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Some root invariants and Steenrod operations in
EXtA(FQ, FQ)

ROBERT R. BRUNER

ABSTRACT. We give the results of computations of root invariants in Ext
over the Steenrod algebra through the 25-stem, with partial information
through the 45-stem. This allows the computation of some new Steenrod
operations as well.

These calculations were started to provide evidence for or against the algebraic
Bredon-Loffler conjecture. This is the conjecture that

ni s BExt%t (Fy, Fy) — Ext' (SL_g, Fy)

is a monomorphism for 0 < t — s < k/2. Here L is the Laurent series ring
Fy[z,x~1] with its usual Steenrod algebra action, L_j, is the submodule of L
consisting of those elements whose degree is greater than or equal to —k, and
Mk : LL_, — Fy is the nonzero homomorphism. The calculations of 7} showed
[5] that the conjecture holds for k < 55. With those calculations in hand, we
needed only calculate the homomorphisms

it Ext (2R, Fy) — Ext5 (L, Fy)

induced by the projections onto the bottom dimensions, iz, : SL_j — S1FF,,
to calculate all the root invariants through the 25 stem, and about half of those
in the 26 through 45 stems. This extends the calculations of Mahowald and Shick
[7], who found all the root invariants through the 16 stem. Our calculations were
done by first using the programs described in [1, 2] to compute resolutions of the
modules L_; and the chain maps induced by 7, and ix. We then used MAGMA
to compute the induced maps of Ext and the root invariants. A calculation of
Ext A (Fy, Fy) for s < 40 and t < 140 with complete information on the product
structure was calculated in the same manner: using MAGMA to process the
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output of the minimal resolution programs [1, 2]. A preliminary version of this
can be found in [3], where the notation for elements of Ext 4 (F5, F») used here is
defined. Charts showing the results of the Ext calculations (but not the induced
homomorphisms) can be found at http://www.math.wayne.edu/ rrb/cohom.

By [6, Proposition 2.5], we may conclude that Sq¢°(x) € R(z) when |Sq°(x)| =
|R(x)], that is, if Kk = n + s 4+ 1. This allows us to use the calculations here to
determine a number of Steenrod operations.

THEOREM 1. In the cohomology of the mod 2 Steenrod algebra
(i) S¢°(Phy) = hag

(iV Sqo ’L) = hQC
hohsn + eh3Ds, where € € {0,1}
(vi) Sq¢°(q) = h2Q3

These are the Sq"’s which are not ‘tautologous’. In addition, we have 12
more which allow us to identify, in the resolution produced by the machine, the
elements named. That is, we know by definition that e; = S¢°(eg), for example.
However, we have no way a priori to determine which of two elements in the 38
stem is e; since we have no general mechanical method of computing Steenrod
operations. Thus, the root invariant is quite useful, in that it unambiguously
identifies e; for us. The elements identified in this manner are ny, pi, e1, e, fi1,
and fo. We also determine m; and ¢; up to Fy indeterminacy.

Finally, note that the root invariant R(h3g) = ry shows that the Strong Alge-
braic Bredon-Lofller Conjecture in [4] must have its (¢t — s)-intercept decreased
by at least 3. This is an inessential modification, as the key observation in these
calculations supporting the conjecture is the slope -1/2.

CONJECTURE 2. ( Strong Algebraic Bredon-Léffler Conjecture) The map nj;
is a monomorphism if

s<(k—n-—3)/2.

KEY TO THE TABLES: Each row in the table lists the filtration s and stem n of
an element x € Ext 4 (Fy, Fy), its root invariant R(x), the dimension & of the cell
on which it occurs, whether Sq°(z) € R(x), and a basis for the indeterminacy
in R(z). The root invariant R(z) is in the n + k — 1 stem. By [6, Proposition
2.5], we may test whether or not Sq¢°(x) € R(z) by checking whether or not
|Sq°(z)| = |R(x)|, that is, k = n + s + 1.



SOME ROOT INVARIANTS AND STEENROD OPERATIONS IN Ext(F», F»)

ks n =z R(x) Sq° € R(x)? Indeterminacy
2 1 0 ho hl yes
3 2 0 A3 h? yes
4 3 0 A} h&hs yes
8 4 0 hd hihs no
10 5 0 hj Phy no
11 6 0 hg hlphl no
12 7 0 h h3Phs no
16 8 0 A hihy no
18 9 0 A P?hy no
19 10 O h(l)o h1P2h1 no
20 11 0 A}t h3P?hs no
24 12 0 hl? h3i no
26 13 0 A P3hy no
27 14 0 At hyP3hy no
28 15 0 A h3P3hy no
32 16 0 A hidhs no
34 17 0 WY Phy no
35 18 0 hés h1P4h1 no
36 19 0 A h3P*hy no
3 1 1 M~ ho yes
5 2 2 h3 yes
5 1 3 hg h3 yes
6 2 3 hohg hlhg yes
7 3 3 hiha h2hs yes
9 2 6 h3 h3 yes
9 1 7 hg h4 yes
10 2 7 hohg h1h4 yes
11 3 7 hd3hs  hihg yes
12 4 7 h%hg h%h2h4 yes
11 2 8 h1h3 h2h4 yes
12 3 8 ¢ c1 yes
13 3 9 hihg h3hy yes
14 4 9 hg haocq yes
15 5 9 Ph hag yes
21 6 10 hyPhy r no
20 5 11 Phy h3h3 no
22 6 11 hophg q no
23 7 11 hiPhy hiq no
17 2 14 h3 h3 yes
18 3 14 hohi  hh3 yes
19 4 14 dy dq yes
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E s n =z R(z) Sq" € R(x)? Indeterminacy
20 5 14 hodo hop yes

25 6 14 h3dp Y no hix
17 1 15 hy hs yes

18 2 15 h0h4 h1h5 yes

19 3 15 h2hy  h2hs yes

20 4 15 h3hy  h2hohs yes

21 5 15 h1d0 h2d1 yes

24 5 15 hgh;; hghg,hg) no

26 6 15 h8h4 h5Ph1 no h(z)fl
27 7 15 h8h4 h1h5Ph1 no

28 8 15 hgh4 h8h5ph2 no

19 2 16 h1h4 h2h5 yes

23 6 16 h3dg hiz yes

24 7 16 Pcy hiy yes

21 3 17 h3hy h3hs yes

22 4 17 e ey yes

23 5 17 hoeo h1€1 yes

24 6 17 h%eo h%fl yes

31 7 17 hgeo h%h5d0 no

30 8 17 hiPc¢y N no

32 9 17 P2h1 h1h5PCO no

21 2 18 h2h4 h3h5 yes

22 3 18 h0h2h4 h1h3h5 yes

23 4 18 fo f1 yes

23 4 18 h%h2h4 h%h3h5 yes

24 5 18 hof() thQ yes

37 10 18 hyP?h; Ry no h3hsi
23 3 19 ¢ Co yes

35 9 19 P2%hy hsPdy no

36 10 19 hoP%hy h3hsi no

39 11 19 h%chQ thl no

25 4 20 ¢ g2 yes

26 5 20 hog h1g2 yes

28 6 20 h%g hohags no

25 3 21 h3hy h3hs yes

27 5 21 hyg haogo yes

27 4 22 h201 h302 yes

31 8 22 Pdy gdy yes

36 9 22 hopdo h%QQ no

41 10 22 h%Pdo T10,27 no 210,28, h1X1
28 4 23 hycy hsct yes
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k s n =z R(z) Sq" € R(x)? Indeterminacy
29 5 23 haog h3g2 yes

30 6 23 hohgg hlhggg yes

31 7 23 1 hoC yes

36 8 23 hot h3 Do no

389 23 hi h3Bs no

40 9 23 hZi+hPdy hih? 1o

42 10 23 h%l 210,32 no h%thQ
43 11 23 hél h1$10’32 no hoBQg
44 12 23 R h2P D, 1o

30 5 24 h1h400 h2h561 yes

43 10 24 h3Pdy Bs + PD, no

44 11 24 P260 11,35 + h%$9’40 no

38 8 25 Pey 8,32 + T8, 33 no

39 9 25 hoP@o h1$8732 no h(2)$7,33, hghﬁ
40 10 25 hgp(io h%thQ no

45 11 25 theo th5 no hoPA
46 12 25 h1P260 h2$11735 no

47 13 25 P3h1 T13,34 no x13,35
41 6 26 h%g 1 no

36 7 26 j ho A’ no

39 8 26 hoj h3Q2 no hoha A, h3A”
40 9 26 h%] h%thg no

51 13 27 P3hy eoBy no hix7 57
41 8 28 d% GQl no hoth/
42 9 28 hod% h1G21 no h0h21'7740
44 10 28 hgd% hothQl no

31 7T 29 k hahsn yes hsDq
40 8 29 hok hoth/ no

43 9 29 hgk hQGQl no

33 2 30 A2 h2 ves

34 3 30 hoh? hih2 yes

35 4 30 h2h3 h2h32 yes

36 5 30 h3n2 h2hyh? yes

37 6 30 r r1 yes

39 7 30 hor h3H, + hs A’/ no

41 8 30 h(Q)’I“ h33§‘7’33 no

449 30 hdr h3hy Do no

49 10 30 hgr P2h2 no e A’
50 11 30 hjr hy P%h2 no

51 12 30 P2d0 T12,44 no

33 1 31 hs he yes
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k s n =z R(z) Sq° € R(x)? Indeterminacy
34 2 31 h0h5 hlhﬁ yes

35 3 31 h2hs  h2hg yes

35 3 31 hih3? hoh? yes

36 4 31 h3hs  h2hohg yes

37 5 31 n n1 yes

40 5 31 hihs  h3hshg 1o

42 6 31 h3hs  hgPh 1o

43 7 31 h8h5 h1h6Ph1 no h%Qg
40 8 31 doeo h3.’1?7’33 yes

44 8 31 Rlhs  h2hePhs 1o

45 9 31 h()doeo h3G21 no h(2)1‘7)53
48 9 31 h(s)h5 h8h4h6 no

46 10 31 hgdoeo h0$9751 no

50 10 31 h8h5 h6P2h1 no

51 11 31 h(lJOh5 hl h6P2h1 no hogA/
35 2 32 h1h5 h2h6 yes

37 4 32 dl dg yes

39 6 32 q h2Q3 yes

40 7 32 1 hol‘6747 yes

43 8 32 hyl 8,51 1o h2hePhsy
44 9 32 h%l h%l‘7753 no

37 3 33 hihs h3he yes

38 4 33 p p1 yes

39 5 33 hop hip1 yes

45 7 33 hyq 7,57 no hix6.53, h3hedo
37 2 34 h2h5 h3h6 yes

38 3 34 h0h2h5 h1h3h6 yes

39 4 34 hgh2h5 h%hghﬁ yes

41 6 34 han hsnq yes hePhs
43 8 34 dyg hiz7 53 yes h8x6,53
44 9 34 hodog  h3ma yes

48 11 34 Pj hogA’ no

41 5 35 h2d1 h3d2 yes

43 7 35 m mq yes h%hﬁdo
4 8 35 hogm hgtl yes

47 9 35 h%m h3$8’51 no

43 6 36 t tl yes h3h4h6
41 3 37 hihs h3hg yes

43 5 37 «=x T1 yes

44 6 37 hox h3es yes

45 7 37 hlt hgtl yes
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ks n =z R(x) Sq° € R(z)? Indeterminacy
46 7 37 h%x hohox1 no
46 8 37 epg €192 yes
48 8 37 hix h f2 no
41 2 38 h3h5 h4 hﬁ yes
42 3 38 h0h3h5 hl h4h6 yes
43 4 38 h%h3h5 h§h4h6 yes
43 4 38 e1 €9 yes
44 5 38 h8h3h5 h%hghz,{hﬁ yes
45 6 38 hl x hz T yes
45 6 38 y hsQ3 + hoxy yes
46 7 38 hoy hl h4Q3 yes h%h(;g
48 8 38 hiy h3cs no
43 3 39 h1h3h5 h2h4h6 yes
44 4 39 h5 Co h661 yes
45 5 39 hl €1 hg €2 yes
49 7 39 hyy T7.74 no
45 4 40 h%h3h5 h%h4h6 yes
45 4 40 fl f2 yes
46 5 40 hOfl hl f2 yes
46 5 40 hl h5C0 hg hGCl yes
47 6 40 h%fl h% f2 yes
47 6 40 h5Ph1 hghgg yes
45 3 41 ¢ c3 yes
46 4 41 hgeo hics yes
47 5 41 h3co h2cs yes
49 4 44 go gs yes
49 3 45 h§h5 hi hﬁ yes
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