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OVERVIEW

This dissertation concerns switching diffusions or hybrid-switching diffusions in two
different contexts. Accordingly, it is divided into two main chapters. The setup and
formulation is slightly different in each context so we choose to present the necessary
background for each context in their respective chapter as opposed to here in the
introduction. In the first chapter we consider the so-called Feynman-Kac formula(s).
These formulas provide stochastic representations for solutions to partial differential
equations and are now standard in virtually any introductory text to stochastic dif-
ferential equations; see for example [13] or [7]. Here we verify these formulas in the
context of switching diffusions for boundary value problems, initial boundary value
problems, and for the initial value problem. This work can also be found in [3]. In the
second chapter we switch gears a bit and consider a problem in stochastic optimal
control. Namely we show, under fairly broad conditions, the existence of a near-
optimal control for a dynamical system driven by wideband noise in the presence of
regime switching. The use of a wideband noise is actually motivated by modeling
and applications as true white noise is often not encountered in reality. Furthermore,
such systems can be accurately approximated using approximations to white noise
and wideband noise turns out to be a suitable candidate for this purpose. To carry
out our program we actually recast the setting using a relaxed control formulation, an
idea that was introduced in [16]; the stochastic version was introduced in [5]. Recast
in this setting, the computational difficulty is greatly reduced. Furthermore, using
weak convergence methods we obtain controls that are nearly optimal for the original
system. The outline and motivation for this program was inspired by the work in [10]

and many of the ideas and related results presented here can also be found in [19].
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Chapter 1

The Feynman Kac Formula

1.1 Introduction

Let (2, F, P) be a probability space, and {F;} be a filtration on this space satis-
fying the usual condition (i.e., Fy contains all the null sets and the filtration {F;}
is right continuous). The probability space (2, F, P) together with the filtration
{F:} is denoted by (2, F,{F:}, P). Suppose that «(-) is a stochastic process with
right-continuous sample paths (or a pure jump process), finite-state space M =

{1,...,mo}, and x-dependent generator Q)(z) so that for a suitable function f(,-),

Q@)f(w,)(0) = Y ay(@)(f(z,j) = fla,i), foreachie M. (1.1)

JEM, j#i

Assume throughout the paper that Q(x) satisfies the g-property [22]. That is, Q(x) =

(gij(x)) satisfies:
(i) gij(z) is Borel measurable and uniformly bounded for all ¢, j € M and x € R™;
(ii) gij(z) > 0 for all z € R™ and j # 4; and

(iti) gii(z) = —> ;4 ¢ij(x) for all z € R" and i € M.

Let w(-) be an R™-valued standard Brownian motion defined on (2, F,{F:}, P),
b(-, ) :R*x M — R", and o(+,-) : R x M — R™ x R" such that the two-component

process (X(+),a(+)), satisfies



and

Pla(t +0) = jla(t) =i, X(s), als), s <t} =q;(X([)0+0(0), i #j.  (1.3)

The process given by (2.2) and (1.3) is called a switching diffusion or a regime-
switching diffusion.

Now, before carrying out our analysis, we state a theorem regarding existence
and uniqueness of the solution of the aforementioned stochastic differential equation,

which will be important in what follows.

Theorem 1.1.1. (Yin and Zhu [22]) Let € R*, M = {1,...,mo}, and Q(z) =
(gij(x)) be an mgy x mo matriz satisfying the q-property. Consider the two component
process Y (t) = (X (t),a(t)) given by (2.2) with initial data (x,1). Suppose that Q(-) :
R™ — R™*™0 45 hounded and continuous, and that the functions b(-,-) and o(-,")
satisfy

|b(z,i)| + |o(x,i)| < K(1+|z]), ieM, (1.4)

for some constant K > 0, and for each N > 1, there exists a positive constant My

such that for all i € M and all z,y € R™ with |z| V |y| < My,

[b(z, 1) = by, )|V |o(z,1) — o(y, )] < Myle —yl, (1.5)

where a V b = max(a, b) for a,b € R. Then there exists a unique solution to (2.2) in

which the evolution of the discrete component is given by (1.3).



1.2 1It06’s Formula

Consider (X(t),a(t)) given in (2.2) and let a(z,i) = o(x,i)o’(x,i), where o'(x,1)
denotes the transpose of o(x,4). Given any function g(-,7) € C*(R") with i € M,

define £ by
Lg(z,i) = %tr(a(w,i)DQg(x,z')) + ' (x,i)Dg(x,1) + Q(x)g(z,-)(4), (1.6)

where Dg(+,1) = (%, ce ;Tgn), D?¢(-, 1) denotes the Hessian of g(+, ), and Q(x)g(x, -)(4)
is given by (1). The choice for £ will become clear momentarily.
It turns out that the evolution of the discrete component can be represented

as a stochastic integral with respect to a Poisson random measure p(dt, dz), whose

intensity is dt x m(dz), where m(-) is the Lebesgue measure on R. We have

do(t) :/Rh(X(t),a(t—),z)p(dt,dz), (1.7)

where h is an integer valued function; furthermore, this representation is equivalent
to (3). For details, we refer the reader to [15] and [22].
We now state (generalized) It6’s formula. For each i € M and g(-,7) € C*(R"),

we have
9(X (1), a(t)) — 9(X(0),a(0)) = /0 Lg(X(s),a(s))ds + M(t) + My(t)  (1.8)

where



The compensated or centered Poisson measure u(ds,dz) = p(ds,dz) — ds x m(dz) is
a martingale measure. For ¢ > 0, and g(+,7) € CZ (the collection of C? functions with

compact support) for each i € M,

E™g(X(t),a(t) — g(x,1) = E””/O Lg(X(s), a(s))ds, (1.9)

where E™ denotes the expectation with initial data (X (0), «(0)) = (z,i). The above

equation is known as Dynkin’s formula. The condition g € C? ensures that

g(X(),a(t) —g(x,1) — /0 Lg(X(s),a(s))ds is a martingale.

Furthermore, one can show that £ agrees with its classical interpretation, as the

(infinitesimal) generator of the process (X (t), a(t)) given by

Lo(ont) — tim B2, 0(0)] — o)

£10 t (1.10)

To see this, pick ¢ sufficiently small so that a(t) agrees with the initial data. Then

it follows that

¢ | £ax(s).a)as

1 t
_ ;/ Lo(X(s),i)ds — Lg(z,i), -0
0
by continuity. Hence by multiplying by ¢t~! then letting ¢ tend to zero, one gets
1 t
‘EE/ Lg(X(s),a(s))ds — Lg(x,i)| = 0, ast — 0,
0

and consequently (1.10).



Noting (1.9), when the deterministic time ¢ is replaced by a stopping time 7

satisfying 7 < oo w.p.1 (recalling that g(-,7) € CZ), then

E™g(X(1),a(r)) — g(z,i) = B /OT Lg(X(s),as))ds. (1.11)

Note that if 7 is the first exit time of the process from a bounded domain satisfying
7 < oo w.p.1, then Dynkin’s formula holds for any g(-,i) € C? and each i € M
without the compact support assumption. To proceed, we obtain the following system

of Kolmogorov backward equations for switching diffusions; see also [21].

Theorem 1.2.1. (Kolmogorov Backward Equation) Suppose g(-,i) € CZ(R"), for
1€ M, and define
u(, 1,) = B=(g(X (1), alt))]. (112)

Then u satisfies

au—ﬁu for t>0, z€R™ ie M

ot (1.13)
w(x,0,i) = g(x,i) forzeR™ ie M

A proof of the theorem can be found in [21, Theorem 5.2]; see also Theorem 5.1

in the aforementioned reference.

Remark 1. We illustrate the proof of the theorem using the idea as in [13, p. 140].



Fix ¢ > 0. Then, using (1.10) and the Markov property, we have

Eoi [u(X (r),t, a(r))] — u(z,t,q)
_ ES[EX00[g(X (1), o(t))]] — B g(X(£), a(t))]

r

_ ETESg(X (¢t + 1), ot + 1) F] - B g(X (1), o(t)]

E5g(X(t+71),at +71))] — B> [g(X (1), a(t))]

t ) — u(z, 0
_ U(I, +T’Z) U(I‘, 77/) - %(‘T,t’ Z) as r \L 0
T

Thus, by the definition of £, (1.13) is satisfied.

We now state the Feynman-Kac Formula, which is a generalization of the Kol-

mogorov Backward equation.

Theorem 1.2.2. (The Feynman-Kac Formula) Suppose g(-,i) € CZ(R™), and let
c(+,1) € C(R™) be bounded; i € M. Define

oz, t,i) = B [exp (— /0 t c(X(s),a(s))ds>g(X(t),a(t))] . (1.14)

Then v satisfies

@:,Cv—cv for t>0, xR ie M
ot (1.15)

v(z,0,7) = g(x,i) forxeR" ie M

Proof. To simplify the notation, let



Now, following the argument in Remark 1, we fix t > 0. We have

E% u(X(r),t,a(r))] —v(z,t,1)

:E“[EX(”Z(”[Z(t)Y(t)H EZ@)Y (1))

E%[E%exp ( fo c(X(s+r),a(s+ r))ds)Y(t + )| F] — BV Z(4)Y ()]

Bl fexp (= [ e(X(s), al(s))ds ) Yt + 1) F ] — E4[Z(0)Y (1)

_ E%Z(t + 1) exp (for c(X(s), oz(s))ds)Y(t +1)] — E®Z()Y ()]
_ E%Zt+r)Y(t+7r)] — Em’i[Z(t)Y(t)]
N ESZ(t 4+ )Y (t+7) {exp ([, c(X(s), a(s))ds) — 1}]

v(x,t+r1) —v(z, t,1)

B2+ )Y (t+7) {exp (Jy o(X(s), als))ds) —1}]

r

+

First, clearly,
t ) — t,1
v(z,t+r0) —v(z,t,0) . @<
r ot

x,t,1), rl0.
Furthermore, we claim

EZ(t+ 7)Y (t+7) {exp ([, (X (s), a(s))ds) — 1}]

r

— c(x,i)v(x,t,1).

To verify this claim, first note that

Zt+r)Y(t+r)— Z)Y(t), rlo,



by continuity. Now, if we let

f(r) =exp (/0 C(X(S),a(s))ds) :

for r sufficiently small. Denote the first jump time of a(-) by 71. With «(0) = 4, for

any t € [0,71), a(t) =i. It follows that

f(r) =exp (/OT c(X(s),z’)ds) ,re0,7).

Hence f is differentiable at the origin and

d : :
21(0) = J(0)e(X(0). ) = ().

This in turn yields that

20t +r)Y(E+7)- % (exp </O c(X(s),a(s))ds) _ 1)
f(r) — f(0)

r

=Z({t+r)Y({t+r) ( ) — Z(t)Y (t)c(z,i), r{0.

Furthermore, the assumptions on the functions ¢(-,7) and g(+,¢) ensure that this forms

a bounded sequence, so we may apply the bounded convergence theorem to yield

lim £ {Z(t L)Y+ r)% (exp ( /O ' c(X(s),a(s))ds) - 1)}
_ g [an(Hr)Y(Hr)% <eXp ( /0 ' c(X(s),a(s))ds) - 1)]

rl0

= B Z(4)Y (H)e(x,1)] = ez, i) X' [Z()Y ()] = ez, i)v(,t,0)

as claimed. This completes the proof. O



So we have seen that the functions given by (1.12) and (1.14) necessarily satisfy
certain initial value problems. The remainder of this section will be dedicated to
giving stochastic representations for solutions to certain partial differential equations

(PDEs) related to the operator L.

1.3 Dirichlet Problem

Let O C R", be a bounded open set and consider the following Dirichlet problem:

Lu(x,i) + c(x,i)u(x, i) = P(z,i) in Ox M
(1.16)

u(z,i) = o(x,1) on 00 x M,

where 0O denotes the boundary of O. To proceed, we impose the following conditions:

(A1)  Assume the following conditions hold

1. 90 € C?

2. for some 1 < j <r, and all i € M, min,cpa;;(z,i) >0

3. a(-,i) and b(-,7) are uniformly Lipschitz continuous in O for each i €
M

4. c¢(z,i) < 0 and c(-,i) is uniformly Holder continuous in O for each
i€ M

5. 1(+,1) is uniformly continuous in O and (-,4) is continuous on 9O,

both for each i € M

It follows that under (A1), the system of boundary value problems has a unique
solution; see [2] or [12]. Our goal is to derive a stochastic representation for this
problem, similar to the Feynman-Kac formula. In order to achieve this, we need the

following lemma.
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Lemma 1.3.1. Suppose that T = inf{t > 0: X*(t) ¢ O}. That is, T is the first exit
time from the open set O of the switching diffusion given in (2.2) and (1.3). Then

T <00 w.p.l.
Proof. We use the idea as in [2]. Consider a function V : R" x M — R defined by
V(z,i) = —Aexp(Az1), AAX>0,i€e M.
Clearly V(-,i) € C*(0O) and since V is independent of i € M,
Q)V (w,)()) = Y 4ii(x)(V (@, ) = V(x,i)) =0,
i#]
and thus

LV (x,i) = —Aexp (A1) Baux\2 + bl/\:| )

—b
Note that as long as A > 2—1, it follows that LV (z,i) < 0. Hence, by choosing A
an

and A = A()) sufficiently large, we can make LV (z,i) < —1 for each i € M. As the
function V/(-,4) and its derivatives w.r.t. = are bounded on O, we may apply Dynkin’s

formula to yield:

E*V(XtAT), a0t AT)) = V(z,i) = E’”/O TEV(X(S),Q(S))CZS

< —E"(tAT),
where £ denotes the expectation taken with (X (0),«(0)) = (z,¢). This yields that

E*(tAT) < V(i) — E""V(X(EAT),a(t AT)) <2 max |V(x,i)| < oo.
z€0,ieM
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Taking the limit as ¢ — oo, and using the monotone convergence theorem yields

E*'t < 0o, which in turn leads to 7 < co w.p.1. O]
Similar to the Feynman-Kac formula, the following result is true.

Theorem 1.3.1. Suppose that (A1) holds. Then with T as in the previous Lemma,

the solution of the system of boundary value problems (1.16) is given by

u(z,i) = B [so(X(r), a(7)) exp (/O o(X(s), a(s))ds)} (1.17)

— Eoi UOT@/;(X@), a(t)) exp (/Ot (X (s), oz(s))ds) dt] .

Proof. We apply [to’s formula to the switching process

w(X(t),t,at)) == u(X(t), a(t)) exp (/o C(X(s),a(s))ds) :

To simplify notation we let

2(0) = e [ ctx(s).a(6)as )
We have

Eu(X(tAT), alt AT Z(EAT) — u(x,q)

Taking the limit as ¢ — co and noting the boundary conditions, (1.17) follows.  [J
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1.4 Initial Boundary Value Problem

Consider next the initial boundary value problem given by

(

£+ Zlu(z,t,i) + c(z, t, i)u(z, t,i) = P(z,t,i) inOx[0,T)x M

u(z, T,i) = p(z,1) in O x M (1.18)

u(z,t,1) = ¢(x,t,1) on 00 x [0,T] x M

\

where O is the same as before and
LF (1) = Strlala, t,) D (e, 1,0) + (o, 1) DS, ,0) + Q) (8, (i) (119

We assume the following conditions:

(A2)  Assume the following conditions hold.

1. (a(x,t,9)y,y) > kly|>, for each i € M and for y € R", (k > 0),

2. ay(+,+,1), bi(-,-,4) are uniformly Lipschitz continuous in O x [0, T, for
each i € M,

3. c(+,+,1) and (-, -, 1) are uniformly Holder continuous in O x [0, T, for
each i € M,

4. ¢(+,1) is continuous on O, ¢(-,-,i) is continuous on PO x [0,T], for
each i € M, where 0O denotes the boundary of O,

5. ¢(x,1) = ¢(x, T, 1), for x € 0.

Under (A2) it follows that the system of initial-boundary value problems has
a unique solution; see [2] or [12]. In order to get a stochastic representation for

the solution, we also require the drift and diffusion coefficients of u to be Lipschitz
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continuous in the time variable; namely we require
|b(x,t,i) — b(z,s,1)| V|o(z,t,1) —o(x,s,9)| < K(|[t—s]), 1€ M,

in addition to (2.4) and (1.5).

Now for (z,t,7) € O x [0,T) x M, consider the switching SDE given by
dX(s) =b(X(s),s,a(s))ds + o(X(s),s,a(s))dw(s), se€lt,T], (1.20)
with initial data (X (), a(t)) = (x,7). If we let o(z,t,7) be the square root of a(x,t,1),

then the following is true.

Theorem 1.4.1. Suppose that (A2) holds. Then the solution of the system of initial

value problems in (1.18) is given by

u(z, t,i)= E®? [I{T<T}¢(X(T), T, (7)) exp </tT co(X(r),r, oz(r))dr)}
+ B {]{T:T}ap(X(T), o(T)) exp < /t " X (). a<r))dr)] (1.21)
e[ [ v satnen ([ dxonnamar) i)

Proof. Proceeding similarly to the previous theorem, we apply Ito’s formula to the

process

w(X(5), 5, a(s)) exp (/t c(X(r),r,a(r))dr) . se[tT)

To simplify notation we let

Zu(s) = exp ( /t (X, &(r))dr).
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We have

E¥u(X(r AT), 7 AT, a(t NT)Z(1 AT) — u(x,t,1)
_ g /t (% n g) {u(X(s), s, a(s)) Zi(s) ds
_ poi /tT Zt(s){u(X(s), s,a(8))e(X (), s, a(s)) + Lu(X(s), s, a(s))}ds

AT
=5 [ 20X (), sl
t
If we note that

w(X(TAT), T AT, ot NT)Zo(7 AN T) = w(X(7),7,a(7))Zi(7), T<T

WX (T),T,a(T)Z,(T), =T

H(X (1), 7, 0(1)) Ze(T), T<T

p(X(T),a(T))2(T), 7=T,

then by replacing the correct value for

u(X(rAT), TANT,a(t NT))Z:(T ANT)

in the above derivation, one gets (1.21).
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1.4.1 Cauchy Problem

If we let O = R™ in the initial value problem (17) of the previous section, we get the

Cauchy problem:

(£ + 2u(z,t,i) + c(z, t, i)u(z, t,i) = P(z,t,i) nR"x[0,T) x M

(1.22)

u(z, T,i) = p(z,1) in R" x M

To proceed we impose the following condition:

(A3)

Assume the following conditions hold.

1. The functions ay(-,-,4), b(-,-,7) are bounded in R™ x [0, 7] and uni-

formly Lipschitz continuous in (x,t,4) in compact subsets of R™ x

[0,7] x M, for each i € M.

. The functions a(-,-,7) are Holder continuous in x, uniformly with

respect to (z,t,4) in R™ x [0,7] x M, for each i € M.

. The function ¢(-, -, ) is bounded in R™ x [0, 7] and uniformly Holder

continuous in (x,¢,7) in compact subsets of R x [0, 7] x M, for each

1€ M.

. The function (-, -, i) is continuous in R™ x [0,T], for each i € M,

Holder continuous in x with respect to (z,t,i) € R™ x [0, T] x M, and

(2,80 < K(1+[z),  in R"x [0,T] x M.

. The function ¢(+, 1) is continuous in R", for each i € M, and |¢(x,1)| <

K(1+ |z|P), where K and p are positive constants.



16

Under (A3) it follows that the Cauchy problem has a unique solution; see [2] or

[12]. Moreover, the following is true.
Theorem 1.4.2. Suppose that (A3) holds. Then the solution of the Cauchy problem
in (1.22) is given by
A T
utet) = B [pX(T)a(T) exp ([ X (5)5,a(5))s )|
t

_ g UtTw(X(s),s,a@))exp (/t c(X(r),r,a(r))dr) ds} . e

Proof. As before, by Ito’s formula, one has

E=u(X(T), T, a(T) Z(T) — u(z,t,1)
:E/t (%+£> [u(X(s), 5,(5)) Zu(s) }ds.

Now, proceeding as in the proof of the initial-boundary value problem, we get (1.23).

]

Remark 2. Note by taking ¢ = ¥ = 0, we see that the Kolmogorov Backward

Equation is a special case of the Cauchy problem by replacing u by:
w(z,t,1) == u(zx, T —t,1i).

So we have shown that even in the presence of regime switching, the generalizations
and extensions of the Feynman-Kac formula remain valid. We close this chapter with

a few examples.
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1.4.2 Examples

Example 1. Let O C R" be an open set and consider the following weakly coupled

system:

;

Au(z, 1) + g1 (x)u(z, 1) + gra(x)u(z,2) = ¢(x,1) in O
Au(z,2) + go1 (x)u(z, 1) + goa(x)u(z,2) = ¢(x,2) in O (1.24)

u(z,1) =u(z,2) =0 on 00.

\

011(T)  q12\%
Where Q(z) = (@) (@) satisfies the ¢-property. Such systems are studied

go1(z)  qo2(w)
in [17]. It follows that this Dirichlet problem has the unique solution

utei) = =5 | [“ote+ B0, at)at].

0

where B(t) is a standard, n-dimensional Brownian motion and «a(t) is a two-state,
discrete process with generator Q(x).

Example 2. Let
1
Li = 5tla(e,) Dg(a.0) +¥(a, ) Dy(a. i) i =12

and consider the following stationary system; found in [6].

(

Liu(z, 1) + g1 (x)u(z, 1) + gr2(x)u(z,2) =0 in O
Lou(z,2) + gor(x)u(z, 1) + goa(x)u(z,2) =0 in O

u(z,i) = (x,1) on 00.

\
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It follows that the solution of the above problem has the form:
ute) = Ep(X (a(r e { [ a0, als)ds},
where §(z,7) = ¢;i(x) + ¢;;(z) and «(t) is a two-state process satisfying:
P{a(t+0) = jla(t) =1, X(s), a(s), s <t} = q;(X(t))d + o(9).

q11(T) Q12T
Hence if the generator Q(x) = (@) (@) satisfies the g-property, then it

@1(r) qo2()
follows that ¢(z,7) = 0 for all z, so the solution reduces to the form:

u(x,i) = B o(X(7), (7)),
which agrees with the solution to the Dirichlet problem given by:

Lu(z,i) =0 in O x {1,2}

u(z,i) = p(x,i) on 00 x {1,2}.
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Chapter 2

Near-Optimal Controls of Systems

with Regime Switching

2.1 Introduction

Let M = {1,...,mo} be the state space of a discrete event process a(-), that is
a continuous-time Markov chain with € > 0. Let z(-) be an R™-valued stationary
process that is independent of a(+). Let U be our control space and suppose that U is
a compact subset of R™. Let b(-,-,-) : R"xMxU — R" and let o(+,) : R"xR" — R".

We consider the following controlled diffusion process with switching

X(t)==x b(X(s),a(s ))ds + — (X(s),2(s))ds,
(1 +/0< (), a(s), u*(5))ds + / (s)) o

a(0) =1,

where uf(+) takes values in #. Our goal is to find the optimal control, u¢(-), so that

the cost function (for some T > 0),
' T
Ju) = J (@, i, uf) = B / C(X(s), a(s), u(s))ds (2.2)
0

is minimized. Here £ denotes the expectation with respect to the probability law

of (X€(t),ac(t)) with initial data (X<(0),ac(0)) = (z,1).
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2.2 Relaxed Controls

We now introduce the relaxed control formulation. Denote the g-algebra of Borel
subsets of U by B(U). Let M(co) denote the set of measures, m(-), defined on
the Borel sets of U x [0,00) that satisfy m(U x [0,t]) = ¢, for all £ > 0. We say
that a random M (co)-valued measure m(-) is an admissible relaxed control if for
each B € B(U), the function defined by m(B,t) := m(B x [0,t]) is F; adapted.
Equivalently, one could say that m(-) is a relaxed control if f(f f(s,e)m(ds x dc)
is progressively measurable with respect to {F;} for every bounded and continuous
function f(-,-).

It can be shown that if m(-) is an admissible relaxed control, then there is a

measure-valued function my(+) so that m,(c)dt = m(dt xdc) and, for a smooth function

/ F(s,c)m(ds x dc) = / ds /u £(s, ¢)ms(dc)

To proceed, we topologize M (o0) as follows. Let {fg (-) : i < oo} be a countable

f(+), we have

dense set of continuous functions on U x [0, k|, for each k. Let

(m, f) = /f(s,c)m(ds x dc),

— 1
d(mi, ms) g —k k(ma, ma),

where
oo

Z 1 |(m1 — ma, fi,)

— 2/ 14 |(m1 — mo, fi,)]

dk‘<m1a m2) -

If a sequence of measures {my(-)} in M(oo0) converges weakly to a measure m(-), we

will denote this by my(-) = m(-). This setup is fairly standard and can be found in
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several other sources, for instance [20].

We say that an ordinary admissible control u(-) is a feedback control if there is a
U-valued Borel measurable function ug() so that u(t) = ug(x(t)) for almost all w and
t. For each x, let m¢(x,-) be a probability measure on (U, B(U)) and suppose that
for each B € B(U), my(-, B) is Borel measurable as a function of z. If for almost all
w and t we have that my(-) = ms(z(t),-), then m(-) is said to be a relaxed feedback
control.

We now rewrite the system using the relaxed control formulation. We have

t):x0+/0t/ub(X5(S),a€( c)m(de) d3+_/ (Xs), #°(s))ds (2.3)

Oé€<0) = io S M,

where m€(-) is the relaxed control. Our goal is to choose the optimal control m(-) so

that the cost function

T (me(4)) = T (2, oy u () = E700 / /u C(X(s), a“(s), yme(de)ds  (2.4)
is minimized.

Assumptions

To proceed we make the following assumptions.

(A1) a(-) is a continuous-time Markov chain with state space M and generator
Q(t) = (gj;(t)) given by )
Q)

€

Q(t) = +Q(b),
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where both Q(t) and Q(t) are bounded and Borel measurable generators of
continuous Markov chains such that Q(t) = diag(Q'(t), ..., Q*(t)) where each
Q’(t) is weakly irreducible with quasi-stationary distribution

Vit) = (UI(t), ... vl (1) € RYmi,

7m]-

(A2) The functions b(-) and o(+) satisfy: For each o € M, b(-,c,¢) and o(+, z) are
defined and Borel measurable on [0, 7] x R such that, for each = and y € R",

the following Lipschitz condition holds.

1b(y, a, ¢) — bz, o, ¢)| < Lz — y],

|0(y, 2) = oz, 2)] < Ljz —yl,

for each «, ¢, and z.

(A3) The process z°(t) = z(t/€), where z(-) is a stationary process, independent
of a(-), with mean Fz(s) = 0. It is a strong mixing process with mixing

measure ¢(-) so that the process is bounded, right continuous, and satisfies

I 03 (s)ds < .

(A4) There is a positive integer pgy so that for each ¢ and o € M we have
|C (2, o, )| < k(1 + |z[),

where k is an arbitrary positive constant.

We also assume that M is nearly completely decomposable, an idea introduced

in [1]. This means that our state space M can be decomposed into subspaces

M=MUMU---UM,
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with the elements of M, labeled as

./\/li:{s“,...,simi), i1=1,...,1,

where the probability of leaving a particular subspace, M, is small once it has been
entered. However, as the name suggests, the subspaces are not completely isolated
but communicate via the slow part of the generator Q(t) In addition, we may reduce
much of the computational complexity by treating all of the states in each subspace

as a single state. Precisely, we define a new process given by
a‘(t) =g if a(t) € M,. (2.5)

Note that a¢(-) takes values in M = {1,...,1}.
Remark. Let us make the following observations.

e Note that a(-) is not a Markov process. However, as it was proved in Chapter
5 of [20], a“(-) converges weakly to a Markov chain @(-) such that the generator

of a(+) is given by

Q = diag(v' (1), ...,/ () Q(t)diag(1,y,, . . ., L, ). (2.6)

e One of the difficulties that we are facing is that system (2.1) in general is non-
Markovian. This is because that z¢(t) is generally non-Markovian. Nevertheless,
2¢(+) is a so-called wideband noise process that approximates the white noise.
Recall that a wideband noise process is one whose band width goes to co and
hence an approximation of the white noise. We will use the methods of aver-

aging to obtain a limit the system. In fact, we examine the pair of processes
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(X€(+),a(:)) and show the limit is a Markovian. This limit system will lead to

a controlled martingale problem.

e Using the near-optimal control of the limit system, we construct controls for
the original systems. Then we show that the control so constructed is nearly

optimal.

2.3 Limit Systems

Let D(]0,00) : S) denote the set of cadlag functions from [0, 00) to S. A cadlag func-
tion is one that is right-continuous and has left hand limits. A detailed presentation
of their weak convergence properties can be found in [4]. We now present the main

result of this section.

Theorem 2.3.1. Suppose that assumptions (A1)-(A3) hold. Then {X(m*(-),),
ac(+),m(-)} is tight in D([0,00) : R" x M) x M (c0) where D([0,00) : R"x M) denotes
the set of cad-lag functions from [0, 00) to R"x M. Suppose that (X(m(-), ), a*(:), m(-))
converges weakly to (X (m(-),-),a(:),m(:)). Then there exists an R™-valued standard
Brownian motion w(-) such that w(-) and &(-) are mutually independent, m(-) is

admissible with respect to (w(-), a(-)), and

X(t) = xo —l—/o /ul_)(X(s),d(s),c)ms(dc) +/O 7(X(s))dw, (2.7)
where a(x) is the square root of R(x) with R(x) defined by

R(x) = Fo(x,2(0))o’(x, 2(0)) + /oo Eo(x,z(t))o'(x, 2(0))dt
0 ’ (2.8)
—l—/o Eo(x,2(0))d'(z, 2(t))dt,
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and

m;

b(z,i,u) = ZU;-(t)b(x, SijyU) + /Ooo E[Do(z,z(s))o(x, z(0))]ds. (2.9)

j=1
Remark. Note that corresponding to (2.7) or corresponding to the limit switching

diffusion, there is a generator given by
Gf(z.i) = Lf(z,9) +Q(t)f(z,-)(i), for i€ M,

where £ and @) are given by

Lf(z,i)= %tr[a(x)a’(x)D2f(x,i)] + /ul_)’(x,i,c)Df(x,i)mt(dc), JieM,

Q) f(w,) (1) =D ay®)f(w,5) = DY ay(Of(x,§) = flz,9)], i € M,

JEM j#i,jEM
and where Q(t) = (g;;(t)) given by (2.6).

To prove Theorem 2.3.1, we carry out a series of tasks. To begin, define

O (t) = f(X(1), a(t)) — F(X(0)),a(0)) —/O Gf(X(s),als))ds, (2.10)

for and f(-,4) that is twice continuously differentiable with compact support for each
i € M. Following the classical approach, we hope to show that ® #(+) is a martingale
for each i € M, and for each f(-,i) € C2, where C2 denotes the set of C? functions
with compact support. This will in turn show that (X(-),@(+)) is a solution to the
martingale problem with operator G. Since we do not assume the process is bounded,
we first approach the problem from the angle of truncation. Then, once we have veri-
fied the claims for the truncated process, we show that these claims also remain valid

when the truncated process is replaced with the untruncated process. To proceed, let
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K > 0 be an arbitrary constant and define a truncation function

1, if jz| < K,
hi(x) =
0, if || > K +1,

such that hg(z) is sufficiently smooth for K < |z| < K + 1. We define the truncated

version of X() by

Xy (t) = zo —|—/0 /bK(X;{(s),ae(s),c)mfg(dc)ds oy

1 ! € €
+%/0 ok (X (s), 2°(s))ds,

where by = bhy and o = ohg are the truncated versions of b and o. Now, instead

of the original martingale problem, we aim to show that

Oppc(t) = f(X(2),alt)) — f(X(0),a(0)) - /0 Gr f(X(s), a(s))ds, (2.12)

is a martingale, where Gi is essentially G but b and o have been replaced with their

truncated counterparts. To proceed, we need the following lemmas.

Lemma 2.3.1. Under the conditions of Theorem 2.3.1, {m<(-)} is tight in M (c0)
and {ac(-)} is tight in D([0,00) : M).

Proof. First note that since U x [0,00) is a Polish space (separable, complete, and
metrizable), we have that {m(-)} is tight in M (c0). Furthermore, from our assump-

tions, it follows that {a“(-)} is tight in D([0, 00) : M) from [20]. O

Now, to proceed, we need a different notion of convergence, that is weaker than
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strong convergence; see [8]. We say that f is the p-limit of {fx} and write
k—o00
if and only if

Sl;p|fk| < 00

and

kh_}m E(|fe(t) = f(t)]) =0  forallt

Now, let Ff be the minimal sigma algebra so that {a(s), m¢(+), 2°(s) : s < t} is Ff-
measurable and let E; denote the conditional expectation with respect to Fy. Given

an operator A°, we say that a function f(-) is in the domain of A, and A°f = g, if

— 1
P A%

Two consequences of this definition are that given f(-) is in the domain of A, we

have that

- | A f(s)ds

is a martingale, and

t+s
E f(t+s)— f(t) = /t E;Af(r)dr  w.p.1,

see [20] or [9] for more details. We now state a theorem, from [11], which will be used

soon to verify the tightness of certain sequences.

Theorem 2.3.2. (Kushner [11]) Suppose that Y¢(-) has sample paths in D([0, c0) :
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R™) and suppose that

lim limsup P( sup [Y(t)] > N) =0, foreach T < oo.

N—oo 0 t€[0,77]
Given f<(-) in the domain of A, if for each T < oo, {Af<(t) : € > 0,t < T} is
uniformly integrable and for each \ > 0,

lim P(sup [ f(t) — fF(Y())] = A) = 0,

e—0 t<T
then {Y(-)} is tight in D([0,00) : R™).
We now return to our problem.

Lemma 2.3.2. Under the conditions of Theorem 2.3.1, {(X&(-),a(-))} is tight in
D([0,00) : R* x M).

Proof. We verify this result using an Aldous-like tightness criterion. For i € M and
n(-,i) € CZ define

n(x,a) = Z n(x, 1)l aem,y, for a € M; (2.13)
iEM

note that 7(z, «) is identically zero if a does not belong to the class M.

Consider the operator G¢ given by:

Gz, ) = LG(z, ) + Y qie(t)i(z, B), for a € M, (2.14)
BeEM

where

o(x,2)

ymL@ZDmL@{LM%m@wu@+

S
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Furthermore, let L% denote the truncated version of L¢ where b and o are replaced

with bx and o respectively. Note that, from our definition of 7, it follows that

DX (1), ac(8) =Y n(X5e(8), D) Iae =iy
ieM

= (X5 (1), a(t)).

We have

Lyn(Xi(t),a (t)) = Dﬁ(X%(t),ae(t))’[/ubK(X%(t),ae(t),C)mi(dC)
(2.15)

+ LUK(X;((t)v'Ze(t))}'

e

Now, for T" > 0 with ¢ < T, define the first perturbation of 7 by

(t) = (X (1), a5(t) = %/t E;[Di(Xi(s),a(s)) ok (X (5), 2°(s))]ds

Using a change of variables we obtain

T/e

i(t) = Ve y Ef [Di( X (5), a(5)) ok (X (5), 2(s)) ] ds.

Furthermore, using the mixing condition on z(-), the independence of a“(-) and z(-),

and the fact that X¢(+) is bounded, it follows that

(X (1), 0 (1)) = O(Ve). (2.16)

Therefore,

sup [7<(t)| 20, as e — 0.
t<T
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Now, using some algebraic manipulation, it follows that

Licii(t) = —%Dmx;(t), o (8)) 0w (X (8), 25(8))
(2.17)

[DA(X 5 (1), () Esorc (X5 (1), 2(s))], X5 (t)ds

t

+

S

So, if we define 7°(t) = (X% (t), a“(t)) + 105 (t), we get
Ly (t) = Lygn(Xi (8), o(t)) + L (t)

— Di(X(t), (1))’ / bic (X (8), 0 (1), ¢)mi (do)

T/e
" / B [Di(X (1), o (1)) oxe(Xic (1), 2(5)] o (X (), 2 (1)) ds

€

T/e

+Ve ’ E DX (1), () ox (X (), 2(5))],

« /u bic (X (1), o (1), c)me (de).
(2.18)

We now aim to analyze and bound each of the terms in the previous equation. First,

as 7 is smooth with compact support and bg is bounded, it follows that

| Di( X5 (1), o (1)) -

/M b (X (1), ac (1), ¢ (de)

is uniformly bounded. By the mixing condition on z(-), it follows that

T/e
Ef [Di(Xe (1), o (1)) o (X (8), 2(5))];, oxc (X (8), 2°(8) s

t/e
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is also uniformly bounded. Furthermore, in a similar fashion, we have

T/e
NG / E; [DAX3 (0,0 (0o (X5 (0 2, [ bie(Xi(®)x(e) o)

€ u

= 0(ve)

Due to (A2) and the definition of 7(-), we get that

(2.19)
= Q)X (1), ) (1) + 7 (X5c(8), ) (@ (t))]
as a result of the fact that
Q1 =0,
where 1 = diag(1,,,, ..., L,,), and 1, is an ¢-dimensional vector with all entries being

1. Thus,

p = Hm Q)i (X5 (t), -) (1)) = 0,

as € — 0. Combining all our estimates for (2.18), we see that {G4n°(¢)} is a uni-
formly integrable family. In addition, the process {X(-)} clearly satisfies the first
condition of Theorem 2.3.3 due to their truncations. Finally, using (2.16), we see
that all the conditions of Theorem 2.3.2 are satisfied, and, therefore, it follows that

{(XG (), (1))} is tight. 0

We have now shown that { X (-)}, {a(-)}, and {m°(-)} are tight in D([0, c0) : R™),

D([0,00) : M), and M (oc0), respectively. Our next order of business is to analyze the

limit we observe under the weak convergence. Citing a result found in [8], if we can
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show that 7(-,-) € D(G%), it will follow that

N X5 (1), a“(t) = | Gii(Xi(s), a(s))ds

is a martingale. This will also imply that

Ei(Xi(t +5), a%(t + ) = (X5 (1), a%(1)) :/t SEngﬁ(X%(T),Of(T))dT w.p.1

Let

T/e ,
0°(z, 0, 2 (1)) = / (B (2, 0)ox (0, 2(3))], o (a, 2<(£) ),

€

and with 7¢(-) as before, we define the second perturbation

My ( X (1), () rz/t [E70°(X§ (1), a“(t), 2°(s)) — BO(X (1), a(t), 2%(s))] ds.
(2.20)

By substituting the definition of ¢ into the second permutation, we see that

T/e

T/e
Mo (Xk (1), () = E/t / [EFIDN(XGe (1), () o (X (1), 2(8)) o (X (£), 2(7))

— E[E;Di)( X (1), o (1)) oxc (X5 (1), 2(s))[por (Xic (), 2(r)) | dsdr.

Furthermore, we have
(2.21)

by letting e — 0.
Now we define

°(x, o) = 0z, a) + 9 (2, @) + 05z, a). (2.22)
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Applying LS to 75(-,-) yields

Ligny (X (), (1))

= —0°(X5 (1), a“(t), 2(t))
T/e
+/ E[D( X (1), a (1)) oxc (X (t), 2(5)) ook (X (£), 2(r))dsdr

/€
T/e pT/e
re [ [ [BIDICG0.0° 0 i (X 0, () (X5 (0,0

—E[Di(Xj (1), o (1)) ox (X (1), 2(5)) a0 s (X (1), Z(T))] ;X%(t)dsdr-

(2.23)

Combining everything we have used so far, we see that

Gie (X (1) a*(1)
= L (X (), 0°(8)) + 75 (X (0. 0°(0)) + A5 (X (0), o (1)
£ 3 a0 X (1), 0(8) + (X (1), (1)) + 75X (8. (1))
JEM
= DiXie00"(0) | br(Xc(0). o (0). i) (2.2
T/e
+ [ BN (D). () o (X 0. 2(6) L (X0, ()
£ a0 X (1), 0(8) + (X (1), (1)) + 75 (X (8. (1))
JEM

+ e“(t),

where ef(+) is an error term satisfying

p—limeS(t) -0, as ¢ — 0.
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As before in (2.19), we see that
Q) [N(Xk (1), ) (@ (1)) + M (X (), -) (@) + 75 (X5 (1), -) (a“(2))]
= Q1) (X5 (), ) (@ (1)) + 05 (X (1), ) (@(1)) + D5(Xfe (1), ) (@ ()]

In addition, equations (2.21) yields

p =l Q(t) [ (X (), -) (@ (1) + (X (8), -) ((1))] = 0.

Thus, the only term that requires our attention is Q(¢)7(X% (£), -)(ac(t)).

As {X5(+),ac(-),m(-)} is tight, we may select a weakly convergent subsequence
that we still denote by {X&(-),a(-),m(:)}, for notational simplicity. Using the
Skorohod representation we may assume, with a slight abuse of notation, that
(X5 (+),ac(+),m(+)) converges to (Xg(-),a(-),m(-)) with probability 1. Finally, we
use an idea from [11] to complete the proof. For arbitrary ¢ > 0, s > 0, bounded and

continuous f(-), and positive integer Ny, we show that

Ef(XK(t),a(t):tl<t,l§N0)[(XKt+s a(t+s)) — n(Xx(t), at))

/ Gien(Xx(r). a(r))dr]| = 0.

This implies that

t+s
n(Xx (1), alt)) — / Gren(Xic(r), 6(r))dr

is a martingale, completing the proof.
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First, we have

/t QX (), o (r))dr

— [ 3 3 QRO 5 e
) (2.25)
- [ X T QD). 55 ey

t+s
+/ 0D QX5 (), 5i) Hiacrr=syy — V5(r) Iac =iy dr-
b iesiem,

Now, by Theorem 5.52 in [22], for eachi € M and j =1,2,...,m;,

t+s 2
E (/ [I{af(r):sij} — U;-(T)]{ae(r)i}]d’f‘) — 0 as € = 0.
t
This clearly implies that we may omit the last line of (2.25) in our analysis. We have

t+sA
i B (X5(0). (0 10 < .0 < No) | [ QXK (r), ()|
t+s R
~ lim F(X (1), 3°(0) 0 < 1.1 < No) U [v(t)@(r)lwxm,a<r>>dr] (2.26)

= EF(Xk(t),alt) 1 < 1.1 < Ny) [ / - @<r>n<XK<r>7a<r>>dr] |
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Furthermore, from the weak convergence and the Skorohod representation, we have

Ef(XS(t),a(t) 1t < t,1 < Ny)
t+s
x [ | pitxid.ay /M bie (X5 (), 0 (£), cym (de)dr
= Ef(f(X5(t),a(t):t; <t,l < Np)

Z 3 / DA(XS (1), ac(t ))’/ubK(X%(t),sij,C)mi(dC)v§(T)I{ae<r)=i}]d7“

iEMIEM;

FY [ PG00 [ b0

ieMiEM;
X [I{@e(r):i} — US(t)I{&e(T):i}]dT]
— Ef(XK(t) d(t) t <1, [ < No)
<| [ puxto.atoy [ bCeto).at, mstacn]|

(2.27)

We have now shown that the following lemma is true.

Lemma 2.3.3. Under the conditions of Theorem 2.3.1, the pair (X5 (-),a(+)) con-

verges weakly to (X (+),a(-)), and this process is the solution to the martingale prob-

lem with operator G .

Finally, we must show that our original (untruncated) process (X (-),a(-)) is the

solution of the martingale problem with operator G.

Lemma 2.3.4. Under the conditions of Theorem 2.5.1, the pair (X<(-),a(:)) con-

verges weakly to (X (+),a(+)), and this process is the solution to the martingale problem

with operator G.

Proof. First, we have seen that ®x(-) are martingales with respect to the sigma-

algebra F; = 0{Xk(s),a(s),m(B x [0, s]) : for Borel sets B with s < t}. Therefore,
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there exists a standard Brownian motion wg/(-) that is adapted to JF; such that

dX 5 (t) = /u bie (X i (1), a(t), e)iing(de) + 5 (X e (t))dwpe (1) (2.28)

If we let K — oo, we see that (X(:),a(-)) satisfies equation (2.22) but with un-
truncated functions. Furthermore, because (X<(-),a“(-),m(-)) converges weakly to

(X(+),a(-),m()), the result contained in Theorem 2.3.1 now follows. O

Proposition 2.3.1. Assume that (X¢(-),ac(-),m(+)) converges weakly to

(X(+),a(:),m(:)) where m(-) is admissible with respect to w(-). Then, as € — 0,
J(z,i,m(+)) = J(x,i,m(-))

= g / / , c)my(de)dt,

m;

C(z,i,c) = Z v (t)C(x, 845, ).

j=1

(2.29)

where

Proof. First, by applying assumption (A4) and the Cauchy-Schwarz inequality we

obtain

2

S—
Q

(Xe(t>, Sij, C) [I{ae(t):s,-j} - U; (t)[{@e(t):l}} m:(dc)dt

T T
/ liQ(l + E|Xe(t>|2po)dt:| E / [I{ae(t) sij} — U ( )]{ae(t) l}} dt]
0 0 (2.30)

2
T T
< / liQ(l + E|X5(t)|2p0)dt:| FE / [I{oﬁ(t):sij} — U;(t)l{&e(t):i}} dt]
0 0

O(e) > 0 as e — 0,

by Theorem 5.25 in [20]. Because (X¢(:),a(:)) converges weakly to (X(),a(+)),
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using the Skorohod representation we may assume, abusing notation slightly, that
(X<(+),a(+)) converges to (X(-),@(:)) w.p.1. Furthermore, we have
limJ(x, ¢, m°)

e—0

e /0 ' /u CIX(t), 0 (1), c)me(de)dt

e—0

I my T
—1im 3> B /O /u CUX(E)s 5072 ) T )y (dC)

i=1 j=1

e—0
i=1 j=1

I my T
=lim» Y E™ /O /u CX(t), 815, €) [Tact=sis) = V3 (D (ae =iy ] mi (dc)dt

I my T
+g%ZZEw /0 /M C(X(t), 517, )V (8) L ae ()i (de) dt

i=1 j=1
I my T

= Z Z E“/ / C(X (1), sij, c)vs(t) L{a()=iyme(dc)dt
o Ju

i=1 j=1

- Z Z B / / C_Y(X(t>7 ia C)[{&(t):i}mt(dc)dt
0 u

i=1 j=1

_ e /0 ! /u CUX (), a(t), )ma(de)dt.

(2.31)

Thus giving the desired result. This completes the proof. O]

2.4 Nearly Optimal Control

Starting with the limit system, we can construct optimal of near-optimal controls.
Then we use such controls in the original problem. We aim to show that such con-
structed controls are nearly optimal. The main tool for this purpose is the so-called

chattering lemma, which we state now; a proof can be found in [11].

Lemma 2.4.1. Assume that (A2) holds and that (2.3) has a weak solution for every
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initial condition for the admissible pair (m(-),w(:)). Given T >0 and A > 0, there
exists a finite set US> = {al,a’, ... ,akAA} CU, ad >0, and a U*-valued ordinary
admissible stochastic control u®(-) such that u® is constant on each interval [id,i5+6)

and for all m we have

Pr(sup|z(t,u®) — z(t,m)| > A) < A,
= (2.32)
[ (2, i,m) = J(z,4,u)| < A.

If the solution to (2.3) is unique for each admissible control m(-), then the above

equation holds for all m(-) simultaneously.

Lemma 2.4.2. Suppose that m(-) is an admissible relazed control with respect to the

Brownian motion w(-).

e Then there is a nonanticipative solution to (2.3) with X(0) = z¢ and

Esup | X (t)* < Ko(1 + |wof*),

t<T
where Ko depends only on T' and the Lipschitz constant of b(-) and o(-).

e Let m™(-) converge weakly to m(-), where each m"(-) is an admissible con-
trol with respect to the Brownian motion w(-). Suppose xz(m"(-),-) satisfies
(2.3). Then (X™(m"(-),-),m"(-)) converges weakly to (X (m(-),-), m(-)) where
(X (m(-),-),m(-)) satisfies (2.3). Furthermore, m(-) is admissible with respect

to the Brownian motion w(-).

Proof. Proofs of both items appear in several sources; see, for example, [11] and

[5]. 0



40
Lemma 2.4.3. In the class of admissible controls for (2.3), there is an optimal con-
trol.

Proof. Let m%(-) be a sequence of relaxed controls that converge weakly to some
m(-) and satisfy J(m?) — infg J(m), as § — 0. Then, by Lemma 2.3.6, if z(m’, )
is a trajectory satisfying (2.7), it follows that (X°(m?(-),-), m%(-)) converges weakly
to (X (m(-),-),m(-)), where (X(m(-),-),m(:)) satisfies (2.7) and such that m(-) is

admissible with respect to w(-). Hence, m(-) is the desired admissible control. O
Finally, we show that those controls obtained in the limit are near-optimal.

Theorem 2.4.1. Assume the conditions of Theorem 2.3.1 are satisfied. Suppose that

u®(+) is a d-optimal control of (2.3). Then this control is nearly optimal satisfying

lim sup[J¢(u’) — l%f J(m)] < 6. (2.33)

e—0

where R¢ denotes the class of admissible controls corresponding to (2.1) and (2.2).

Proof. First, by Proposition 2.3.1, we have that

J () — J(u®) as € — 0.

% is a d-optimal control, we have

Furthermore, as u

J(u) > i%f J(m),

where R denotes the class of admissible controls for (2.2). Combining this with the
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fact that m<(-) is a A.-optimal control, we obtain

inf J(m) + Ac > J(°)

meRE
— J(m)
= nf J(m)
> J(u’) — 6

where g, is an error term such that o. — 0 as ¢ — 0. Therefore,

Ju’) — inf J(m) < A — o + 6,

meRE

(2.34)

(2.35)

from which (2.19) follows after taking lim sup as € — 0 of both sides. This completes

the proof.

]
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We consider diffusions in two different contexts. First, we consider the so-called
Feynman-Kac formula(s) for switching diffusions. These formulas provide stochastic
representations for solutions of certain weakly coupled elliptical systems of partial
differential equations. The formulas are for the boundary value problem, the ini-
tial value problem, and the initial boundary value problem. Second, we show the
existence of near-optimal controls for a system driven by wideband noise in the pres-
ence of regime-switching. Using a relaxed control formulation, together with weak
convergence methods, we show that given a stochastic optimal control problem, one
may find a control that is near-optimal. The use of wideband noise is inspired by

applications.
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