BP,) to an
isomorphism of rings which also preserves higher products.

This structure allows us to consider its closed symmetric monoidal category of modules
(c-Mod, — A¢r —), which happens to live in the kernel of Betti realization. This category
has surprising applications, and moreover contains many interesting motivic spectra. In
particular, we construct exotic motivic fields K (w,,), detecting motivic w,-periodicity. This
theory of motivic w,-periodicity can be roughly seen as perpendicular to the v,-periodicity
story, detected by the motivic Morava K-theories K (n).

Finally, we also explain why the category ¢ Mod is so computable. The above isomor-
phism comes in a more structured version. In work that is joint with Zhouli Xu and Guozhen

Wang, we show that there is an equivalence of co-categories

D’ (3rer. arerComod®) ——> ¢ Cell™™

jeomp

between an algebraic category, and the subcategory ¢,Cel of cellular C'T-modules that

are complete with respect to a version of the algebraic cobordism spectrum MGL.
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