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Substituting the values of 2A and 3A into (4.15) 

results in: 
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Similarly the fourth moment can be determined 
from (4.10) as: 
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(4.18) 

Repeated use of (4.18) on the function 4μ′  gives: 
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Repeated use of (4.11), (4.12), and (4.14) 
recursively on the functions 1μ′ , 2μ′  and 3μ′  

respectively with simplifications results in: 
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The moments about the origin can be easily 
verified for the negative-binomial distribution 
when 02 =θ . Further, central moments can be 
obtained from the moments about origin, thus 
resulting in the variance: 
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The third and fourth central moments are 
coming in messy forms and are not shown here. 
 
Relation with other distributions. 

Theorem 5.1: Let X = a quasi-negative-
binomial variate with parameters ),,( 21 θθa . If 

∞→a  such that αθ =1a  and λθ =2a  show 
that X tends to generalized Poisson distribution 
with parameters ),( λα . 

 
Proof: 
The QNBD can be expressed as: 
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Taking limit ∞→a , such that αθ =1a  and 

λθ =2a  results in a generalized Poisson 

distribution with parameters ),( λα as defined 
by Consul & Jain (1973). 
 

Theorem 5.2: Let X = a quasi-negative-
binomial variate with parameters ),,( 21 θθa . If 

∞→a  such that αλ =−1a , show that X tends 
to the Borel-Tanner distribution. 
 
Proof: 
Stating (5.1) as: 
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Shifting the support of x from 0 to r, that is, 

rxx −=  , results in: 
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Taking the limit ∞→a  in such a way so 

αλ =−1a  results in the Borel-Tanner 
distribution  
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−
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Theorem 5.3: Let X = a quasi-negative-
binomial variate with parameters ),,( 21 θθa . 
Show that zero-truncated quasi-negative-
binomial distribution tends to quasi-logarithmic 
series distribution as 0→a . 
 
Proof: 
The zero-truncated quasi-negative-binomial 
distribution is 



HASSAN & BILAL 

625 
 

1

1
1 1 2

1 1 2

( )
( )  

( ) ( 1)

( )
,

[1 (1 ) ](1 )

1,2,.....

x

a a x

a xP x
a x

x
x

x

θ θ θ
θ θ θ

−

− +

Γ +=
Γ Γ +

+
− + + +

=  
(5.2) 

 
Writing: 
 

1

1

2 3
1 1

( ) 1 (1 )

( 1)
1 (1

2!( )
( 1)( 2)

...
3!

aa

a aa
a

a a a

θ

θ

θ θ

− Γ − + = 
+ − − + 

Γ  
+ + − +  

 

2
1 1

3
1

( 1)
(

2!( 1)
( 1)( 2)

......)
3!

a

a
a a

θ θ

θ

+ − − + 
= Γ +  

+ + 
  

       (5.3) 

 
Substituting the value from (5.3) into (5.2) and 
taking limit 0→a  the quasi-logarithmic series 
distribution is obtained: 
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Theorem 5.4: If 1X and 2X  are two 
independent quasi-negative-binomial variates 
with parameters ),,( 211 θθn  and ),,( 212 θθn , 
respectively, then the conditional probability of

1X , given nXX =+ 21 , gives a 
hypergeometric-QNBD. 
 
Proof: 

Because 1X and 2X  are two 
independent quasi-negative-binomial variates, 
the conditional probability 
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Thus resulting in a new distribution, here called 
the hypergeometric QNBD. This probability 
distribution reduces to the classical 
hypergeometric distribution on 02 =θ . 
 
Some characterization. 

A number of complex distributions can be 
reduced to the simpler form QNBD as shown in 
the following theorems. 
 

Theorem: 6.1. If X is a quasi-inverse 
Polya variate with parameters (n, a, b, t), and if 

∞→b such that 1
1 λ=−ab  and 2

1 λ=−tb  
show that X approaches to quasi-negative-
binomial variate. 
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Proof: 
If X is a quasi-inverse Polya variate with 

parameters (n, a, b, t), then its probability mass 
function is: 
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which can be rewritten as: 
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Taking limit ∞→b  such that 1
1 λ=−ab  and 

2
1 λ=−tb  results in: 
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Incorporating 1
211 )1( −+= λλθ n  and 

1
222 )1( −+= λλθ n , the QNBD (2.4) is 

obtained. 
Theorem 6.2: If X is a generalized 

negative Polya-Eggenberger variate with 
parameters ),,,( γαβn , and if ∞→β  such 

that 1
1 λβ =−n  and 2

1 λγβ =−  show that X 
approaches to quasi-negative-binomial variate. 
 
Proof: 
The generalized negative Polya-Eggenberger 
distribution with parameters ),,,( γαβn  is: 
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On substituting this value into (6.1) and taking 

the limit ∞→β , such that 1
1 λβ =−n  and 

2
1 λγβ =−  results in: 
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Taking 1
211

−= λλθ  and 1
22

−= λθ  QNBD 
(2.4) is obtained. 

Theorem 6.3: If X is a quasi-inverse 
hypergeometric variate with parameters (n, a, b, 

t), and if ∞→b  such that 1
1 λ=−ab  and 

2
1 λ=−tb , show that X approaches to quasi-

negative-binomial variate. 
 
Proof: 
If X is a quasi-inverse hypergeometric variate 
with parameters (n, a, b, t) then its probability 
mass function is: 
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Restating this as 
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and taking limit ∞→b , such that 1
1 λ=−ab

and 2
1 λ=−tb  the equation reduces to: 
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Taking 1
211 )1( −+= λλθ n  and 

1
222 )1( −+= λλθ n , the QNBD (2.4) is 

obtained. 
Theorem 6.4: If 1X and 2X  are two 
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and 2X  are two independent quasi-negative-

binomial variates with parameters ),,( 211 θθn
and ),,( 212 θθn respectively. 
 
Proof: 
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Dividing (6.2) by (6.3) results in: 
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which gives a recurrence relation 
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Repeated use of the equation above gives: 
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This is a quasi-negative-binomial distribution 
with parameters ),,( 212 θθn . Similarly it can 

be shown that )(xf  also represents a quasi-
negative-binomial distribution with parameters

),,( 211 θθn . 
 
Goodness of Fit 

Due to its complicated likelihood 
function, the maximum likelihood estimate of 
the parameters of the proposed distribution are 
not straightforward and require some iterative 
procedure such as Fisher’s scoring method or the 
Newton-Rampson method for their solution. R-
software provides one such solution. In R-
software there exists the function nlm, which 
minimizes the negative log-likelihood function 
or equivalently maximizes the log likelihood 
function for estimating the parameters of the 
distribution by adopting the Newton-Rampson 
iterative procedure. A random start procedure is 
employed, that is, for a set of random starting 
points, the function nlm searches recursively 
until global maxima is reached. To verify that 
the global maximum has been found the gradient 
should be equal to zero. The closer the value of 
the random starting points to the ML estimate, 
the lesser number of iterations will be required 
to obtain the global maximum. 

Two data sets examine the fitting of the 
proposed model and compare it with the 
negative binomial distribution and generalized 
negative binomial distribution defined by Jain & 
Consul (1971). A computer program was 
developed using R-software to estimate the 
parameters of the distribution by using the nlm 
function. The ML estimates of the parameters so 
obtained are shown at the bottom of the tables. It 
is evident from tables 4.1 and 4.2 that, in all 
cases, the Chi-square values of the proposed 
model give the best fit as compared to other 
distributions. 
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Table 4.1: Absenteeism among shift-workers in steel industry; data from Arbous & Sichel, 1954 

Count 
Observed 
Frequency 

Expected Frequencies 

NBD 
GNBD Jain & 

Consul’s (1971) 
QNBD Proposed 

Model 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

25-48 

7 
16 
23 
20 
23 
24 
12 
13 
09 
09 
08 
10 
08 
07 
02 
12 
03 
05 
04 
02 
02 
05 
05 
02 
01 
16 

12.02 
16.16 
17.77 
18.08 
17.65 
16.80 
15.72 
14.52 
13.28 
12.06 
10.89 
09.78 
08.75 
07.80 
06.93 
06.14 
05.43 
04.79 
04.22 
03.17 
03.23 
02.86 
02.50 
02.91 
01.91 
12.77 

10.51 
17.45 
20.38 
20.80 
19.88 
18.34 
16.56 
14.78 
13.08 
11.53 
10.13 
08.89 
07.79 
16.83 
05.99 
05.26 
04.61 
04.05 
03.56 
03.14 
02.76 
02.43 
02.15 
01.90 
01.68 
13.50 

10.47 
16.05 
18.55 
19.19 
18.72 
17.63 
16.24 
14.74 
13.23 
11.80 
10.46 
9.25 
8.15 
7.18 
6.31 
5.55 
4.88 
4.30 
3.79 
3.34 
2.94 
2.60 
2.30 
2.04 
1.81 
16.48 

TOTAL 248 248 248 248 

ML 
Estimate 

 
p=0.854 
n=1.576 

 

p=0.00010775 
β =5978.5288 

n=29337.08391 

2.0034559=a  
 3.8528528 1 =θ  

0.06097762 =θ  

χ2 
d.f. 

 
14.92 

17 
27.79 

16 
11.18 

16 
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