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Abstract. This paper studies the impulse control of a general Markov process under the average
(or ergodic) cost when the impulse instants are restricted to be the arrival times of an exogenous
process, and this restriction is referred to as a constraint. A detailed setting is described, a charac-
terization of the optimal cost is obtained as a solution of an HJB equation, and an optimal impulse
control is identified.
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1. Introduction. Since the introduction of impulse control problems by Ben-
soussan and Lions in the seventies, many studies have been devoted to various aspects,
both theoretical and applied, of this subject (see the references in Bensoussan and
Lions [6], Bensoussan [2], Davis [10]). Several of these studies cover the case of the
long term average cost or ergodic control (e.g., see Gatarek and Stettner [14] and
the references therein). In these works, the impulse control is a sequence of stopping
times and random variables acting on the state z; of the system, and the stopping
times can be arbitrary.

In the present paper, we address the ergodic impulse control when the stopping
times must satisfy a constraint, namely, the impulses are allowed only at the jump
times of a given process y;, these times representing the arrival of a signal. This
type of constraint has been treated in [30] for the case of a discounted cost, using
results on the optimal stopping problem with constraints of [29] (which generalizes
the results of Dupuis and Wang [11]). To the best of our knowledge, there are only
a few references related to impulse control with constraint: Brémaud [7], Liang [24],
Liang and Wei [25], and Wang [39]. A different kind of constraint is considered
in Costa, Dufour, and Piunovskiy [8], where the constraints are written as infinite-
horizon expected discounted costs. Nevertheless, we are not aware of any references
in the case of ergodic impulse control with constraint.

In many cases of optimal control, the ergodic control problem is treated via the
asymptotic behavior of the discounted problem, often called the vanishing discount
approach (e.g., see Bensoussan [3], Gatarek and Stettner [14]). We could use this
method for the present problem in the situation where the set of admissible impulses
I' is independent of the state x; however, it seems more difficult to do the same with
I'(z). Here, we use a direct approach, based on the study of the ergodic HIB equation.
As for the discounted cost, an auxiliary ergodic control problem in discrete time is
the basis to solve the original problem. The main results concern the solution of the
ergodic HJB equation(s) and the existence of an optimal control.
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The content of the paper is as follows: section 2 includes the statement of the
problem, notations, and assumptions; section 3 is devoted to the heuristic derivation
of the HJB equations which are solved in section 4; section 5 shows the existence
of an optimal control and the characterization of the optimal ergodic cost; section 6
discusses a few extensions.

2. Statement of the problem.

2.1. The uncontrolled process. Let {Q, F, F, (z¢,yt), Py} be a homogeneous
Markov process on Q = D(R™T; E x R™), where F; is the universal completion of the
canonical o-algebras and E;, denotes the expectation with respect to P,. The x;
component is the process to be controlled by impulses. The y; component will define
the constraint on the controls, namely, the controller may apply an impulse on z; only
at the jumps times of y;. These jump times represent the arrival times of a signal
and, actually, y; is the elapsed time since the last arrival of a signal. It is assumed
that

e F is a compact metric space;
(2.1) e 1, is a Feller process with semigroup ®(¢)

and infinitesimal generator A,,

so that ®(t) is a continuous semigroup on the space C(E) of real-valued continuous
functions on F;
e y; is a process with values in R™, which jumps at times

T1,T2,...,Tn — 00, and such that

Yr, =0, y=t—71, for 7, <t <7py1, n>1,
(2.2) and, conditionally to x, the intervals

between jumps 1), = T,+1 — T, are

independent identically distributed random

variables with intensity A(x,y); see [29, 30].
It is also assumed that

e \(z,y) is a nonnegative, continuous, and bounded function
(2.3) defined on E x R* and there exist positive constants,
0 < a; < ag, such that a; <Ego{m} < as.

For z given, one could consider that the infinitesimal generator of y; is

Ayg = g—z + Mz, ) [9(0) — g(y)]

for smooth functions g on RT.
We will assume that the weak infinitesimal generator of (z¢,y:) in Cp(E X RT) is

@4)  Awg(ry) = Auglay) + g—g<x,y> Az, 9)lg(x.0) — glz. )]

In addition, we make the following assumption! for z;: if B(E) denotes the Borel

1(2.6) is sometimes called “Doeblin’s condition.”
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o-algebra of E, and

(2.5) it P(z,U)=Eyly(z,) VU € B(E), then
there exists a positive measure m on E such that
(2.6) 0<m(F)<1 and P(z,U)>m(U) VU € B(E).

Remark 2.1. (a) We have

Ego{m} = Ewo{ /OOO tA (x4, t) exp <— /Ot Az, s)ds> dt},

so the condition E,o{7 } < a9 is satisfied if, for instance, A(z,y) > ko > 0 for y > yo,
x € E, then as = yo + 1/ko. Also if M(z,y) < k1 < oo for every y > 0, and = € E,
then EIO{Tl} > a1 = 1//€1

(b) Note that

@7 P@U) = Emo{ /OOO Moo t) exp < _ /Ot s, s)ds) ]lU(xt)dt}.

With (2.7) and assuming the same property A as in (a) above, one can check that
(2.6) is satisfied when the transition probability of x; has a density with respect to a
probability on E satisfying for every € > 0 there exists k(¢) such that

(2.8) p(x,t,2') > k(e) >0on E X [g,00[xE.

This is the case, for instance, for periodic diffusion processes (see Bensoussan [3]), and
for reflected diffusion processes with jumps; see Garroni and Menaldi [12, 13] (which
is also valid for reflected diffusion processes without jumps). 0

2.2. Assumptions on costs and impulse values. It is assumed that there
are a running cost f(z,y) and a cost of impulse c¢(z, §) satisfying
(2.9) f:ExR" = R" bounded and continuous,
' c: Ex E —[cy,+00], ¢o >0, bounded and continuous.

Moreover, for any « € E, the possible impulses must be in
@)= {6 € E: (2,6 €T},
where I' is a given analytic set in £ x E,
with the following properties:
(2.10) o I'(z)#£0VzeE,
o Vrxe EVEeTl(x), I'(€) CT'(x),
o Vze EVEeTl(x) V¢ eT(€) C (),
o(,6) + c(&,€) > c(a, €).
Finally, defining the operator M

(211) Mo(a) = _inf {c(x.€) +9(9)}.

it is assumed that
M maps C(E) into C(F), and

(2.12) there exists a measurable selector &(z) = &(z, g)
realizing the infimum in Mg(x) Vg € C(E).
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Remark 2.2. (a) The last property in (2.10) implies that it is not optimal to make
simultaneous impulses. (b) Equation (2.12) needs some regularity property of T'(x):
e.g., see Davis [10]. (c) It is possible (but not necessary) that z belongs to I'(z),
actually, even I'(z) = E for some or every z is allowed. However, an impulse occurs
when the system moves from a state z to another state £ # z, i.e., it suffices to avoid
(or not to allow) impulses that moves x to itself, since they have a higher cost. O

2.3. The controlled process. We briefly describe the controlled process. For
a detailed construction we refer to Bensoussan and Lions [6] (see also Davis [10],
Lepeltier and Marchal [23], Robin [35], Stettner [37]).

Let us consider Q° = [D(Rt; ExR1)]°, and define FY = F; and F;'™! = FroF;
for n > 0, where F; is the universal completion of the canonical filtration as previously.

An arbitrary impulse control v (not necessarily admissible at this stage) is a
sequence (0,,&,)n>1, where 6, is a stopping time of .7-}"_1, 0, > 0,_1, and the
impulse &, is a .7-'5;‘1 measurable random variable with values in E.

The coordinate in Q° has the form (z¥,y?,z;,yt,..., 2, y?,...), and for any
impulse control v there exists a probability Py, on 0> such that the evolution of
the controlled process (x,yY) is given by the coordinates (z%,y;*) of Q°° when 6,, <
t < Opt1, n > 0 (setting 6o = 0), e, (2f,y;) = (27,y]) for 6, < t < Opiq.
Note that clearly (x%,yY) is defined for any ¢t > 0, but (z%,y!) is only used for any
t > 6;, and (xi)?l,yé?l) is the state at time 6; just before the impulse (or jump) to
(€, y}{l) = (x},yp.), as long as #; < co. For the sake of simplicity, we will not always
indicate, in the following, the dependency of (x¥,yY) with respect to v. A Markov
impulse control v is identified by a closed subset S of E x RT and a Borel measurable
function (z,y) — &(z,y) from S into C' = E x RT \ S, with the following meaning:
intervene only when the the process (z¢,y:) is leaving the continuation region C' and
then apply an impulse £(z, y) while in the stopping region S, moving back the process
to the continuation region C, i.e., 0,11 = inf{t > 0, : (z¢,y) € S}, with the convention
that inf{Q} = oo and &1 = &(x},, |, vp,,,) for any i > 0, as long as §; < oo.

Now, the admissible controls are defined as follows, recalling that 7,, are the arrival
times of the signal.

DEFINITION 2.3. (i) A stopping time 0 is called “admissible” if almost surely there
exists n = n(w) > 1 such that (w) = T, (w) or, equivalently, if 6 satisfies 6 > 0 and
Y9 =0 a.s.

(ii) An impulse control v = {(6;,&;),i > 1} as above is called admissible, if each
0; is admissible (i.e., 6; > 0 and yp, = 0), and &; € F(a:i)?l). The set of admissible
impulse controls is denoted by V.

(iii) If 01 = 0 is allowed, then v is called “zero-admissible.” The set of zero-
admissible impulse controls is denoted by Vy.

(iv) An “admissible Markov” impulse control corresponds to a stopping region
S =50 x {0} with Sy C E, and an impulse function satisfying &(x,0) = &o(x) € T'(x)
for any x € Sy and, therefore, 6; = 7',1'” and n;41 = inf{k > n; : xii € So} with 7§ =0,

i =inf{t > 71}, :yi =0}, forany k >i> 1. a

The discrete time impulse control problem has been considered in Bensoussan [4],
Herndndez-Lerma and Lasserre [16, 17], and Stettner [36]. As we will see later, it
will be useful to consider an auxiliary problem in discrete time for the Markov chain
X, = 2., with the filtration G = {G, : n > 0}, Gy = Fo and G,, = F2~! for n > 1.
The impulses occur at the stopping times 7, with values in the set N = {0,1,2,...}
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and are related to 0, by n; = inf{k > 1 : 0, = 71} for admissible controls {6x} and
similarly for zero-admissible controls. Thus, we have the following.

DEFINITION 2.4. If v = {(n;,&;),i > 1} is a sequence of G-stopping times and
random variables & Gy, measurable with & € F(x%), n; increasing and n; — 400
a.s., then v is referred to as an “admissible discrete time” impulse control if ;1 > 1.
If n; > 0 is allowed, it is referred as an “zero-admissible discrete time” impulse
control. d

One can now define the average cost to be minimized as

T
JH0,2,y,v) = EZy{ / F@y)ds +) Jleigc(xéil,fi)},
(2.13) 0 i

P B
J(z,y,v) = hTHBoréf TJ 0,z,y,v),
then the problem is to characterize
(2.14) wa,y) = inf J(z,y,v).

The auxiliary problem is concerned with

(215) ,LLO(ZII,y) = inf j(a},y,l/)
VeV
with
(2.16) J(z,y,v) = liminf #JT" 0,z,y,v)
. 7y7 - — 00 Egy{Tn} ) 7y7 )

and J™(0,z,y,v) as in (2.13) with 7' = 7,,.
Remark 2.5. Actually, as seen later, p(z,y) = po(x,y) is a constant. O

3. Dynamic programming. To introduce the HIB equation(s) corresponding
to this problem, we consider the dynamic programming argument in a heuristic way.
Define the finite horizon cost as

T—t
(3.1) JT(t,x,y,l/; h) :E;y{/ fa¥,yl)ds
0

+ Y Loeric(ay &) + h(zry, yTt)}a

where h is a bounded terminal cost and the corresponding optimal costs

(3.2) u'(t,z,y) = inf {JT(t,2,y,v) v €V}
and
(3.3) ud (t,z,y) =inf {J7 (t,z,y,v) 1 v € Vo}.

Note that, from the definitions, u”' (¢, z,y) = ul (t,z,y) if y > 0.
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If 0 is a stopping time, then
T
JU(t 2,y v h)

ON(T—t) .
= E;y{ /0 f(x57 y?)ds + Z ]]-0i<0/\(T—t)c(x19:1 5 61)}

(3.4) A N
+]Ewy{/; f(ZIIS,yS)dS

ANT—t)

+ > Tonr—n<o,<r—sc(@y, ' &) + hlzr i, yT—t)}-

Considering now ul (¢, ,y), assuming that one can apply the Markov property and
minimizing separately on [0, 0[ and [0, T — t[, we deduce

veVy

OA(T—1)
Wl (t,2,y) = inf {E{ [ st
0

(3.5) + Z IL91»<9/\(T—t)0(fféi_la &i)ds

K2

+ Lo<r—sug (0, 70,v0) + LosT—th(z7 4, yTt)}}~

At time t, if y = 0, either one applies an impulse, i.e., 81 = 0 or 81 > 71, therefore,

inf ’ +Tt7 70 :MTta 707
561?@){0(9” &) +up (,6,0)} ug (t,z,0)

TIN(T—t)
(36) ug(t, Z, 0) = min ]Ez(){ / f($57ys)d5
0

+ U,(J;(T]_ A (T - t)v Ly AN(T—1t)» yﬁ/\(T—t))}'

If y > 0, no impulse is allowed before 71, therefore,

T1/\(T—t)
Ug(t, z, y) = Ewy{ / f(xsa ys)dS
(3.7) 0

+ ug(’rl A (T - t)a Ty AN(T—t)> yﬁ/\(T—t))}'

Let us now make the assumption

there exists a bounded measurable function wo(z,y)
(3.8) and a constant pg > 0 such that, as 7" — oo,
' 6(ta$ay7T) = u,(z;(tvxvy) - (T_t),UJO_wO(xvy) —>Oa

locally uniformly in (z,y) for each fixed t,

which is similar to properties showed in Markov decision processes, e.g., Prieto-
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Rumeau and Herndndez-Lerma [33, Thm 3.6]. Then, using (3.8) in (3.5), one obtains

(T —t)po + wo(w,y) +&(T)

ON(T—t) .
= inf {E;y{/o flay,y)ds + Z ]]-9i<9/\(T—t)C($;?1,§i)

VeV
+ Lger—t [(T — ) o + wo(zo, yo) + e(T)] + Losr—th(zr—, yTt)} }7

and when T' — oo, we deduce (for any 6 almost surely finite)

Arguing as for (3.6), we get
T1
wp(x,0) = min {Mwo(x,O),EZO{/ [f (2%, y¥) — uolds
0

+ ]].7-1<00w0($7-1,0)}},

and the factor 1., < is not needed since the assumptions in section 2.1 imply E {71}
< 00. Finally, we obtain the HJB equation for (ug, wp),

(3.9)  wo(z,0) = min {Mwo<x, 0), E{ [ ) = s + o, o>}},

(3.10) wole,y) = ﬂ«:{ [ )~ alas +wo<xﬁ,0>}.

Now, let us apply similar arguments to u?. Assuming 6 > 71 in (3.4), one minimizes
separately on [0,0[ and [0,T — t[. Either 6 is an arrival time of the signal and an
impulse may be applied or 6 is not and no impulse is allowed. In any case, the
possible actions on [#, T — t] are the same as for the impulse control in Vy. Therefore,
we obtain

- ON(T—t)
o) =g (e [ st

(3.11) + Z Lo, <on(r—neley, ' &)

+ ]10<T—tUoT(9, zo,y9) + Los7—th(xr—4) yT—t)} }

Taking # = 71 and, since no impulse is allowed before 7y, this gives

Tl/\(Tft)
UT(t,QZ,y) :Ery{/ f(ﬂ:s,ys)ds
(3.12) 0

+ ]]-7'1 <T—tu(7;($7-1 ) 0) + ]]-leT—th‘(xT—t) yT—t)}'
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Remark 3.1. Since uT(t,x,y) = ul(t,r,y) Yy > 0 it is sufficient to obtain
ul'(t,2,0) and u”'(¢,2,0) to get the values for y > 0. 0

Let us assume that (similarly to the case of wy)

there exists a bounded measurable function w(zx,y)
such that for the same constant po > 0 as in (3.8),
e(t,x,y, T) :==u’ (t,z,y) — (T — t)po — w(z,y) — 0,
as T — o0, locally uniformly in (z,y), for each fixed t.

(3.13)

Then the same arguments give

@M)Mam=M{M4£ﬂmaw—mms

veV

+ Z Lo,<oc(wh, —, &) + Lo<oowo (o, ye)} }7

3

and since no control can take place before 71, one obtains

(3.15) wmw=m4éﬂm%w—mw+wmmm}

4. Solutions of the HIB equations. It is clear from (3.15) that knowledge
of (1o, wo(z,0)) will give w(zx,y), and also wo(z,y) for y > 0. Therefore the key step
is to solve (3.9) for (uo,wo(z,0)). For this purpose, we consider a discrete time HJB
equation equivalent to (3.9) as follows: Let us define

(4.1) fo) = Bto{ [ flanm)as).
Recall that under the assumptions of section 2.1, we have
(4.2) 0<a; <Egof{n} <as
and, therefore,

(4.3) 0 < L(z) < az||f]-

Moreover, £(z) is continuous (from the Feller property of z; and the law of 71). From
(2.5), define also the operator P on C(FE) by

(4.4) Py(x) = Ezo{g(2+,)} = Ezo{g(X1)},

where X, is the Markov chain X,, = z,,,. The Feller property of x; and the regularity
of X\ yield

(4.5) Pg(z) maps C(E) into itself

and, from (2.12), it is also the case of M, as defined by (2.11). In this section, we
denote

(4.6) 7(z) = Egpo{m1}.
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With the previous notation, (3.9) is written as (with wg(z) = wo(z,0))

(4.7) wo(x) = min{&mf {c(x,8) +wo(&)}, (z) — por(x )—|—Pw0(x)}.

This expresses the fact that either there is an immediate impulse (when wo(z) =
Muwg(x)) or the chain evolves with the kernel P and a running cost £(z) — po7(x) is
incurred. We will need the following lemma.

LEMMA 4.1. Under the assumption (2.6), there exist a positive measure v on E
and a constant 0 < B < 1 such that

(4.8) P(z,B) > 1(x)y(B) VB eB(E)VxeE, and v(E) >

7(x)
Proof. Recall that the assumptions on A imply
0<a; <7(z) <as.
Thus, to satisfy the first inequality in (4.8) it is sufficient to take

1(B) = —m(B) VB e B(E),

where m is the measure in (2.6).
For the second inequality it is sufficient to take 8 €]0, 1] such that

m(E)>1—ﬁ>1—B

as a — 7(x)

Ve e E,

ie,1—8<m(E)ai/as. O

THEOREM 4.2. Under the assumptions of section 2.1, there exists a solution
(p0, wo) in RY x C(E) of (4.7) and, therefore, of (3.9).

Proof. For the sake of simplicity, in this proof, we drop the index 0.

We first transform (4.7): The assumptions on ¢(z,£) imply that multiple si-
multaneous impulses are not optimal (see Remark 2.2), so we restrict the controls
to those without multiple simultaneous impulses. Therefore, in (4.7), after an im-
pulse &, the chain evolves without control until the next transition, i.e., wo(§) =
(&) — p7(&) + Pw(§). This gives

(4.9) w@) = inf {0+ Logeela,§) — pur(€) + Pu(©)}.

Denote
L(z,8) = £(§) + Lyzec(z, §)
and, for v € B(E),

T(e,&0) = L(x,€) + Po(€) — () /E w(2)1(d2)

and

Rv(x) = inf r,&v).
(z) = cerit T(z,&v)
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Define also
P'(z,dz) = P(z,dz) — 7(z)y(dz) Vx € E,

which is a positive measure on F for each z in F, in view of Lemma 4.1. Denote

P'(z,v) = / v(z)P'(x,dz).
E
Letting vy, v2 be two bounded measurable functions, we have
(410) |T($,§;U1)—T($,f;’l}2)| = |Pl(§7vl —’U2)|.
Moreover, from Lemma 4.1, we have
P'(z,E)< B Vz€E.

Therefore from (4.10) we deduce that R is a contraction on B(E) and has a unique
fixed point w = Rw.
If we define

n= [ wntao).

then (u,w) is a solution of (4.9) and (4.7). Moreover, since
R =min </ P inf /¢ P
o(e) = min {£(x) + P'(x0), inf {0(E) +e(w€) + P'(E0)} |,

it is clear that Rv € C(E) if v € C(F) and, therefore, w € C(E).
In addition, since £(z) > 0 and ¢(z,£) > 0, we deduce that the fixed point w > 0,
which also implies p > 0. d

As a corollary, w(x,y) in (3.15) is well defined with wq(z,0) = wo(z) from Theo-
rem 4.2.

Remark 4.3. The assumption (4.8) is used in Kurano [21, 22], in the context of
semi-Markov decision processes. a

Remark 4.4. In the case where 7(z) is constant, which corresponds to an intensity
A(y) independent of z, (4.7) is the HIB equation of a standard discrete time impulse
control as studied in Stettner [36] for I'(z) =T fixed. 0

5. Existence of an optimal control. We make the following additional as-
sumptions:
for the process (¢, y:) as defined in section 2.1,
there exists a unique invariant measure ¢ on E x R
and there exists a continuous function h(z,y) such

(5.1) that, for any stopping time 7 with E, {7} < oo,
Ery{h(xra yr)} = h(x,y) - Ezy{ /0 (f(xta yt) - f)dt}v

where f: f(x,y)¢(dz,dy).
ExR+

Note that h plus a constant also satisfies this equation.
For the auxiliary problem, we state the following.
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THEOREM 5.1. Under the assumptions of section 2.1, and (5.1),
5.2 = inf J(z,0,v),
(5:2) po = inf J(z,0,v)

where po is given by Theorem 4.2 and J is defined by (2.16). Moreover, there exists
an optimal feedback control.

Proof. Let us first show that

(5.3) J(z,y,0) = f,

where v = 0 means “no control,” that is,

~ 1 Tn
=liminf ———E,, ,yp)dt o
J(@,4,0) = liminf g s y{/o (e, ye) }

Indeed, from (5.1), we have

(5.4) Evy {h(@r,ym)} = h(z.y) - u«:{ / " ) th}

(note that E{7,} < co and y,, = 0), which gives

1 n _ 1
W]E”{ /O (@, yt)dt} =f+ mey{h(x,y) — s, s, }-

Taking the limit when n — oo, since y,, = 0 and h(z,0) is bounded (since h is
continuous and E compact), (5.3) is obtained.
As a consequence, one can restrict the set of controls to those such that

(5:5) T y,v) < J(w,y,0) = .
Next let us show that
(5.6) po < J(x,0,v) Yo e V.
Rewrite the HIJB equation (4.7) as

wo(x) = min { Mwo(x), L(x) + Pwo(x)}
with L(z) = £(x) — 7(x) po-

From this equation, for any discrete impulse control {(7;,&;) : 4 > 1}, we deduce

) <EY {ZL +Zﬂnj<nc(X,7j,§j)+wo(Xn)},
i

where, here, X; denotes the controlled discrete time process.
Denoting v = {(0;,&) : ¢ > 1} as the impulse control corresponding to
{(ms, &) - i > 1}, ie., with §; = 7,,,, we obtain

wo(z) < E;o{ /OTn [f (ze, ye) — podt + Z lejgrn(:(xg;l,gj) + wo(xTn)}
J
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and, therefore,
/1’0 — EV { } CEO{‘/O f(l't,yt)dt + : :lejSTnc(xg;17§j) + wo(x'rn) - wo(x)}7
z01Tn ,
J

and since w is bounded and E%,{,} — 0o, we obtain (5.6).
Therefore, with (5.5),

po < inf {J z,0,v)} < J(x,0,0) = f.
vEeYVy

Consequently, if po = f then

uo—ylenéo{JxOU} J(x,0,0),

and “do nothing” (i.e., the control without any impulse) is optimal.

Let us now consider the case uo < f. Using (5.4) for n = 1, the HIB equation
(3.9) for (1o, wo) can be rewritten, dropping again the index 0 for simplicity and with
VY =Muw,

(w —h)(z) = min {( — h)(@), (f = WEs0{1} + Eso{(w — h)(xr,)}},

where, here, h = h(z,0). Moreover, since h is defined up to an additive constant and
is bounded, one can assume h < 0, and rewrite it as

(5.7) w(z) = min {1/) z) + Puw(z)}

with @ = w — h, 1) = — h, and {(z) = (f — p)Ego{m}.

For the Markov chain X,, = z,_, this (5.7) is the HJB equation of a stopping
time problem as studied in Bensoussan [4, Chapter 7, pp. 67-77], with the conditions
stated herein, namely, ¥ > 0, £(x) > £g > 0. Therefore, we have

(o) mf{ {"zle >}}

where the infimum is taken over the G-stopping times 7 (with values in N), and there
is an optimal control 7 given by

i =inf {n>0:d(X,) = P(Xn)}

with E. {7} < occ.
Going back to w, the same result holds, with the same 7}, namely,

o)

{(z) = Eaxo /OTl [f (e, ye) — pdt

S

with

and
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By the standard results on the optimal stopping time problems,
n—1
M, = ]Ez{ Z UX;) + w(Xn)} is a G, submartingale
j=1

and

) (1-)A(m-1)
M, = EI{ Z 0X;) + w(Xn/\n)} is a G, martingale.

j=1

From this, for the zero-admissible (discrete) impulse control v = {(7;,&;) : ¢ > 1} one
can compute

n—1
w(z) < Ego{ Z 0(Xi) + Z ]lmgnc(Xmafi) + w(Xn)}
=1 7
which means
wio) < Bhof [ [kt~ u)dt+ 3 1o, crclel, ) + utat )
0 i ¢

and, therefore, since w is bounded and E,o{7,)} — oo we deduce
(5.8) u< J(x,0,v) Vel

Then, defining & = {(7;,&) :i > 1} by

i =inf {n > hi1 cw(Xy,) = Mw(X,)}, & =EXy,), i>1,

where 7o = 0 and £(x) is a Borel measurable selector realizing the infimum in Mw(x),
we obtain the equality in (5.8) using the martingale property of M,,. d

Remark 5.2. (1) When A(z,y) = A(y), y: is independent of x; and under the
assumptions of section 2.1, y; has a unique invariant measure given by

Gi(B) = E{lT}E{ /OT ILB(yt)dt} VB € B(R")

with T:inf{tZO:ytzO},

(e.g., see Davis [10, pp. 130-131]); actually, in this case, y; is a simple example of
a piecewise deterministic Markov process. Therefore, if x; has a unique invariant
probability (2 on E, then the couple (z¢,y:) has the invariant probability ¢ = (2 ® (1.

(2) If f(x,y) = f(x) then it is sufficient to assume that Poisson’s equation for x;
alone, i.e., —A,h(x) = f(x) — f, has a continuous solution.

(3) In the general case (namely, A(z,y) and f(x,y)), it seems necessary to have an
explicit knowledge of x; to verify directly assumption (5.1), which is clearly satisfied
if there exists a continuous bounded solution of Poisson’s equation —Az,h(z,y) =
f(z,y) — f, but this assumption is too restrictive in our case because of y;. This
would not be the case if the signal y; belongs to a bounded interval [0, b] instead of the
whole RT, however, some new difficulties arrive with the corresponding infinitesimal
generator Agy. 0
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COROLLARY 5.3. Under the assumptions of section 2.1 and (5.1),
: = inf J
(5.9) po = inf J(z,y,v),

where g is given by Theorem 4.2 and J is defined by (2.16).
Proof. Recall the definition of wq(x,y) in (3.10):

an(e) = Ba{ [ o) — o)t + (o0,

where wo(z,0) = wo(x) is (with po) the solution obtained in Theorem 4.2.

If v = {(,&) : 4 > 1} is an admissible impulse control, then ; > 7;. Therefore,
01 can be written as 61 = 71 + 61, where 01 is a stopping time with respect to Fr, 1,
and similarly with 79 = 71 4+ 7». From the properties of wg, we have

wo(zr, ) <EY

leO{ / I:f(xtayt) - /1'0] dt + ]]_9”1<7~_2C($g~1,§1) + w0($7”—270)},
0 <

which gives

wo(z,y) < E;y{ /OT1 [f (e, ye) — podt + /T2 [f (e, y¢) — podt

T1

+ ]]-91§T2C($gl ; 61) + w0($72 ; 0)}

or, equivalently,

wo(z,y) < Egy{/ ’ [f(ze,y¢) — po]dt + Lo, <ryc(xg, . &1) + wO(xTzao)}'
0

Iterating this argument we obtain

po < J(z,y,v) Yve.
Using the optimal control defined in Theorem 5.1, we get the equality for the control
01 translated by 7, i.e., with 6; = 74 + 75, 4 > 1. O

Remark 5.4. As mentioned in Arapostathis et al. [1, p. 287, our definition, either
(2.13) or (2.16), of our cost with “liminf” gives a rather “optimistic” measure of
performance; however, the inequality just before (5.8) shows that essentially there are
no changes if liminf is replaced by limsup in the definition, either (2.13) or (2.16), of
the cost, either J(z,y, v) or J(x,y,v). Moreover, the minimization with either lim inf
or limsup yields the same value p = pyo. O

PROPOSITION 5.5. If (po,wo) is a solution of (3.9) provided by Theorem 4.2,
then w(x,y), defined by (3.15), is the solution of the equation

(5.10) — Agyw(z) + Az, y) [w(z,0) — Mw(z,0)] " = f(z,y) — po-

Proof. The first step is to show the following lemma.

LEMMA 5.6. Under the assumptions of section 2.1, we have

(5.11) wo(z) = min {w(z,0), Mw(z,0)}.
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Proof of lemma. Note that

w(z,0) = EwO{ /071 [f(xt,yt) — uo}dt + wo(xn)} = Two(x).
Therefore
min{ Mwo(z), w(z,0)} = min{ Mwo(x), Two(x)} = wo,

where the last equality comes from (3.9) for (o, wo).
So the point is now to show

(5.12) Muwy(z) = Mw(z,0).
Observe also that, by definition,

(5.13) wo(x) < Two(z) = w(x,0)
and, therefore,

(5.14) Muwo(z) < Mw(z,0).

For a fixed z, let £ satisfy the infimum in Mwy(z), i.e., Mwo(z) = c(z,€) + wo(€).
Let us check that ¢ is also a minimizer for Mw(z,0). Indeed, the equality

wo(z) = min{ Mwy(x), w(z,0)}

yields . . .
Muo(z) = (2, €) + min{w(E, 0), Mwo(&)}-

Now, if Mwo(§) < w(€,0), then

Muwg(x) = c(x,€) + Muwo (&) = e(w,€) + e(€,€) + wo (&', 0),

where &’ realizes the infimum in Mwg ().
However, if we assume that the strict inequality holds in assumption (2.10) on ¢,
then one gets
Mwg(x) > c(x, &) +wo(&,0) > Mwy(z),

which is impossible. Therefore,

Muwo(§) = w(§,0)
and . .
Muwo(x) = c(x,&) + w(€,0) > Mw(z,0).

Coming back to the assumption (2.10) on ¢, let us replace ¢ with c.(z,§) =
Lyzee + c(x, &) (where the strict inequality holds in assumption (2.10) on ¢.), and as
e — 0, we also get Mwo(z) > Mw(z,0). Hence, this together with (5.14) gives (5.12)
and, therefore, (5.11). O

Continuing with the proof, the equality (5.11) obtained in the above Lemma 5.6
in (3.15) gives

(5.15)  w(z,y) = Emy{ /071 [f (¢, y¢) — po]dt 4+ min {w(z-, ,0), Mw(le,O)}}.

Note that, y, =y + ¢ on [0, 71[ under Py,,.
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Using the law of 71, one can write

w(x,y):Ewy{/ooo)\(xt,y—l—t)exp(—/Ot/\(xr,y—i—r)dr)dt
x/ot [f(zs,y+5) —uo}ds} +]Ezy{/ooo Mg,y + 1)
X exp (—/Ot)\(xr,y+r)d7’) min{w(xt,O),Mw(xt,O)}dt} — (1) + (2.

After integrating by parts, the first term (1) becomes

(1) = Ery{/om exp (— /Ot/\(a:r,y+7“)dr> [f(ze,y+1) —uo]dt},

therefore,

w(z, y) = Ezy{ /OOO exp <_ /Ot Aany + r)dr)

X {f(xt,y +t) — po + MA@,y + t) min {w(xt,O),Mw(xt,O)}}dt}.

Since
min {w(z,0), Mw(z,0)} = w(z,0) — [w(z,0) — Mw(z,0)] .

one gets
] t
(5.16) w(z,y) = Ezy{ / exp < - / Mz, y+ r)dr) oz, y + t)dt},
0 0
with

(5.17) @(z,y) = flz,y) — po + Mz, y)w(z,0) — Az, y) [w(z,0) — Mw(z,0)] "

It is clear that (z¢,y + t) is a homogeneous Markov process and we can consider
probabilities P, such that

Ewy{g(xta yt)} = (I)(t)g(xa y+ t)

and write (5.16) as

(5.18) w(z,y) = Ewy{ /OOO exp (- /Ot Ay, yr)dr> @(xt,yt)dt}.

By the Markov property, (5.18) gives

ww>Mamz&ﬁl%m(<fMMMme%%m§

+ Ewy{ exp (— /Ot )\(fmyr)d?“)w(ftayt)}



2706 J. L. MENALDI AND M. ROBIN

From (5.19) one can check that the process
(5.20)

t S t
M, = / exp < — / Az, yr)dr> o(zs,ys)ds + exp ( — / Az, yr)dr) w(z, yt)
0 0 0

is a martingale for the probability Pry.
Then we use the following lemma, which is a slight modification of Lemma 3.3 in
Bensoussan and Lions [5, p. 354] so we skip its proof.

LEMMA 5.7. Let i, (¢, and vy be bounded adapted processes. If

t
Mt:/¢sd8+<—t VtZO
0

is a martingale, then the process

t t S
pt = Crexp </O vst) +/O (¥s — vs(s) exp </O vrdr> ds

is also a martingale. ad

Now, let us apply the previous lemma to

(t = exp (— /0 /\(a:r,yr)dr)w(xt,yt),

W = At y2) exp (— /0 A(xr,yr)dr> (w1, )

with v = My, y) — a, a > 0.
From (5.20) we deduce that

p(t) = e~ *"w(xs, yr) +/0 e P‘(xs, Ys)p(Ts,ys) + (O‘ = A, ys))w(xs,ys)]ds

is a martingale and, therefore,

w(a,y) = E{w<y>

—I—/O e [N@s, ys) (s, ys) + (o — A(zs, ys))w(xs,ys)]ds}

and

—+00
(5.21) w(z,y) = Emy{ /0 ™ [f(@e, ye) = o + Ao, ys) (w(ae, 0) = w(we, 41))
+ aw(xt, yt) - /\(xsa ys)(w(x87 O) - Mw(xt’ 0))+} dt}

with the definition of ¢ in (5.17).
But since w is a bounded and continuous function, as well as f, the expression
(5.21) gives the resolvent of process (z:,y + t), the generator of which is

0
Aw+a_y7
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therefore, we can write

 dulay)
Jy
+ Mz, y) [w(z,0) — w(z,y)] — Ma,y) [w(z,0) — Mw(z, O)rr.

(522) _Aiw(xvy) +04w(373y) = f(a:,y) —u0+ozw(x,y)

Rearranging the terms, and recalling the expression (2.4) for A,,, we deduce (5.10). 0O
We can now state the following theorem.

THEOREM 5.8. Under the assumptions of section 2.1, and (5.1), we have
(523) Mo = 1r€1£J(x,y,I/) = J(Zli,y,ﬁ),

where g is given by Theorem 4.2 and J is defined by (2.13), and v is defined as
in Corollary 5.3, i.e., U = {éz,éz 24 > 1} is the admissible Markov impulse control
corresponding to the stopping region So = {x € E : wo(x) = Mwo(x)} and impulse
function & (z) = £(x), which is a Borel measurable optimal selector of Mwq(z); see
Definition 2.3 and assumption (2.12).

Proof. From (5.22), we have
(5.24)  — Agyw(z,y) + aw(z,y) = f(z,y) — po + ow(z,y)
— Mz, y) [w(x, 0) — Mw(zx, O)] +

which implies, in particular, that

T
Mg = / (f(ze,ye) — po + aw(ze, yp)) e~ *'dt + w(zr, yr)e "
0

is a submartingale.
Since w is bounded, one can let o — 0 in M7 to deduce that

T
My = /0 (f(@e,yt) — po)dt + w(zr, yr)

is a submartingale.
For an arbitrary impulse control v = {(6;,&;) : 4 > 1} in V), we have

01NT
’UJ(QZ, y) < E;y/ (f(xtvyt) - ,u())dt + w($91/\T7y91/\T)7
0

ie.,
T

T
w(ﬁvy) < Egy/o (f($t7 yt) - NO)dt - ]]-91§T/ (f(xta yt) - Mo)dt

01
+ Lo, <rw(wo, , 0) + Lo, >rw(zTT, yr).
Moreover, note that even if we do not have, in general, w < Mw, we do have

w(x91 ) O) < 6(21191 ) 51) + ’LU(fl, 0)

at the times of the impulses.
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So we have
T
w(x,y) < ]E:'Zy{ / (f(xt, ye) — po)dt + g, <rc(xg,, &1) + Lo, <7w(é1,0)
0

T
- ﬂelgT/ (f(@e, ye) — po)dt + w(zr, yr) — Lo, <rw(@r, yT)}
01

and since (by the submartingale property)

]E;y{]]‘GlST l:w(glv 0) — /T (f(xe,ye) — po)dt — w(ar, yT)] } <0,

01

we obtain

T
’UJ(JZ, y) < E;y{ A (f(xta yt) - /Lo)dt + ]]'91STC(:E917§1) + ’UJ(QJT,yT)};

iterating this argument, we deduce
T 00
w(zx,y) < Egy{ / (f(@e,y) = po)dt + Y Lg,<re(ag ', &) + wlar, yT)},
0 i=1

which implies that
po < J(z,y,v) Yve.

Next using the control o as defined in Corollary 5.3, we also have ug = J(z,y, ), and
equality (5.23) follows. 0

6. Extensions. For instances, we reconsider our assumptions on the space F
and on the signal process.

6.1. Locally compact. When F is locally compact, we take C(E) = Cy(E),
and we replace (2.1) by the assumption ®(t)Cy C Cp, Cp being the space of functions
vanishing at infinity (from Palczewski and Stettner [32, Corollary 2.2], then ®(¢)C' C
C and lim;_,o ®(t)g(z) = g(z) uniformly on every compact of E).

The rest of the assumptions of sections 2.1 and 2.2 remain the same. Then there is
no difficulty in extending the result of section 4, but the assumption (5.1) is no longer
sufficient to extend the results of section 5. One possible additional assumption is
to require that h(z,0) be bounded. This is the case when the Poisson equation
—Agyh = f — f has a bounded solution (see Stettner [38] for conditions giving this
property), but the extension of the results under more general assumptions would
require further work. Note that in the particular case when )\ is independent of z
and f depends only on x, we can adapt the proof of Theorem 5.1 by using only h(x)
defined as the solution of the discrete time Poisson equation —(P — I)h = £ — £, which
has a bounded solution under (2.6) with ¢ being the integral of £ with respect to the
invariant measure of P, which is (in this case) the same as the invariant measure of
d(t).

Let us mention that the assumption (2.6) is also relatively restrictive when E is
locally compact; actually, considering, for instance, a nondegenerate diffusion process
in R?, one cannot assume (2.8). A less restrictive assumption is to replace (2.6) by

there exist a recurrent set K, a positive
measure m, and 0 < a < 1 such that
P(z,B) > alg(x)m(B) VB € B(E)
with 0 < m(K) < 1.

(6.1)
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As shown in Hoépfner and Locherbach [18], if, for instance, x; is a diffusion process
which is Harris recurrent, then, in particular, there exists K, o/, m as in (6.1) such
that

k1 /000 e M (@(t)1p)(2)dt > o' 1g (z)m(B),

from which we deduce %
P(z,B) > k—oo/ILK(x)m(B);
1
this is (6.1) with a = koo /k;.

Note that, for example, nondegenerate diffusions for which there exists an ade-
quate Liapunov function are Harris recurrent; see Loecherbach [26] for details. Now, to
obtain a solution of (4.9), one can adapt the results of Luque-Vésquez and Herndndez-
Lerma [27], which has an ergodicity assumption of the type (6.1). Then, the results
of section 5 can be extended with (6.1), at least when h(z,0) is bounded.

6.2. Infinite dimension. If {z;: ¢ > 0} takes values in an infinite dimensional
space, then the prototype could be given by a stochastic partial differential equation,
where E is a Banach or Hilbert space (e.g., Menaldi and Sritharan [31]). Several
techniques are available to treat optimal stopping and impulse control problems in this
context (e.g., see [28], Priola [34], and the discussion in [29, section 5.1.2]). Moreover,
see the book by Da Prato and Zabczyk [9] for some results of ergodicity in infinite
dimensions.

Actually, this includes a weak Cp-semigroup, but calculations are harder, even
under suitable assumptions. However, further works are needed to fully analyze and
to really include infinite dimensions.

6.3. Other signal processes. The signal admit several generalizations, e.g.,
sticky signal, i.e., when the process y; may remain for a positive time at 0 so that
the controller has a positive continuous-time interval where impulses can be applied.
Indeed, this can regarded as signals “on/off” by simply assuming that the process y;
takes values in R and only while y < 0 are impulses allowed or admissible.

Even more general is the case where the process giving the signals is a semi-
Markov process (which cover both the independent and identically distributed case
and the pure jump Markov processes) conditioned to the initial Markov process x.
Assume that {y} : t > 0} is a semi-Markov process with values in a space F; (with
the discrete topology and the Borel o-algebra) and {y; = (y},y?) : t > 0} is the
appropriated Markov process where {y? : t > 0} is the elapsed time since the last
jump of {y} : t > 0}; e.g., see Davis [10, Appendix, pp. 256-279], Gikhman and
Skorokhod [15, section II1.3, pp. 226-249], Jacod [19], and Robin [35], among others.
If we are given A : Ey X [0, 00[— [0, 0o[ satisfying

0 < Nz, y',y?) < M, (z,y1,92) — Ay', %) continuous
and a transition probability ¢(x,y',y? T') with
(z,9%) = [ q(z,y", 9% d2)p(z) continuous,
E4

for every ¢ bounded measurable on Fjp, one can show that {y; : ¢ > 0} can be
constructed as a Markov process with infinitesimal generator (for a given x in E)
_9fyhy?)

Ay@)f ' y") = =g — + Ay y) [/ q(z,yt,y?,d2) f(2,0) = fy' v7) |,
Y B,
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and Az, = Ay + A, is the infinitesimal generator of the Markov—Feller process (¢, y+).
In this case, a given (proper or not) subset D of the space E; determines whether or not
impulses are allowed. Calculations are complicated, but perhaps not insurmountable.

These

types of models are particular cases of general hybrid control models, which

are considered in more details in a coming book by Jasso-Fuentes, Menaldi, and

Robin

&=
= e

9 G.

[20].
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