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1 Introduction

Invented in the 1920s (see [40] and [41]), Morse theory has been a crucial tool in the study
of smooth manifolds. In the past two decades, largely due to the influence of Floer, there
has been a resurgence in activity in Morse theory in its geometrical and dynamical aspects,
especially in infinite dimensional situations. An explosion of new ideas produced many
folklore theorems which were apparently widely acknowledged, highly anticipated or even
frequently used. Unfortunately, the literature has not kept pace with the folklore. Some
previously asserted results are still stated without proof and, having asked various experts
in the field, the author could not ascertain what is sufficiently proved or what is even regarded
as true. The purpose of this dissertation is to give a self-contained and detailed treatment
proving some of these claims.

In order to develop his homology, Floer invented two techniques in Morse theory (see
e.g. [25] and [26]). One is the compactification of the moduli spaces of negative gradient
flow lines. The other one is the gluing of broken flow lines. These two arguments have
continuously impacted on Morse theory since then.

In this dissertation, we shall study the manifold structures of compactified moduli spaces,
the orientation of compactified moduli spaces, the CW structure resulting from the negative
gradient vector fields and its relation with moduli spaces, and the associativity of gluing of
moduli spaces.

In the simplest instance, suppose one is given a Morse function on a finite dimensional
closed smooth manifold. By choosing a Riemannian metric, one obtains a negative gradient

flow. This determines a stratification in which two points lie in the same stratum if they lie



on the same unstable manifold. Now each such unstable manifold (or descending manifold)
is homeomorphic to an open cell, and it is desirable to know whether this open cell can be
compactified in such a way that it becomes the image of a closed cell arising from a CW
structure on the manifold. This is one of the problems we will be addressing. Another
related problem is to consider moduli spaces of flow lines between any pair of critical points.
Using piecewise flow lines, one obtains a compactification of these moduli spaces. The
question in this case to decide when one obtains a manifold with corner structure from this
compactification.

In addition to the finite dimensional case, our results will generalize in two ways. Firstly,
there will be an infinite dimensional version in which the underlying manifold is a complete
Hilbert manifold and the Morse function satisfies Condition (C) and has finite index at each
critical point. This situation will be called the CF case. Secondly, we will also strengthen
some results in the finite dimensional case. For example, we will obtain a certain result
about simple homotopy type in Theorem 6.2.

The following is a brief description of our main results.

Chapter 3 studies the compactness. Roughly speaking, compactness means the space of
unbroken flow lines can be compactified by adding broken flow lines. When the underlying
manifold M is finite dimensional, similar results are well-known, for example, [58, thm. 2.3,
p. 798|, [11, prop. 3] and [55, prop. 2.35]. For the infinite dimensional Floer case, there are
results in [25], [26] and [54]. Even in the finite dimensional case, some assumptions on M
(e.g. compactness or Condition (c)) are needed in order to prove such results.

Chapters 4 and 8 deal with certain compactified spaces. Some spaces arise naturally from

the study of negative gradient dynamical systems. Let D(p) and A(p) be the descending



(unstable) and ascending (stable) manifolds of a critical point p respectively. We say the
dynamical system satisfies transversality if each D(p) is transverse to each A(q) . Assuming
transversality of the dynamical system, let W(p, ¢) be the intersection manifold of D(p) and
A(q). Since points can travel along flows, there is a flow action (or R-action) on W(p, q). Let
M(p, q) be the orbit space of W(p, q) with respect to the action of the flow. It’s well-known
that these manifolds can be compactified in a standard way (see e.g. [17], [18], [35] and [11]).

These two chapters consider the manifold structures of the compactified spaces of M(p, q),

D(p) and W(p, q). Denote the compactified spaces by M(p, q), D(p) and W(p, q). A central
problem is to equip them with smooth structures in such a way that they are manifolds with
corners that are compatible with the given stratifications.

The space m has extensive applications in geometry, topology and dynamical sys-
tems such as finding closed orbits, thickening of CW complexes, examples of Poincaré duality
spaces and geometric realizations of the Floer complex (see e.g. [28], [35], [11], [4], [5], [19]-

23], [15], [16], [17], and [18]). The smooth structure of M(p, q) is important for the geometric
constructions in those applications. The smooth structure of W is useful for Witten Defor-
mations, for example, see [35] and [11]. The papers [12] and [36] (see also [63, sec. 6.4]) use
the “smooth structure” of e(D(p)), where e is the evaluation map defined in (3) of Theorem
4.5. The smooth structure of W(p, q) is useful for computing the cup product of H*(M; R)
via Morse Theory (see [3, sec. 2.4] and [60]). To the best of my knowledge, when M is

finite dimensional, and the metric is locally trivial (we shall explain this later), the cases of

M(p,q) and D(p) are solved by [35] and [11]. (Actually, these two papers consider closed
1-forms which are more general than Morse functions.) However, this problem still remains

open in the general case, in particular, when the metric is nontrivial near the critical points.



This problem is closely related to the associativity of gluing of broken flow lines which is

also a well-known open problem. (We shall study the associativity of gluing in Chapter 11.)

In addition, few papers in the literature study W(p, q).

Chapters 5 and 9 discusses the orientations of M(p,q), D(p) and W(p,q). Since the
descending manifolds D(p) are finite dimensional, we can assign orientations to them arbi-

trarily. This determines naturally the orientations of M(p, ¢), W(p, ¢) and the compactified

manifolds M(p, ¢), D(p) and W(p, q). The codimension 1 faces of these compactified man-
ifolds have two types of orientations, boundary orientations and product orientations. The
orientation formulas Theorem 5.1 and 9.7 show the relation between these two. Actually,
they are folklore theorems. Some claims on the finite dimensional case can be found, for
example, in [3] and [35].

These orientation formulas have some applications. As pointed out in [3, prop. 2.8], the

formula for M(p,q) gives an immediate proof of 9> = 0 for the Thom-Smale complex in
Morse homology. Actually, the formula for M(p, q) is a strong extension of the notion of
coherent orientations which is crucial to all chain complexes defined by Morse theory such as

the Floer homology (see [27] and [55, sec. 3.2]). The formula for D(p) tells us how to apply
Stokes’ theorem correctly when a differential form is integrated on % (compare [36, prop.
6]). In this dissertation, it also straightforwardly describes the boundary operator of the
cellular chain complex associated with the CW decomposition of the underlying manifold.
As mentioned above, the papers [3] and [60] compute the cup product of H*(M; R) via Morse
Theory. Both [3, (2.2)] and [60, lem. 2 and 3] neglect signs. If we do care about the signs in

their formulas, the formula for W(p, ¢) can tell us the answer.

Chapters 6 and 10 consider the problem of constructing a CW structure from the de-



scending manifolds of the Morse function. Suppose a Morse function f on M is bounded
below. It’s well known that the descending manifolds D(p) for the critical points p are dis-
joint. Let K¢ = |_|f(p)§a D(p). A natural question is whether or not K is a CW complex
with open cells D(p). This has been considered by Thom ([59]), Bott ([8, p. 104]) and Smale
([57, p. 197]). If the answer is positive, then Morse theory will give a compact manifold
a bona fide CW decomposition. It’s necessary to point out that Milnor’s book [37, thm.
3.5] gives a CW complex resulting from a Morse function. But that CW complex is only
homotopy equivalent to M. This bona fide CW decomposition is homeomorphic to M. Thus
it is stronger.

In order to give a positive answer to the above question, we have to construct a charac-
teristic map e : D — M such that e maps the interior D° homeomorphically onto D(p) for
each p, where D is a closed disk. This has been solved by [34, thm. 1] and [36, rem. 3] when
M is finite dimensional and the metric is locally trivial. In this dissertation, these results
will be further improved as follows.

In fact, the papers [34] and [36] show that there exists such a characteristic map. Theorem
4.5 shows that, even in the infinite dimensional CF case, D(p) can be compactified to be
W and there is the map e : W — M which is explicitly constructed. If W is
homeomorphic to a closed disk (this is Theorem 6.1), then K is a CW complex, and what’s
more, the characteristic maps e : W — M are explicit. In order to get an elementary
proof of Theorem 6.1, I asked Prof. John Milnor for help. (Actually, there is a quick but
non-elementary proof based on the Poincaré Conjecture in all dimensions. It is given in
Section 10.2.) I had not known the existence of characteristic maps had been proved by [34]

and [36] at that time. Prof. Milnor helped me greatly. First, he referred me to [34]. Second,



he suggested that we may add a vector field to —V f on D(p) to control the limit behavior
of =V f. Motivated by his suggestion and [34], I found the desired proof. In particular, the
key Lemma 6.10 fulfills his suggestion.

In addition, Theorem 6.1 and Lemma 6.10 help us prove more results. Let M® =
S ((—o0, a]), the paper [33, cor., p. 543] (see also [34, sec. 4.5]) shows that K is a strong
deformation retract of M® when f is bounded below and proper and a is regular. Theo-
rems 6.2 and 10.1 shows that, in this case, M® even has a CW decomposition such that K¢
expands to M® by elementary expansions.

Theorems 6.3 and 10.3 compute the boundary operator of the CW chain complex asso-
ciated with K. This relates Morse homology to a cellular chain complex. The proofs of
Theorems 6.2 and 6.3 reflect the advantage of Theorem 6.1 and Lemma 6.10.

The results in Chapters 4, 5 and 6 are based on the assumption of that the Riemmannian
metric (or the negative gradient vector field) is locally trivial. This means the metric is
Euclidean and fits with the function value well near each critical point. Thus the vector field
has the simplest form near each critical point.

Chapters 8, 9 and 10 extend those results by dropping the above assumption provided
that the Morse function is proper. Here the underlying manifold has to be finite dimensional
but not necessarily compact.

The following is the reason for making such an extension. There are at least two disadvan-
tages of the locally trivial metric. Firstly, local triviality is not a generic property. Sometimes,
especially in the infinite dimensional setting such as in Floer theory, it is not usually the
case that one can find a metric satisfying both the local triviality and transversality condi-

tions. Secondly, the assumption of local triviality of the metric contradicts symmetry. Take



for example a homogeneous Riemannian manifold. If the metric is locally trivial, then the
curvature tensor must vanish near each critical point. Since the metric is homogeneous, the
curvature tensor must vanish globally. Thus only a tiny class of homogeneous Riemannian
manifolds have this type of metric.

Actually, the local triviality assumption on the metric is made in Chapters 4, 5 and 6
exclusively because of the techniques employed there. The statements of (3) of Theorem
4.4, (3) and (4) of Theorem 4.5, and (3) of Theorem 4.6 show that, under the assumption of
a locally trivial metric, the compactified moduli spaces have smooth structures compatible
with that of the underlying manifold. However, as we will see it later, if the metric is not
locally trivial, there is no such compatiblity. Thus the case of a locally trivial metric has
several distinct features from the general case. In fact, the proofs of Theorems 6.1 and 6.2
rely heavily on the compatibility.

In this situation, it’s natural to pose the following strategy for obtaining results about
Morse moduli spaces in the case of a general metric. As a first step, we implement the subtle
and technical arguments in the special case. In the second and final step, we try to convert
the general case to the special case. Chapters 4, 5 and 6 complete the first step. Chapters
8, 9 and 10 achieve the second one.

Franks’ paper [28, prop. 1.6] proposes an excellent idea to reduce the general case to
the special case as follows. The proof of [42, lem. 2| claims that there exists a regular
path connecting a general negative gradient vector field X with a special Y. Here X and
Y satisfy transversality. More importantly, Y is locally trivial. By a regular path, we
mean a continuous path of negative gradient fields in which each single vector field satisfies

transversality.



Since a negative gradient field satisfying transversality is structurally stable, we get X is
topologically equivalent to Y, which converts the general vector field X to the locally trivial
Y.

However, there is a serious issue in the proof in [42]. It’s well known that, for negative
gradient fields, transversality is preserved under small C'! perturbations. However, the vector
fields certainly change largely in the C! topology along the above path. How can we guarantee
the transversality? Franks’ paper [28] refers the proof to [42], and the latter outlines the
construction of the path. Both [28] and [42] indicate that the A\-Lemma in [49] verifies the
transversality. Unfortunately, none of them explain why the A\-Lemma works in this setting.

Chapter 7 supports the idea in [42]. Precisely, following this idea, we shall give a self-
contained and detailed proof of Theorem 7.7. However, the statement of Theorem 7.7 is
slightly different from that in [42] such that it becomes better in the setting of Morse theory.
(Actually, the papers [42] and [28] emphasize the setting of dynamical systems. However,
our argument also proves the result in [42].)

It’s necessary to point out that Chapter 8 has to be a partial extension of Chapter 4.

As mentioned before, the spaces M(p, q), D(p) and W(p, q) have perfect relations with the
underlying manifold if the metric is locally trivial. However, Example 8.1 shows that these
relations have to be bad if the metric is not locally trivial. This is a remarkable difference
between these two types of metrics. Therefore, the statements of theorems in Chapter 8 are
weaker than their counterparts in Chapter 4.

Finally, Chapter 11 deals with the associativity of gluing. It shows that the associativity
of gluing exclusively follows from the compatible manifold structures of the compactified

moduli spaces. This does not rely on any speciality of Morse theory.



Suppose p1, p2 and p3 are critical points, v, is a flow line from p; to po and 75 is a flow line
from py to p3. In a strict sense, the pair (1,72) of consecutive flow lines is not a flow line.
We consider (71, 72) as a broken flow line from p; to ps. A gluing of (71, 72) is a construction
of y1#72, where A € [0, €) is the parameter for the gluing. We have v;#,72 is an unbroken
flow line from p; to p3 when A # 0, and #0772 = (71,72). Furthermore, v;# 72 smoothly
depends on 7;, 75 and A in a certain sense.

Suppose 71, Y2 and 3 are three consecutive flow lines. We glue them inductively by
pairs. There are two such gluings (y1#x,72)Fa,73 and y1#x, (72#2,73) up to their orders. If

we have

(M#F#rn72) #Fa013 = N (2Faes)

then this gluing satisfies associativity.

As mentioned before, the manifold structure of a compactified moduli space is actual-
ly related to the associativity of gluing. One can derive the manifold structure from the
associativity of gluing because the latter provides nice coordinate charts for the former.
However, this is not the unique way to get the manifold structure. The papers [35] and [11],
and Chapters 4 and 8 in this dissertation obtain the manifold structures without using any
gluing arguments.

In Chapter 11, we shall strengthen the above relation by working in the inverse direction.
Theorems 11.2 and 11.3 show that, if the manifold structures satisfy Assumption 11.1, then
one will get the associativity of gluing for free. In fact, we reformulate a gluing of broken flow
lines as parametrizations of collar neighborhoods of the strata of the compactified moduli

spaces. The associativity of gluing is equivalent to a compatible collar structure. Thus
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the above theorems can be even generalized to be Theorem 11.6 which is purely on the
compatible collar structures of manifolds with faces.

In short, these theorems convert the problem of the associativity of gluing to the problem
of manifold structures. By the results on manifold structures in Chapters 4 and 8, we get
Propositions 11.4 and 11.5. They establish the associativity of gluing.

A byproduct of our work is Proposition 11.19 which is also about compatible collar
structures. Theorem 11.6 is on a family of manifolds with faces, while Proposition 11.19 is
on a single one. However, the assumption of Proposition 11.19 is more general.

The outline of this dissertation is as follows.

Chapter 2 gives some definitions, notation and elementary results mostly used in this
dissertation. The subsequent chapters can be divided into four parts.

The first part is Chapter 3 which studies the compactness of flow lines. The hypotheses
of theorems in this part is really weak. Transversality of the vector field is even not required.
After Chapter 3, transversality is subsequently required throughout.

The second part consists of Chapters 4, 5 and 6. It discusses the manifold structures, ori-
entations and CW structures under the assumption of the local triviality of the Riemannian
metric.

The third part is from Chapters 7 to 10. It extends the results in the second part by
dropping the local triviality of the metric. Unlike other parts, this part exclusively deals
with finite dimensional manifolds.

The last part is Chapter 11 which considers the associativity of gluing.
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2 Preliminaries

In this chapter, we give some definitions, notation and elementary results mostly used in this

dissertation.

2.1 Condition (C)

Suppose M is a Hilbert manifold with a complete Riemannian metric. The completeness
of the metric is necessary for Theorem 2.2 (compare [37, rem., p. 13]). Let f be a Morse
function on M. Denote the index of a critical point p by ind(p). Denote f~'([a,b]) by M.
Denote f~!((—o0,a]) by M®.

We need the well-known Condition (C) or Palais-Smale Condition (see [46]).

Condition (C): If S is a subset of M on which f is bounded but on which ||V f|| is not

bounded away from 0, then there is a critical point of f in the closure of S.

Assuming this condition, its easy to prove the following results. Good references are [46,

thm. 1 and 2|, [44] and [47, sec. 9.1].

Theorem 2.1. If (M, f) satisfies Condition (C), then for all a,b such that —oco < a <b <

+00, M*" contains only finite many critical points.
We cite [44, thm. (3), p. 333] as follows.

Theorem 2.2. If (M, f) satisfies Condition (C), v € M, and ¢(z) is the mazimal flow of

=V f with initial value x, then ¢(x) satisfies one of the following two conditions:
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(1) f(¢i(x)) has no lower (upper) bound; or
(2) f(ée(x)) has a lower (upper) bound, ¢:(x) can be defined as a function of t on [0, +00)

((—00,0]), tliin o) (t lim ¢(x)) exists and is a critical point of f.
—+0oo ——00
By Theorem 2.2, we get an immediate corollary.

Corollary 2.3. Suppose (M, f) satisfies Condition (C) and —oco < a < b < +o0. Then all
flow lines in M*® are from f=(b) or a critical point in M*® to f~1(a) or a critical point in

M

Definition 2.4. Let ¢(z) be the flow generated by —V f with initial value x. Suppose p is a
critical point. Define the descending manifold of p to be D(p) = {x € M | tEIPoo () = p}.
Define the ascending manifold of p to be A(p) = {x € M | tEeroo oi(x) = p}. We call D(p)
and A(p) the invariant manifolds of p. If the manifolds come from a vector field X, we also

denote D(p) by D(p; X) and denote A(p) by A(p; X) in order to indicate the vector field X.

Both D(p) and A(p) are embedded submanifolds diffeomorphic to (maybe infinite di-
mensional) open disks. (By [30] and [31], we know they are immersed open disks. Since
they come from a Morse function, it’s easy to show that they are actually embedded.) By

Theorem 2.1 and Corollary 2.3, we get the following.

Corollary 2.5. Suppose (M, f) satisfies Condition (C) and —oo < a < b < +0o0. Suppose
{p1, -+ ,pn} consists of all critical points in M**. Denote A(p;) N f~1(b) by S;", and D(p;) N

7

f7Y(a) by S; . Then the flow map can be defined and gives a diffeomorphism:

o) - ST — ) - Sy
=1 =1
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In particular, if there is no critical point in M®®, we have the following diffeomorphism:

Y fTHE) — f T (a).

Here, if v € f71(b), ¢1(x) =y € f~(a) for some t, the flow map is defined by P(x) = y.

Remark 2.1. Although we use the notation SZ-i in Corollary 2.5, SijE are not necessarily

homeomorphic to spheres.

Definition 2.6. If (M, f) satisfies Condition (C) and ind(p) < +oo for all critical points p,

then we call (M, f) a CF pair.

Condition (C) is a generalization of the proper condition to the infinitely dimensional

setting.

Definition 2.7. We call a Morse function f is proper if f~1(K) is compact for any compact

subset K in R.

Obviously, if f is proper, then the underlying manifold M has to be finitely dimensional.

In this case, (M, f) is certainly a CF pair.

2.2 Flows and Moduli Spaces

Definition 2.8. If the descending manifold D(p) and the ascending manifold A(q) are

transversal for all critical points p and q, then we say —V f satisfies transversality.

Remark 2.2. Some papers in the literature call Definition 2.8 Morse-Smale Condition.
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If —Vf satisfies transversality, then D(p) N A(q) is an embedded submanifold which
consists of points on flow lines from p to ¢. Since a flow line has an R-action, we may take
the quotient of D(p) N.A(q) by this R-action, i.e. consider its orbit space acted upon by the
flow. This leads to the following definition. (See also [11, observation 4], [17, p. 3], [55, defn.

2.32] and [9, p. 158].)

Definition 2.9. Suppose —V [ satisfies transversality. Define W(p,q) = D(p)NA(q). Define

the moduli space M(p, q) to be the orbit space W(p,q)/R.

Clearly, both W(p, q) and M(p,q) are smooth manifolds. Suppose v; and 7, are two
flow lines such that v,(—00) = Y2(—00) = p, 71 (+00) = Y2(+00) = ¢ and ¥ (0) = 2(to)
for some ty # 0. Then v, and 7, are two distinct flow lines which represent the same point
of M(p,q). For convenience and briefness, we identify them as the same flow line. Then
M(p,q) = {v | 7 is a flow line, y(—00) = p and y(+00) = ¢.}. Suppose a € (f(q), f(p)) is
a regular value. For all v € M(p, q), it intersects with f~'(a) at a unique point. This gives
M(p, q) a natural identification with W(p,q) N f~*(a) which is a diffeomorphism.

We generalize the concept of flow lines. Suppose v is a flow line. If it passes through a
singularity, it is a constant flow line. Otherwise, it is nonconstant. The following definition

is slightly different from the “broken trajectories” in [11, defn. 4].

Definition 2.10. An ordered sequence of flow lines ' = (1, -+ ,va), n > 1, is a generalized
flow line if v;(+00) = vit1(—00) and ~; are constant or nonconstant alternatively according
the order of their places in the sequence. v; is a component of I'. T’ is a unbroken generalized

flow line if n =1 and a broken generalized flow line if n > 1.

Example 2.1. Suppose p is a singularity. Assume 7y, vo and 3 are flow lines in which
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v and 3 are nonconstant and yi(+00) = y3(—00) = p, 12(t) = p. Then (1), (11,72);
(v2,73) and (y1,72,73) are generalized flow lines, (1) is unbroken, and others are broken.

Furthermore, (71,73) is not a generalized flow line.

For convenience, we may identify a flow line « with the generalized flow line (). Defini-

tion 2.10 is a generalization of flow lines.

Definition 2.11. Suppose x and y are two points in M. A generalized flow line (y1,- -+ ,Vn)
connects x and y if there exist ti,ty € (—o00,400) such that vi(t1) = x and v,(t2) = y. A

point z is a point on (y1,- -+ ,7n) if there exists v; and t € (—o0, +00) such that v;(t) = z.

Example 2.2. Suppose p and q are two critical points. Let vy, o and 3 be flow lines such
that v1(t) = p, 13(t) = ¢, 12(—00) = p and v2(+00) = q. Then (71,72,73) is a generalized

flow line connecting p and q, while 5 is not.

We need to consider the relations between two critical points.

Definition 2.12. Suppose p and q are two critical points. We define the relation p = q if

there is a flow line from p to q. We define the relation p = q if p = q and p # q.

If —V f satisfies transversality, then “>” is a partial order on the set consisting of all

critical points (see [50, p. 85, cor. 1]).

Definition 2.13. An ordered set I = {ro,r1, -+ , 11} is a critical sequence if r; (i =
0,---,k+1) are critical points and ro = ry > -+ = rgr1. We call ro the head of I, and rj44

the tail of I. The length of I is |I| = k.
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Suppose I = {ro, 71, -+ ,Tk41} is a critical sequence. We denote the following product

manifolds by M; and D;.

k k
M = HM(%WH); Dr = HM(Ti>Ti+1> X D(Tk+1)- (2-1)
i=0 i=0

We shall also use negative gradient-like flows.

Definition 2.14. Suppose f is a Morse function on a Hilbert manifold. A vector field X is
a gradient-like vector field of f if X = V f near each critical point of f and X f > 0 at each

reqular point of f.

Remark 2.3. Some papers in the literature include the local triviality of X into the definition

of a gradient-like vector field. We follow the style of [56] and exclude it.

By Definition 2.14, every gradient vector field is obviously a gradient-like vector field. On
the other hand, Smale [56, remark after thm. B] points out that all gradient-like fields are
actually gradient fields on a finitely dimensional manifold. This is even true for a Hilbert

manifold.

Lemma 2.15. If X is a gradient-like vector field of a Morse function f on a Hilbert manifold
M, then there is a metric on M such that this metric equals the original one associated with

X near each critical point of f and Vf = X for this metric.

Proof. Define a matrix

cosf sinf

sin s
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for 0 € [0,%). Then A; is a symmetric positive matrix and A;(1,0)" = (cos#,sin )", where
(x,%)T is the transpose of (x, ).

Suppose V] and V; are two vectors in a Hilbert space such that (Vi, V) > 0, i.e., the
angle between V; and V5 is less than 7. We define a symmetric positive operator A(V1, V)
such that A(Vy, V5)Vi = Vs as follows.

If V; and V, are colinear, then define A(Vy, V) = H“ﬁf”ld If Vi and V5, are not colinear,

Vi

= and
Vall

then they span a plane Vi A V;,. First, we define an operator As(eq,ey) for e; =

ey = ﬁ In (Vi A Va)t, As(er, ep) is the identity. In Vi A Vi, Ay(er,es) is the above A

mapping e; to ey. Define A(V, V,) = II“;?HAZ(@l,@Q).

Thus, in general, A(Vi, V) = {72 As(qir, mizp) for (Vi, V) > 0. Here, for [[es|| = [|ea]| =

1 and (eq, e5) > 0, we have

{e1,e9)(e2,Y) — (1 + (e1, e9) + {e1,e2)*){e1,Y)
1 + <€1, 62>

(e1,e9)%(e1,Y) + (€9, Y)

(e, e2)(1 + (e1, €2))

As(er,e)Y = Y +

€1

+

€a.

Then A(V;, V3) smoothly depends on V; and Vs, and A(V;,V;) = 1d.

Let G be the metric associated with X. Denote the gradient vector field of f with respect
to G1 by Vg, f. Then Vg, f equals X near each critical point, and (Vg, f, X) = X f > 0 at
each regular point. Define the operator A(X, V¢, f) as above at each regular point. Define
A(X,Vg, f) = 1d at each critical point. Then A(X, V¢, f) is smooth on M. Define a new

metric Gy such that (x,%)g, = (A(X, Vg, f)*,%)g,. Then Vg, f = X. O
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Suppose p is critical point. By the Morse Lemma, there exist ¢ > 0 and a diffeomorphism

h:B(e) — U (2.2)
such that
f e} h(?}l,vg) = f(p) — %<U1, U1> + %<U27U2>. (23)

Here B(e) = {(v1,v2) € T,M | vy € V_, vy € Vi, ||v1]||* < 2€ and ||vg]]? < 2}, V_ x {0} is the
negative spectrum space of V2f and {0} x V, is the positive spectrum space of V2f, U is a

neighborhood of p and h(0,0) = p.

Definition 2.16. If the map h in (2.2) also preserves the metric, then we say that the metric
of M 1is locally trivial at p. If it is locally trivial at each critical point, then we say that the

metric on M is locally trivial.

If the metric is locally trivial at p, then we have

—Vf‘U =dh - (Ul, —Uz). (24)

When the metric is locally trivial, Figure 1 shows the standard model of the neighborhood
U, where U is identified with B(e). Here, a and b are regular values such that b < f(p) < a,
and f~!(a) and f71(b) are two level surfaces. The arrows indicate the directions of the flow.
The points (v, v2), (vs,v4) and (vs, vg) are on the same flow line, whereas (v7, vs), (vo, v10),
(v11,v12) and (0,0) are on the same broken generalized flow line. Figure 1 will provide

geometric intuition for the arguments in this paper.
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Figure 1: Standard Model

If U is a local coordinate chart near p such that p has the coordinate (0,0) and f has the
form as (2.3), then we call U a Morse chart. We also say a negative gradient-like field X is
trivial near p if it has the form as (2.4) in a Morse chart. We say X is locally trivial if it is

trivial near each critical point.

2.3 Manifolds with Corners

We shall consider the manifold structures of compactifications of the spaces M(p, q), D(p)
and W(p,q). They usually have corners. For the definition of manifold with corners, we

follow [24, p. 2] and [32, sec. 1.1].

Definition 2.17. An n dimensional smooth manifold with corners is a space defined in the

same way as a smooth manifold except that its atlases are open subsets of [0, +00)™.

If L is a smooth manifold with corners, x € L, a neighborhood of z is differomorphic to

(0,€)" % x [0, €)*, then define c(x) = k. Clearly, c(x) does not depend on the choice of atlas.

Definition 2.18. Suppose L is a smooth manifold. We call {x € L | c(z) = k} the k-stratum

of L. Denote it by OFL.

Clearly, OFL is a submanifold without corners inside L, its codimension is k.
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Definition 2.19. A smooth manifold L with faces is a smooth manifold with corners such

that each x belongs to the closures of c(x) different components of O'L.

Suppose L is manifold with faces. The closure of a component of 'L (see Definition

2.18) is still connected. Following the terminology of [32], we have the following definition.

Definition 2.20. We call the closure of a component of 'L a connected (closed) face of L.

We call any union of pair-wisely disjoint connected faces a face of L.

Definition 2.21. Suppose L is a manifold with corners. For all x € L,

A, L={veT,L|v=+'(0) for some smooth curve v : [0,e) — L.}

1s the tangent sector of L at x.

Definition 2.21 is equivalent to the secteur tangent in [24, p. 3].
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3 Compactness

In this chapter, we study the compactness properties of the CF case.

3.1 Main Theorems

We shall prove the following two theorems on compactness in this chapter. They are essential
for proving the compactness of certain compactified spaces later. Theorem 3.1 shows that
the closure of the space of unbroken flow lines is compact and is contained in the (maybe
broken) generalized flow lines (see Definition 2.10). Theorem 3.2 considers the set consisting
of points on the generalized flow lines with a fixed head and tail. They are essential for

proving the compactness of certain compactified spaces later.

Theorem 3.1 (Compactness of Flows). Suppose (M, f) is a CF pair. Suppose p and q are
two distinct critical points and {7, }5°, are flow lines such that v,(—oc0) = p and 7, (+00) =
q. Then there exist finite many distinct critical points r; (i =0,--- 14+ 1) and flow lines ;
(1 =0,---,1) such that 4;(—oc0) = 1;, Yi(+00) = 1ri11, 7o = p and ri11 = q. There exist a

subsequence {7, } C {7y} and time s < --- < s such that kh_}rglo Vo (5, ) = 4i(0).

Remark 3.1. The papers [1] and [2] prove results similar to Theorem 3.1. The proof of [1]
relies on the study of differential operators on vector fields, which is a very different approach
from that of this dissertation. However, the proof of [2, prop. 2.4, 1.17 and 2.2] is essentially
the same as that of Theorem 3.1. Thus, theoretically, it’s unnecessary to include the proof

here. Nevertheless, for the sake of completeness, we still keep it.
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Theorem 3.2 (Compactness of Points). Suppose, for any real numbers a < b, M*" only
contains finite many critical points. Suppose, for any two critical points p and q, the conclu-
sion of Theorem 3.1 holds. Let {I',}>°, be a sequence of generalized flow lines connecting p
and q. Then we have the following results.

(1). Suppose x,, is on T',. Then there exists a subsequence {z,, }32, of {xn}o2, such that
]}erolo Ty, exists and is on a generalized flow line connecting p and q.

(2). Suppose x' are on T, and lim z', exist (i = 1,--- k). Then these limit points are

n—o0

on a same generalized flow line connecting p and q.

In particular, if (M, f) is a CF pair, then the above (1) and (2) hold.

Remark 3.2. FEssentially, the compactness of points follows from the compactness of flows.

For a more precise description, see Proposition 3.6.

3.2 Proof of Theorem 3.1

In order to prove Theorem 3.1, we need the classical Grobman-Hartman Theorem in Banach
spaces.

Suppose U; (i = 1,2) are two open subsets in two Banach spaces F;. Let X; be a smooth
vector field on U;. Let ¢i(x;) be the associated flow on U; with initial value x;. We say ¢!
(1 = 1,2) are topologically conjugate if there exists a homeomorphism h : Uy — U, such
that h(¢}(x1)) = ¢?(h(z1)) (see also (7.3)). The Grobman-Hartman Theorem states that, if
p is a hyperbolic singularity of X on an open subset U of a Banach space E, then the flow
generated by X is locally topologically conjugate to that generated by the linear vector field

VX (p)v near 0 on T,U (see [53, sec. 4], [48, sec. 5] and [50, thm. 4.10, p. 66]. Although the
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statements in [48] and [50] are only up to topological equivalence, they actually construct
the conjugate.)

In our case, V2f(p) splits T,M into two subspace T,M = V_ x V,, where {0} x V,
(V_ x {0}) is the positive (negative) spectrum space of V2f(p). Thus the flow of —Vf
is topologically conjugate to the flow of (—=V2f(p)vy,—V?f(p)vs) on T,M. Furthermore,
—V?2f(p) is symmetric and negative (positive) definite in {0} x V., (V_x{0}), thus —V?f(p)v;
is transversal to the unit sphere in VL. By the method of the proof of [50, prop. 2.15, p.
52], we have the flow of (=VZ2f(p)vy, —V2f(p)vs) is topologically conjugate to the flow of

(v1, —v2). Thus we get the flowing lemma (compare (2.4)).

Lemma 3.3. The flow generated by —V f near a critical point p is locally topologically

congugate to the flow generated by (vi, —v2) near 0 on T,M =V_ x V..

Lemma 3.4. Suppose {7,(t)}52, and 41 (t) are flow lines such that lim v,(0) = 41(0),
n—oo

A1 (400) = p with ind(p) < +o0, and, for all n, v,(+o00) # p. Then there exist a subsequence

{7} € {}, time s,, > 0 and a nonconstant flow line 42(t) such that 42(—o0) = p and

klglc}o Vru (Snk) = Y2 (0) .

Proof. By Lemma 3.3, there exist a neighborhood U of p in M, a neighborhood U; of 0 in
T,M and a homeomorphism h : Uy — U, such that h(0) = p and h conjugates between the
flow generated by (v, —vy) in U; and the flow generated by —V f in Us (see Figure 2).
Choosing an open subset if necessary, we may assume U; = D;(e) X Ds(€) for some e,
where Dy(e) = {v; € V_ | ||v1]| < €} and Dy(e) = {vy € Vi | [|va]| < €}. In Uy, (Vo x{0})NU;
is the unstable submanifold, ({0} x V) N U; is the stable submanifold. Thus h(V_ x {0})

and h({0} x V) are locally unstable and locally stable submanifolds respectively in Us.
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(v]‘nmvlnrk) (0,7}270)

Y (o)
¢ o 2vall, v(//
orn, e h

(v1,0,0)

Vi

Figure 2: Topological Conjugate

Since 41 (+00) = p, It such that Vi > tg, 41(t) € h({0} x V). Suppose h™'(41(to)) =
(0,v2). Since 7,(0) = 41(to), we have v, (to) € Uz, A~ (yu(to)) = (V15 v2,0) and [Jvrl| < 5

when n is large enough. Since 7,(+00) # p, we have vy, # 0. As a result, in Uj, the

2
flow line passing through (vi,,v2,) intersects S1(5) x Ds(e) at ( € ”vl’nHUz,n),
€

2l[ora] "
where Si(5) = {v1 € V_ | [Jui]| = §}. When n — oo, we have (viy,v2,) — (0,v20).
Thus Mvgm — 0. Since it is a ind(p) — 1 dimensional sphere and ind(p) < +oo, we

have S; (£) is compact. So there exists a subsequence {evl—"’“} of {&} such that
2|1, |l 2[|v1nll

€
lim ————vy,, = v1. Clearly, there exists s,, > 0 such that
k=00 2[|v1 5, |

€ 2[[vin,l
7nk(5nk) =h (m%mm Tnkvmk .

Thus

lim ’}/nk<8nk) = h('Ul,(), O)

k—o0

Denote the flow line with initial value h(v10,0) by 42(t). Then klim Yrg. (8ny, ) = F2(0).
— 00

Since h™1(42(0)) = (v1,,0) € V_ x {0}, we know that h™!(§2(—00)) = (0,0) or Jo(—00) = p.
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Since 42(0) # p, 72 is nonconstant. O

Proof of Theorem 3.1. Let a be a regular value such that a < f(p) and there is no critical

value in (a, f(p)). Let S, = D(p)Nf~'(¢). Then S, is a sphere with dimension ind(p) < 400,

0

and it is compact. Suppose v, (s,

) € S, . Then there exists a subsequence of {v,(s))},
we may still denote it by {v,(s%)}, which converges. Suppose nh_)rgo Yn(s2) = x9. Then
zo € S, . Denote the flow line with initial value zo by 4. Then 4o(—o00) = p because
Y(0) = 29 € S,7 € D(p). Since v,(+00) = ¢, we have, for all t, f(y,(s) +1t)) > f(q). Thus,

for all ¢,

FGo(t) = lim fya(sy, +1)) = f(a),

i.e., f(50(t)) has a lower bound f(gq). By Theorem 2.2, tEI_ElOO Ao(t) exists and A(+00) = 1y
is a critical point in M7(@:/(®)  Clearly, 4 is nonconstant. Thus r; # p. There are exactly
the following two cases.

Case (1): 7, = ¢. In this case, the proof is finished.

Case (2): r; # ¢. Since y,(+00) = ¢ # r1 and ind(r;) < 400, by Lemma 3.4, there exists
a nonconstant flow line 4, such that 4;(—o00) = r1. Furthermore, there exists a subsequence
of {7,}, which we still denote by {7,}, and time s. > s¥ such that lim 7,(s}) = 41(0).

n n—oo
Similar to the case of 4y, we have tliin A1(t) exists and 4, (+00) = 19 is also a critical point
—400
in M7@:f() - Since 4, is nonconstant, p, r; and ry are distinct. If ry = ¢, the proof is finished.
Otherwise, repeat the argument of Case (2).

By Theorem 2.1, there are only finitely many critical points in M7/(@:/®) the process of

the above argument terminates in finitely many steps. O
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3.3 Proof of Theorem 3.2

We first give two results needed for the proof of Theorem 3.2.

Lemma 3.5. Suppose {7,}5°, and 4 are flow lines such that 4(—o0) = p, Y(+00) = q and

lim ’Yn(sn) = ’?(0) ]f lim (tn - Sn) = +00 (nlgrolo(tn - Sn) = _OO)} then lim sSup f(%l(tn)) <

n—o0 n—oo n—oo

fla) iminf f(ru(t.) > (7).

Proof. 1t suffices to prove the case lim (¢, — s,) = +oo.
n— o0

Since §(400) = ¢, then Ve > 0, 3T, such that V¢ > T, we have f(y(t)) < f(¢q) + €. By

that lim (¢, — s,) = 400, we have t,, > s, + T and f(7,(tn)) < f(yu(sn +T)) when n is

n—oo

large enough. Since lim 7, (s,) = 7(0), we infer
n—o0

lim f(yn(sn +T)) = f(3(T)) < fl@) + €

n—oo

Thus
limsup f(ya(tn)) < T f(ya(sn +T)) < f(g) +e.
n—00 n—00
Now let € — 0. Then we get limsup f(v,(t,)) < f(q). O

n—oo

The following proposition requires neither Condition (C) nor finite indices.

Proposition 3.6. Suppose p and q are two critical points, {v,}5°, are flow lines such that

Yn(—00) = p and v, (+00) = q, and there exist 8% < --- < st such that lim 7,(s") = 4(0).
n—oo

Here 4; are flow lines such that 4;(—o0) = 14, Yi(+00) = i1, and 1o = p, 1141 = q. Then

we have the following convergence result.

(1). If lim (t, — s') =7, |7| < +o0, then lim ~,(t,) = 4:(7);
n—0o00 n—0o0
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(2). If st < t, < st and lim (t,—s') = lim (s"7' —t,) = +o0, then lim 7, (t,) = 741,
n—00 Nn—00 N—00

1

where s;' = —oo and st = +o00.

Proof. Case (1) is obvious. We only need to prove Case (2).

We may assume s!, < t, < s5"' and i > 0 because the subcase of i = —1 will be converted
to the subcase of ¢ = [ if f is replaced by —f.

We shall prove 7}1_{1;10 Yn(tn) = rix1 by contradiction.

Suppose it doesn’t hold, then there exist a subsequence of {~,(t,)}, which we still denote
by {7v.(t,)}, and a neighborhood U of r;;1 such that v, (¢,) ¢ U. Choose an open geodesic
disk D(ri1,€) with center 7,1 and radius e such that D(r;;y,e) € U. Since 74 is a
nondegenerate critical point, by the Taylor expansion, we may choose ¢ small enough such
that, there exist constants Cy and Co, and 0 < Cy < ||V f[| < Cy in D(riy1,€) — D(ris1, 5)
for a fixed e.

Suppose () is a flow line, 7, < 73, such that (1) € D(riy1,5) and y(72) ¢ D(risq,€).
Thus there exist 77,75 such that 7 < 71 < 75 < 7, Y([7],7]) C D(rit1,€) — D(riz1,5),
Y(71) € OD(riy1, 5) and y(75) € OD(rit1,¢€).

Consider the distance d(~y(7{),v(74)) between ~(7]) and (73). Clearly, d(y(7), 7(73))

> £ Thus

£
5

!
T2

DN ™

<dir)am) < |

1

d
) dt
dtv()H

= [ IvsG@)li < [ Cudt = oty 7).

1 1



28

/ / €
We have 7 — 71 > 55. Then

/ /

T Ty 026
2> 2> 1
[z [ etz gy

1

Thus we get
" 2 E 2 Cte
fy(m) = f(=) = | IIVAF= [ VP =545 >0.
T1 T 20,
. C?%e
Denoting 36, by K, we get

f(y(n)) = f(7(72)) = K > 0. (3.1)

Since 4;(4+00) = r;41, then there exists ¢, such that 4;(to) € B(ri1, 5) and f(%(tx)) <
f(ris1) + 5. Since 7,,(s,) = 4:(0), we have 7,(sh, + to) € B(ris1, §) and f(7,(s), + too)) <
f(ris1) + & when n is large enough. Also since (¢, — s%) — 400, we get ¢, > s’ + oo When
n is large enough. Now we can replace v(7) and v(72) in (3.1) by ¥, (s, + too) and 7, (t,),

then f(7,(s! +tso)) — f(7n(t,)) > K. Furthermore,
; K
Frn(tn) < f(ya(sh +tso)) = K < f(rip1) — 5

Thus

limsup F((t)) < flren) = 5 < flre). (3.2)

n—oo
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However, since 9;41(—00) = 7441, and (¢, — ') — —o0, by Lemma 3.5, we have

lm inf f(vn(tn)) = f(risa), (3.3)

n—oo

which is a contradiction. O

Proof of Theorem 3.2. (1). By assumption, there are only finite many critical points in
M (@:F®) We can find two critical points p’ and ¢/, a subsequence {z,,, }3*, of {,}°%, such
that ,, is on Y., Yn,(—00) = P/, Y, (+00) = ¢’ and 7, is a component of I',,,. Clearly,
a generalized flow line connecting p’ and ¢’ can be extended to one connecting p and ¢. If
there is a cluster point of {z,, }7°, on a generalized flow line connecting p’ and ¢/, this cluster
point is also on one connecting p and ¢q. So we may assume that x,, is on 7, ,(—00) = p
and v, (+00) = gq.

If p = ¢, this is obviously true. Now we assume p # ¢. Suppose 7,(t,) = x,. Since the
conclusion of Theorem 3.1 holds, choosing a subsequence if necessary, we can find s < --- <

st such that lim 7,(s’) = 4(0), where 4;(—00) = r;, 4i(+00) = 7441, and ro = p, 7141 = q.
n—oo

Choosing a subsequence again if necessary, we can find a fixed i such that, for all n, we

], where 571 = —o0o and stt! = +00. In addition, we may assume there

have t,, € [s, st L

nr n

are exactly the following three cases when n — co. By Proposition 3.6, we have:

Case (a): 111220(75” — ') =17 < 4o0. Then z, converges to a point on 4;

Case (b): nli_{](f)lo(s;*l —t,) =7 < +00. Then z,, converges to a point on 4;;1;

i+l _y

Case (c): lim (t, —s.) = lim (s%

i1 n) = +0o. Then x, converges to 1,11 = 3;(+00) =
n—oo n—oo

Yig1(—00).

This completes the proof of the first result.
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(2). Since the limit of {x} exists, its subsequences share the same limit with it. So we
only need to check the limit of a subsequence of {x%}. Since there are only finitely many
critical points in M7(@-f®) we may argue as in (1): choosing a subsequence if necessary,
we may assume L', = (Vo1,° , Yam), ni(—00) = 1; and v, j(+00) = 741 are fixed and
independent of n. In addition, Vi, there is a fixed j such that for all n, 2% is on 7, ;. If
rj = i1, then 7, ; converges to the constant flow connecting r; and r;. Otherwise, choosing
a subsequence again if necessary, {7, ;}22, converges to a generalized flow line connecting
r; and 7;41. The combination of the limits of {7, ;}22, for j =1,--- ,m yields a generalized
flow line, ', connecting p and ¢. By an argument similar to that of (1), the limits of all {z¢}

are on [ |
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4 Manifold Structures (I)

In this chapter, under the assumption of the local triviality of the metric, we consider the
compactification of M(p,q), D(p) and W(p, q), and the manifold structures of these com-

pactified spaces.

4.1 Preparation Lemmas

The following two lemmas, Lemmas 4.1 and 4.2 are crucial for us to construct manifold
structures of compactified spaces. Example 8.1 shows that they necessarily depend on the
local triviality of the metric. These two lemmas are announced in [11, observations 8 and
9]. A proof for them in the finite dimensional case is given in [10]. For the importance of
them, we present a proof which follows that in [10].

Figure 1 gives an illustration for the following argument. Suppose c is a critical value of
f. The critical points with function value ¢ are exactly py,--- ,p,. Just as (2.2), we have
diffeomorphisms h; : B;(e) — U; such that (2.3) and (2.4) hold, where B;(e) is the open
subset of T),,M and U; is the neighborhood of p;. Choose € small enough such that there
is no critical value in [c — €, ¢ + ¢] other than ¢. Let M} = {z € M | f(z) = ¢+ 3¢} and

M; ={z e M| f(z)=c— Lie}. Let

P.={(x",27) € M x M, | z* and 2~ are connected by a generalized flow line}.

Clearly, * and = are connected by broken generalized flow lines if and only if (z*,27) €

L, Sy % Sy, where S and S, are A(p;) N M and D(p;) N M, respectively. Suppose the
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smallest (largest) critical value greater (smaller) than ¢ is ¢, (c¢_). Here c+ may be Foo.
Define M(c) = f~'((c_,cy)). Let

QF ={(z7,2) € M x M(c) | " and z are connected by a generalized flow line}.

Q. ={(z,z7) € M(c) x M | z~ and z are connected by a generalized flow line}.

Then z* and z are connected by broken generalized flow lines if and only if (z%,2) €
L, Sy X Dy, and (z,27) € [, Ay x S, respectively, where D, = D(p;) N M(c) and

qu', = A(pz) N M(C)

Lemma 4.1. Suppose the metric is locally trivial. Then P, is a smoothly embedded subman-

ifold with boundary | |, St xS, of M < M.

Proof. There is no essential difference in the proof between the case of one critical point and
that of several critical points. For convenience, we may assume there is only one critical point
p in M 5ct¢. We shall prove that P, is a smooth embedding submanifold with boundary
SF xSy of MF x M.

Firstly, we shall prove P, — S x S, is a smoothly embedded submanifold of M/ x M.

Since it is an open subset of M, M — S is a smooth submanifold of M. By Corollary
2.5, we can define the flow map ¢ : M — Sf — M_ — S, . Define p : M} — SF —
MF x M7 by ¢(xy) = (z4,%¢(xy)). Clearly, ¢ is smooth and Im(¢) = P. — S,f x S, . Define
7y M x M — M} to be the natural projection. We have 7 is smooth and 7 ¢ = Id,
so ¢ is a homeomorphism to its image. Since dr, dp = Id, dy is an isomorphism to its image.

Thus P, — SF x S = Im(yp) is a smooth manifold of M x M.
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Secondly, we shall prove that there is an open neighborhood W of S x S~ in M x M
such that W N P, is a smooth submanifold with boundary S} x S, in W.

By local triviality of the metric, there is a diffeomorphism h : B — U given by (2.2)
which satisfies (2.3) and (2.4). For convenience, we identify B with U. Then S = {(0, vy) |
lo2ll* = e}, Sy = {(v1,0) | flall* = €}, MF N U = {(vr,02) | [on]® < 2¢, and Jon|* <
2, — g |-+ ][02]* = e} and MU = {(o1, ) | [[oa]> < 2e, and [Jesl]? < 2, — o]+ eal]? =
—e}. Let Uy = {(v1,v2) | [|o1]|* < e and § < |Jvg]|* < 2e.} and U_ = {(v1,v2) | [Jv2|* < € and
§ <|lv1l> < 2e.}. Then Uy x U_ is an open neighborhood of S} x .S~ in Me=e¢te x Meecte,
For convenience, we identify S~ with {v; | (v1,0) € S, } and S with {vy | (0,v2) € S;}.

Consider the map ¢ : S x S x [0,1) — Uy x U_ satisfying
o(vg,v1,8) = <(sv1, (1+ s2)7vy), (1 + s2) 20y, sv2)> :

Clearly, ¢ is smooth, Im(p) = P. N (Uy x U_) and ¢[gt, g = Id. On the other hand,

consider the map a : Uy x U_ — S x S x [0, 1) satisfying

1 2 1 Z _1
(21, 22), (20, 22)) = ( N B z||zl||).

Then « is continuous and ap = Id. In addition, « is smooth when z; # 0. Then ¢ is a
homeomorphism to its image, and dy is an isomorphism onto its image when s # 0.
Now we consider the case of s = 0. We shall prove that dp|s—¢ is an isomorphism onto

its image. It suffices to prove that there exists A > 0, for all v € T'(S;” x S, x [0,1)), such
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that

lde - o = Al (4.1)

Let % be the positive unit tangent vector of [0,1), es and e; are tangent vectors of S; and

Sp_ . Then

0
d@\szo (g) = (Ul,O,Oa’UQ), d¢|s:0(€1) = (0,0,6170)7 dﬁp\szo(ez) = (07627070)-

It’s easy to see (4.1) holds.
Thus ¢ is a smooth embedding into Uy x U_. Let W = (Uy x U_) N (M} x M_). Then
W is an open neighborhood of S x S in M x M7, P.NW = Im(p) and P.NW is a

smoothly embedded submanifold with boundary S x S . O

Lemma 4.2. Suppose the metric is locally trivial. Then QF (Q. ) is a smoothly embedded

submanifold with boundary | |, S, x Dy, (L, Ap; X S,,) of M x M(c) (M(c) x M)

Proof. We only need to prove the case of Q.

Let QF = {(z%,2) € QF | f(2) € (¢ — $.¢i+5)}. If we shrink M(c) by an isotopy along
flow lines, we get a diffeomorphism from M(c) to f~'((¢; — 5, ¢; + 5)). This diffeomorphism
preserves flow lines. Thus it induces a diffeomorphism from QF to @j Then we only need
to prove that Q; is a submanifold of M x f~((¢; — $.¢i +5)). We can therefore assume
M() = F (e - 5.+ 5)).

The proof is very similar to that of Lemma 4.1. We assume there is only one critical
point in M(c).

Firstly, we prove Q7 — S, x D, is a smooth embedding submanifold of M x M(c). There
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is a smooth map ¢ : M(c) — D, — M x M(c) such that p(z) = (¢(z), z), where 1 is the
flow map from M(c) — D, to M. Similarly to Lemma 4.1, ¢ is also a smooth embedding.
This gives the proof.

Secondly, we shall find an open neighborhood W of S; x D, such that QF N is a
smoothly embedded submanifold with boundary S;” x D, of M x M(c).

Just as the proof of Lemma 4.1, we use the same notation of h, B, U and U, , identify
U with B, and we define U_ = {(v1,v2) | [|va]|? < € and ||vy]|? < 2¢.}. Define ¢ S x Dy x

0,1) — U, x U_ by
p(vz,v1,5) = ((svn, (2 urll? + )3 3ua), (v, s ur P + ) B Hus))

Deﬁneoz:U+xl7_—>S;><Dpx[0,1) by

O'/((Zlv ZZ)a (237 24))

( 1 2 HZ4H>
€2 y 23y i | -
[zl [l
Then ap = Id. Similar to the proof of Lemma 4.1, ¢ is a homeomorphism. And dy is an

isomorphism to its image when s # 0. When s = 0,

0
d@‘s:O (%) = (Ula 070>U2)7 (42)

d§0‘320(61> = (O? 07 €1, 0)7 d@‘520(€2> - (07 €2, 07 0)7

and dy is also an isomorphism to its image. Thus ¢ is a smooth embedding. Let W =

(U, x U_) N (M x M(c)). This finishes the proof. O



36

We shall cut out a submanifold with corners from a manifold with corners. This requires
a result about transversality. (See [45, II. E] for more details about transversality on Hilbert
manifolds.) First we recall a classical result about manifold with boundary. Suppose L is
a Hilbert manifold with boundary, and N; and N, are Hilbert manifolds. Assume N; is
an embedded submanifold of N;. Suppose g : L — N is a smooth manifold transver-
sal to Ny both in L° = L — 9L and in L. Then g~'(Ny) is an embedded submanifold
with boundary inside L, and dg~'(N2) = g '(No) N IL. Now we extend this result to
the product of manifolds with boundary. Suppose L; (i = 1,--- ,n) are Hilbert manifold-
s with boundary. Then [[! | L; is a Hilbert manifold with corners. Its k-stratum is just
O TTi2y Li = Ujpjes(TTica 0Li X [Tiga Lf), where A is a subset of {1,---,n}. The above
extends Definitions 2.17 and 2.18. We have the following result, whose proof is a straight-

forward extension of that in the case of a manifold with boundary.

Lemma 4.3. If g : [[_, L; — Ny is transversal to Ny in each stratum of [[_, L;, then
g~ (Ny) is a smoothly embedded submanifold with corners of [}, L; such that 9*g='(Ny) =

9 (N2) N [T, Li

4.2 Compactfied Spaces of M(p,q)

The compactification of M(p, q) is standard. Define the compactified space of M(p, q) as

M(p.q) =] | M, (4.3)

where the disjoint union is over all critical sequences with head p and tail ¢ (see Definition

2.13).
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We can give M(p, q) another equivalent definition which is sometimes more convenient.
If o € MI C M<p7 q)? then a = (707 e 7716)7 where i € M<Ti7ri+1)7 To =D and Tk+1 = (.
Denote the constant flow line passing through r; by B(r;). We can identify a with the

generalized flow line (B(ro), Y0, B(r1), -, Yk, B(rk+1)) connecting p with g. Thus we get

M(p,q) = {T' | " is a generalized flow line connecting p with ¢}.

Suppose a« € M; C M(p,q). Then a = (v, ,7Vk), where v; € M(r;,ri11), 70 = P
and ri41 = ¢. By Condition (C), there are only finitely many critical values in [f(q), f(p)].
Suppose the critical values of f divide [f(q), f(p)] into [ + 1 intervals [¢;11,¢] (i =0,--- 1),
where ¢ = f(p) and ¢;41 = f(q). For all a; € (¢;41,¢;), they are regular. The union of the
components of « intersects with f~!(a;) at exactly one point z;(«). There is an evaluation

map E : M(p,q) — [I.—y £ "(a;) such that

E(a) = (ola), -~ ,zi(a). (4.4)

If o] € Hg;&MOni;TH»l) Q M(To,?’j) and Qo € Hf:jM(Ti,Ti+1> Q M(?"j,rk), then

(o, 0) € Hfzo./\/l(ri,riﬂ) C M(ro, 7). This gives a map igrq) : M(p,7) x M(r,q) —
M(p, q). We shall prove the following theorem.

Theorem 4.4 (Smooth Structure of M(p,q)). Let (M, f) be a CF pair satisfying transver-
sality and having a locally trivial metric. Then, for each pair of critical points (p,q), there
is a smooth structure on M(p,q) which satisfies the following properties.

(1). It is a compact manifold with faces whose k-stratum is exactly |_| My, where the
|T|=k
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disjoint union is over all critical sequences I with head p and tail q.
(2). The smooth structure is compatible with that of My in each stratum.

(8). The evaluation map E : /\/l (p,q) — H " (a;) is a smooth embedding, where E is

defined by (4.4).

(4). The smooth structures are compatible with critical pairs, i.e., iy @ M(p,r) X

M(r,q) — M(p,q) is a smooth embedding.

Proof. (1) & (2). We only prove the corner structure now. The face structure will follow
from (4). Suppose the critical values in [f(q), f(p)] are exactly ¢;11 < -+ < ¢1 < ¢o, where

co = f(p) and ¢34 = f(q). Define

l -1 l
P=][P. R=S, x[[M xS, O=]]O4" =)

=1

Here P, = P, M;" = M}, M7 = M_, S, = D(p)NMy and S} = A(q) M, are defined as
before Lemma 4.1. By Lemma 4.1, P is a manifold with corners whose k-stratum is exactly
the disjoint union of Hle(S;t x S5) X [Lgn, 5 where I = {p,r1,-- 7y, q} is a critical
sequence and Ay = {j | ¢; = f(r;),i =1,--- ,k}. Clearly, P is a submanifold of O, so there
is an inclusion ¢ : P — O. On the other hand, define a smooth embedding A : R — O
as follows. Since there is no critical point in M+ +5¢~3 by Corollary 2.5, we have a flow

map ¢; : M;, — M. Define

Aoy YY) = oV Y Viyr s Y Ve Vi Vi)

Now we point out that ¢ is transversal to A in each stratum of P. When M is compact,



39

transversality is proved by [11, thm. 1]. (The paper [11] uses different notations from ours.
Its P, S and O are our P, R and O respectively. Its maps p and s are our + and A
respectively.) The proof needs Corollary 2.5 which is trivial in the compact case. Our proof
of the transverality duplicates that in [11], so we omit it.

Denote K = ¢~ *(Im(A)). By Lemma 4.3, K is a smoothly embedded submanifold of P
whose k-stratum is exactly the intersection of K with the k-stratum of P.

Now we identify the strata of K with the disjoint unions of M(p,r;) X M(ry,re) X -+ X
M(ry, q) as smooth manifolds.

It’s easy to see that

K = {(zf,07, ,2f,07) €0 |af (1<i<]) (4.5)

are on a same generalized flow line connecting p and ¢}.

Let I = {p,r1,---,7,q} be a critical sequence. For all I' € M (see (?7)), I' intersects
MZ at exactly one point z(T"). Thus there is also an evaluation map E; : M; — O such
that (') = (z7(T"),--- ,z; (T)). Clearly, E; is a smooth embedding, and Im(E}) is exactly
KN (Hle(Sj x S;.) X [L;¢a, ;) which is an open subset of the k-stratum of K. This gives
an identification preserving smooth structures.

As a result, identifying M(p, q) with K, we give M(p,q) a smooth structure which is
compatible with the smooth structure of Hf:()/\/l(ri,riﬂ) for all critical sequences and its
k-stratum is exactly | |, _, Mr.

Now we prove the compactness of m

By (4.5), for all {z,}>, C K, z, = (z}

- + =) -
m> Tty T Ty), T, € M7 and are on a

7
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same generalized flow line connecting p and ¢q. By Theorem 3.2, {z,,} has a cluster point
zo = (v, 27, -+ 2, 2;), and xF are on a same generalized flow line connecting p and g.
Since M is closed, 2 € M or 2y € K. So K and then M(p, q) are compact.

(3). Since a;, ¢; — 5 and ¢;41 + 5 are in (¢4, ¢;) and there is no critical value in (¢i41, ¢;),
by Corollary 2.5, the flow map gives a smooth map from f~'(a;) to M, x M;_FH. This induces
a map ¢ : Hizo fYa;) — O. Clearly, po E : m — O is exactly the inclusion if we
identify m with K. So ¢ o E/ and then E are smooth embeddings.

(4). Suppose f(r) = c¢x. By (3), we have the following commutative diagram. Here E, ,,

E,, : M(p,r) — [1:20 f (@), and E,, : M(r,q) — [T._. f~"(a;) are evaluation maps.

EprxErq

M(p.r) x M(r,q) [T /™ (@)

i(pmq)J
%

M(p,q)

Also by (3), the above three evaluation maps are smooth embeddings. Then so is i(,,q)-

This completes the proof of (4).

Finally, we establish the face structure of M(p, q). Suppose x is in the k-stratum. Then

x € My for some I = {p,r1, - ,1,q}. Thus x € M(p,r;) x M(r;,q) for i = 1,--- k.

Clearly, M(p,r;) x M(r;,q) are k pairwise disjoint open subsets of the 1-stratum. We only

need to prove that their closures are M(p, r;) X M(r;, q) respectively. On the one hand, since

it is compact, M(p, r;) x M(r;, q) contains the closure of M(p,r;) x M(r;,q) in M(p,q). On

the other hand, as M(p, ;) X M(r4, q) is the O-stratum (the interior) of M(p, r;) x M(r;,q),

we infer that the closure of M(p,r;) x M(r;,q) contains M(p,r;) x M(r;,q). Thus the

closure is exactly M(p,r;) x M(r;,q). O
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4.3 Compactfied Spaces of D(p)

Define the compactified space of D(p) as

D(p) =| | s, (4.6)

where the disjoint union is over all critical sequences with head p.

We can also give W another equivalent definition. Suppose (a,x) € M x D(ry) C
W. We can identify a with a generalized flow line connecting p and ry. Adding the flow
line passing through = to the above generalized flow line, we get a generalized flow line
connecting p and x. The latter generalized flow line is uniquely determined by («, ). Thus

we get

D(p) = {(I',z) | ' is a generalized flow line connecting p and z}. (4.7)

We define the evaluation map e : D(p) — M as follows. The restriction of e on
Dy = M; x D(r) is just the coordinate projection M; x D(ry) — D(ry). This defines the
map since D(ry) C M.

Figure 3 shows a standard example on a torus 7? = S* x S1. Consider S! as the unit
circle on the complex plane. Define a Morse function on T2 by f(z1, 22) = Re(z1) + Re(22).
Then f has 4 critical points p, r, s and ¢q. Their indices are 2, 1, 1 and 0 respectively. Equip
T? with the standard metric. The left part of Figure 3 shows the flow on T2, where the
opposite sides of the square are identified with each other. The right part is W which

is an octagon. Here M(p,r) x D(r) (or M(p,s) x D(s)) consists of open edges containing

r; (or s;), where ¢ = 1,2. In addition, M(p,q) x D(q) consists of the other 4 open edges,
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(M(p,r) x M(r,q) x D(q)) U (M(p,s) x M(s,q) x D(q)) consists of the 8 vertices, and e

maps r; (or s;) to r (or s).

q r q -

5 s s / :
p | w g2

q r q 79

Figure 3: Compactification of the Descending Manifolds

If o € Hf;é/\/l(n,nﬂ) C M(ro,rj) and (oo, x) € Hf:j./\/l(n,nﬂ) x D(ry) € D(rj),

then (aq, a0, x) € Hfzo./\/l(n,riﬂ) X D(ry) € D(rg). This gives a map igp,y : M(p,r) X

D(r) — D(p).

If we assume f is bounded below, then, by Theorem 2.1, the critical points in (—oo, f(p)]
are finitely many. Suppose they are f(p) = co > ¢; > -+ > ¢;. Choose a; € (¢i11,¢;). Define
U(i) CD(p) as

U(i) ={(T,z) | ciya < f(z) < cimn}, (4.8)

where ¢_; = +00 and ¢;41 = —00. Define the intersection of I' with f~!(a;) as z;(I"). Define

E@): U@) = [Tj=g £ (a;) x M as

E@G)(T,z) = (20(T),21(T), -, 251 (D), 2). (4.9)

Theorem 4.5 (Smooth Structure of D(p)). Under the assumptions of Theorem 4.4, suppose

f has a lower bound. Then, for each critical point p, there is a smooth structure on D(p)
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satisfying the following properties.
(1). It is a compact manifold with faces whose k-stratum is exactly |_| D; where the
|T|=k—1
disjoint union is over all critical sequences with head p.
(2). The smooth structure is compatible with that of Dy in each stratum.
(3). The evaluation map e : D(p) — M is smooth, where the restriction of e on
Dy = M; x D,, is the coordinate projection onto D, C M.

(4). Each U(i) is an open subset of D(p) and E(i) : U(i) — H;;B fHaj) x M is a

smooth embedding.

(5). The smooth structures are compatible with critical pairs, i.e., igy @ M(p,7) %

D(r) — D(p) is a smooth embedding, where the smooth structure of M(p,r) is defined in

Theorem 4.4.

Remark 4.1. It’s easy to see that Theorem 4.5 will not be true if we don’t assume that f is

bounded below.

Proof. Denote M(c;) by M(i), P, by P; and Q} by Q;, where M(c;), P, and Qf are as
defined before Lemma 4.1. Clearly U (i) = e~ *(M(7)).

(1), (2) & (3). We shall give each U(i) a smooth structure, and show that U(i) NU(j) is
open in both U(i) and U(j) and smooth structures are compatible in U(i) N U(j).

Firstly, when ¢ = 0, U(0) is identified with D(p) N M (0). D(p) N M(0) is a smooth
embedded submanifold of M. Thus U(0) has a smooth structure by this identification.

Secondly, when i > 0, let Q(i) = [[\=} P; x Qf, O(i) = [[,)(M;" x M;) x M;" and

R(i) = S, X H;;ll M; . We know that, Vz € Q(i), z = (xf, 27, - 2, 4,7, 2), where
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x; € M;" and z; € M(i). Define a smooth map v; : Q(i) — O(i) by

Li(l'f,l‘f, T ,$i_71,$;-i_,zi) = ($1+>x;7' e 7$z‘:17x2_)'

Define a smooth embedding A; : R(i) — O(i) by

Az(yavyfa e 7yz'_—1) = (woy(;,yi%yfa T >yi_—17wi71yi_—1)a

where 1; is the flow map from M to M}, ,.

As in the proof of Theorem 4.4, we point out that ¢; is transversal to 4A; in each stratum
of Q(7). The proof is similar to that of Theorem 4.4.

Thus U(i) = ;' (Im(4;)) is a smooth embedding submanifold of Q(i) whose k-stratum
is exactly the intersection of U (i) with the k-stratum of Q(3).

Now we identify U (i) with U(i). It’s easy to see that

U) = {@f . a2l z) € O6) x M(i) | 27

(4.10)

are on a same generalized flow line connecting p and z;.}.

Let I = (p,r1,---,7,) be a critical sequence. For any element (I';z) € D; N U(i) (see
(4.7)), T intersects Mji at exactly one point :c]i(F ). Thus there is an evaluation map Ej :

D;NU(i) — O(i) x M(i) such that E;(T,z) = (27 (), 27(I),--- , 2 ('), z). Similar to the

[

identification of K with M(p, ¢q) in the proof of Theorem 4.4, this also identifies U (i) with

U(7) and preserves the smooth structure of the strata. So we get a desired smooth structure
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on Uj.

In each U(i), define & : U(i) — M by &(zf, -z}, 2) = 2, then & is smooth. When
we identify U(i) with U(i), we have eluw = €. Thus ey is smooth.

Now we check the compatibility of smooth structures for all U(i) (0 < i < [). Clearly,
if |i —j] > 1, then U(i) N U(j) = 0. We only need to check the compatibility of U(i) and
U(i+1).

Denote M (i)~ = f~'((ciy1,¢)). For clarity, when we consider U(i) N U(i + 1) as a
topological subspace of U(i) (or U(i + 1)), we denote it by U(i,i+ 1) (or U(i + 1,4)). Since
U(i,i+1) = e]{]%i)(]\/[(i)_), it is an open subset of U(7). Furthermore, U(i + 1,7) is an
open subset of U(i +1). When i > 1, U(i,i + 1) C [[°2)(M;" x M;) x M;" x M(i)~
and U(i + 1,4) C [T, (M x M;) x M, x M(i)~. Define = : [[,_,(M; x M;) x
M, x M)~ — HZ “1(M" x M) x M x M(i)~ be the natural projection. Define
o TIZL (M x M) x M x M(i)™ — [T5_, (M x M;7) x M, x M(i)~ such that

plat, oy, o2l z) = (@ or, vl wh Y- (20,94 (20), 20),
where ¢_ and 1, are flow maps from M (i)~ to M; and M., respectively. Then 7(U (i +
1,1)) =U(i,i+1), (Ui, 4+ 1)) = U(i + 1,7), 70|y = Id, and ¢7|yq1) = Id. Thus 7
and ¢ are diffeomorphisms between U(i,i + 1) and U(i + 1,4), and they are the identity on
the set U(i) N U(i + 1). Thus U(i) and U(i + 1) have compatible smooth structures when
1> 1.
Similarly, U(0,1) € M(0)~ and U(1,0) € M;" x M(0)~, and U(0,1) and U(1,0) also

have compatible smooth structures.
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As a result, we can patch the smooth structures on all U(7) together to give a smooth
structure on D(p) satisfying all properties of (1) and (2) but the face structure and com-
pactness. Similar to Theorem 4.4, the face structure will follow from (4). Also e is smooth
since e|y(;) is smooth. This proves (3).

Finally, we prove compactness.

Let K(i) = e *(L(4)), where L(i) = f~1([%E% F2=1]) Then L(i) is closed. Similar

to proving the compactness of K in the proof of Theorem 4.7, we get K (i) is compact. Thus
D(p) is compact because D(p) = Ui:o K(i).

This completes the proof of (1), (2) and (3).

(4). Similar to the proof of (3) of Theorem 4.4, we can prove (4).

(5). Clearly, i) is one to one. Suppose f(r) = ¢,,. For clarity, denote the evaluation

map from D(p) and D(r) to M by e, and e, respectively. Let U,(k) = e, '(M(k)) and

p

U.(k) = e '(M(k)). Since M(p,r) x D(r) is compact, we only need to prove that i, (k) :

T

M(p,r) x U.(k) — D(p) is a smooth embedding for k > m.

By (4), By(k) : Un(k) —> [T £ a) M and By(k) : Uy(k) —» [0 £~ a;)x M are
smooth embeddings. By (3) of Theorem 4.4, we know that E,, : M(p,r) — HT;()l [ (ay)
is also a smooth embedding. Thus E,, x E,.(k) : M(p,r) x U.(k) — Hi':ol fHa;) x M is
a smooth embedding. In addition, E,, x E,(k) = E,(k)oig (k). Thus iy, (k) is a smooth
embedding.

Finally, D(p) has M(p,r) x D(r) which are disjoint open subsets of 1-stratum. Their

closures are M(p,r) x D(r). This gives the face structure of (1). O
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4.4 Compactfied Spaces of W(p,q)

First, we introduce some notation. Suppose Iy = (p, 71, ,7s) and Iy = (rei1, -+ , Tk, q)
are critical sequences (see Definition 2.13) and rg = r541. Let (I,s) = (p,71,---,q). It is
not necessarily a critical sequence since ry may equal r,.1. Denote the following product
manifold by Wy ;.

Wl,s = Mh X W(?‘s,rerl) X MIQ. (4.11)

Define the compactified space of W(p, q) as

Wp,q) = | | Wrs, (4.12)
(Is)
where the disjoint union is over all (I,s) = (p,r1, -+ , 7k, q) such that p = ry > -+ = rg =

rsr1 > - = 1, = q for all k.

We can also give W(p, q) another equivalent definition which is

W(p,q) ={(T,z) | € M(p,q), zison I'}. (4.13)

If (Ty,z) € W(p,r) and 'y € M(r, q), then the combination of I'; and Iy gives an element

in M(p, q) and z is on it. This defines the map z%

p7r7q

) in (4) of Theorem 4.6. i? is defined

(p,m,9)
in a similar way.

Suppose the critical values of f divide [f(q), f(p)] into {+1 intervals [¢;11,¢] (1 =0, - 1),

where ¢ = f(p) and ¢;41 = f(q). choose a; € (i1, ¢).
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Define the map E : W(p, q) — [[ug /" (a;) x M as

El,z)=(EI),z), (4.14)

where E is defined in (3) of Theorem 4.4.

Define i : W(p, q) = M(p,q) X M as the natural inclusion.

Theorem 4.6 (Smooth Structure of W(p, q)). Under the assumptions of Theorem 4.4, for
each pair of critical points (p,q), there is a smooth structure on m satisfying the fol-
lowing properties.

(1). It is a compact manifold with faces whose k-stratum is exactly |_| Wrs. Here
(I,8) = (pyr1, - Tk, q) Such that p = 11 = <+ = Tg = Tgpq = o+ = Tj > (;iS)The disjoint

union is over all (I, s) which contain k + 2 components.

(2). The smooth structure is compatible with that of Wy s in each stratum.

(3). The maps i : W(p,q) = M(p,q) x M and E: W(p,q) — Hé:o fYa;) x M are

smooth embeddings.

(4). The smooth structures are compatible with critical pairs, i.e., i%prq) :

W(p, 1) x

M(r,q) — W(p,q) and i

o) - M(p,r) x W(r,q) — WI(p, q) are smooth embeddings.

Here the smooth structure of M(x,x) is defined in Theorem 4.4.

The proof of Theorem 4.6 is a mixture of the proofs of Theorems 4.4 and 4.5. Thus
we only need to give the key constructions in the proof. Just as the proofs of the previous

two theorems, we still use the notation M(k), P, and Qf Suppose the critical values

in [f(q), f(p)] are exactly f(q) = 41 < --- < co = f(p). Define U(i) € W(p,q) as
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U(k) = e '(M(k)). Use the notation of S3, D, and A, as those appearing before Lemma

4.1.

Proof. Similarly to the proof of Theorem 4.5, we shall give each U(k) a smooth structure
and then patch them together.
Define Q(0) = Qy x [[5_, P;, R(0) = D, x [['—y M; x S} and O(0) = M(0) x My x

[T, (M x M;"). Define Aq : R(0) — O(0) by

A0(207y(;7 e 7ylilayl4:y1) = (207y67w0y[;7 e 7yl:17wl71yl7_17wli1ylt-1)'

Define Q(1+ 1) = [[_, P x Q1. R+ 1) = S, x [['_; M x Ay, and O(l + 1) =

[T, (M;" x M;) x M}

i1 X M(l+1). Define Ay 0 R(I+1) — O(1 +1) by

Al-i—l(y[)_a"' 7yl_72l+1) = (/l/}()y()_’yl_ad)lyl_a ay[_ad]l{yl—7zl+1)-

When 1 < k < I, define Q(k) = [[:5; P x Qf x Qp x [[\jpu Py R(k) = Sy x
151 My x M(k) x TI\—, My x S and O(k) =[5 (M;™ x M) x M,7 x M(k) x M(k) x

My, x [Ti 1 (M;F x My ). Define A, : R(k) — O(k) by

Ak(y0_7y1_’ e 7y]g__1azk7yk_7 o 7yl__17yl—:_1)

= (¢0ya> y;7 wlyfa e 73/1;_17 wkfly];—h Rky Rk ylgv 1/%2/1;7 e leflyli_l’ ¢f1yﬁ1)

In the above, 1), are flow maps from M, to Mk++1-

Define ¢, : Q(k) — O(k) to be the inclusion for all k =0,--- , [+ 1.
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Similar to the proof of Theorems 4.4 and 4.5, ¢, is transversal to Ay in each stratum of
Q(k). Thus U(k) = ;' (Im(A})) is a smooth manifold with corners. U(k) can be identified
with U (k) and the smooth structures are preserved. This gives a smooth structure to each
U(k).

Clearly, E|U(k) is a smooth embedding, and U(k) and U(j) have compatible smooth

structures. Thus E is a smooth embedding. By (3) of Theorem 4.4, we get the map i :

W(p,q) = M(p,q) x M is also an smooth embedding.

The face structures will follow from (4).

Let L(k) = f~([@t%, 2%=1]) then e~!(L(k)) is compact. Thus W(p, q) is compact.

This finishes the proof of (1), (2) and (3).

Finally, (4) is proved by an argument similar to that in (4) of Theorem 4.5.

This completes the proof. O

4.5 Additional Results

We prove two results which are needed later.

First, we have the following result which follows straightforwardly from the face structure

of D(p) (see Definition 2.19).

Lemma 4.7. Suppose I = {p,ry,--- ,rc} is a critical sequence and x € Dy C D(p). Then

there exist an open neighborhood W of x in Dy and a smooth map o : W x [0,€)* — D(p),
where @ is a diffeomorphism onto an open neighborhood of x in D(p) satisfying the following
stratum condition. For ally € W, pr = (p1,-++ ,px) € [0,€)* and J = {p,ri,,-++ ,7:.}, we

have o(x, pr) € Dy if and only if p; > 0 when r; ¢ J and p; =0 when r; € J.
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Proof. Since Dy is an open subset of the k-stratum of D(p), there is a smooth map ¢ :

W x [0, €)¥ — D(p) which is a diffeomorphism onto an open neighborhood of = in D(p). As

mentioned at the end of the proof of Theorem 4.5, D; is contained in F; = M (p, ;) x D(r;),
the closure of k disjoint faces F; = M(p,r;) x D(r;) (i = 1,--- , k). Furthermore, W x [0, €)¥
also has k disjoint faces G; = W x (0,¢)"™' x {0} x (0,€)*~". The closure of G; is G; =
W x [0,6)% x {0} x [0,e)*% Since it is a diffeomorphism, ¢ maps a face into a face.
Choose W to be connected, then permutating the coordinates of [0, €)* if necessary, we have
©(G;) C F;. Thus ¢(G;) C F;. Moreover, using the fact that ¢ is a diffeomorphism again, =
is in the i-stratum if and only if ¢(x) is in the i-stratum. O

Lemma 4.8. Lete : D(p) — M be the map in (3) of Theorem 4.5, and let I = {p,ry,--- , 1%}

and J = {p,r1, -+ ,mk_1} be critical sequences. Suppose (a,ry) € Mj X D(r) = Dy. Let

N € Ty (MyxD(ry_q)) represent an inward normal vector in Ny (Dr, M ;X D(r-1)),

and de(N') = (N1, N2) € VoxVy =T, M. Then Ny # 0. (Here N ) (Dr, MyxD(ry—1)) =

T(a,rk)MJ X D(rk71>
T(a,rk)DI

of e.)

is the normal space of Dy in My x D(rx_1), and de is the derivative

Proof. Suppose the critical values in (—oo, f(p)] are exactly ¢g > ¢; > -+ > ¢. Let c.q =
+o00 and ¢4 = —o0. Suppose f(r;) = ¢, (1 = 1,--+ k). Recall the evaluation map e in
Theorem 4.5. Let U(ty) = e o f~ (¢t 11,¢,-1)). Then (o, 1) € Dy N U ().

Returning to the proof of Theorem 4.5, we have U(#;) is an embedded submanifold of
Hf’;—ll P; x Q;;. We may assume r; is the unique critical point with function value c¢,.

Otherwise, replace P;, by its open subset {(z,y) € P, | Vr # 1, = ¢ A(r) N M;"} and

replace Q; by its open subset {(z,y) € Qf |Vr #ry,, x ¢ A(r) N M;"} in this proof.
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Denote Dy NU(t;) by Dy, and (M x D(ri—1))NU(tx) by Dy. Then T(o,)Pr = Tia,r) D1
and (o) (M X D(r-1)) = Tiam)Ds. Denote [, ,, P; x [[,., 0P, x Q;, by H. Then

OH =[], 4. Py x [1;.4 0P, x 0Q},. Here Py = P; — OP;.

JFts

Clearly, D; = 0H N, '(ImAy,) and D; = H N ¢, ' (ImAy,). We have the following
inclusion of pairs

(T(avrk)DI’ T(a77‘k)DJ) — (T(azrk)aH7 T(av,rk)H)'

Since ¢, is transversal to A;, in OH, the above inclusion induce an isomorphism
Nean) (D1, D) = N (0H, H)

Thus N also represents an inward normal vector in N, )(0H, H).

By the proof of Lemma 4.2 (see (4.2)), another such representative element is

N:<O’ 70,(1}1,0),(0,’02 ETocrk <HPO % HaPt Xth> _ ark

J#ti

where ((v1,0),(0,v2)) € TQy, € TM;" x TM(ty), and 0 # (0,v5) € Vo x V, =T, M.
Since both A" and A are inward normal vectors, we have N = aN + w for some a > 0

and w € Ta) ([Lz, P % [1521 0P, x 0Q}) = Tian)OH. Clearly,
w = (w17 s, Wiy -1, (07 @2)7 (7717 O))?

where (0,7,) € T'S; and (01,0) € Vo x {0} = T, D(ry,).

Since the evaluation map e on U(t;) is just the projection H;’“;ll P; x Qf — Q. C
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M (ty,), we have de(N') = (01, ave). Thus Ny = avy # 0.
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5 Orientations (I)

In this chapter, under the assumption of the local triviality of the metric, we discuss the

orientations of the codimension 1 stratum of M(p, q), D(p) and W(p, q).

5.1 Orientation Formulas

Before defining the orientations of M(p, q), D(p) and W(p, q), we give a general way to get
an orientation by transversality.

Suppose M;, My and M;z are three Hilbert manifolds such that M, is embedded in

T, M3
TMy

Here Ty, M5 is the restriction of TMs on Ms. If ¢ : My — M; is transversal to M,

Mj. The normal bundle of M, with respect to Mj is defined as N(My, M3) =

then My = ¢ (M) is an embedded submanifold of M;, and dy induces a bundle map
dp : N(My, My) — N(My, Mj3), i.e., dp is an isomorphism in each fiber. If M is finite
dimensional and oriented and N(Ms, M3) is a finite dimensional (i.e., the fiber is finite
dimensional) and oriented bundle, then we can give an orientation of M, as follows. The
orientation of N(My, M3) gives an orientation to N(My, M) via dp. Let m : Ty, My —
N(My, My) be the natural projection. For all € My, choose {egy1, - ,e,} C T M; such
that {m(exs+1), - ,m(e,)} is a positive base of N,(My, M;y). Choose {ey,--- ,ex} C T, M,
such that {ey,--- ek, exr1, -+, e} is a positive base of T, My, then {ey, -+, ey} gives My
an orientation. Clearly, this is well defined and only depends on the orientations of M; and
N (M,, Ms).

Since dim(D(p)) = ind(p) < +o0, we can assign D(p) an orientation arbitrarily. By the

above method, we can derive the orientations of M(p, q), D(p) and W(p, q) provided that
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the orientations of D(p) and D(q) have been assigned arbitrarily.

Firstly, we can give W(p, ¢) an orientation.

Since A(q) is transversal to D(q) at ¢, then the orientation of 7, D(¢) induces an orien-
tation of N(A(q), M). Let i : D(p) — M be the inclusion. i is transversal to A(¢q) and
i~'(A(q)) = W(p, q). The orientations of D(p) and N(A(q), M) determine an orientation of
Wi(p, q).

Secondly, we can give M(p, q) an orientation.

Choose a regular value a € (—oo, f(p)). We give S, = D(p) N f~'(a) the induced
orientation from D(p) as follows. For all # € S, {1, -+ ,e,} is a positive base of T}, S, if
and only if {—=V f, ey, -+ ,e,} is a positive base of T, D(p). Suppose a € (f(q), f(p)). Denote
A(q) N f~'(a) by S;. Then both S, and S} are embedded submanifolds of f~'(a) which
are transversal to each other. S~ has its induced orientation from D(p) as above. There
is a natural bundle map from N(S}, f~'(a)) to N(A(q), M). Thus N(SF, f'(a)) is an
oriented bundle. The orientations of S, and N (S, f~'(a)) give S, NSF = W(p,q)N f~*(a)
an orientation. The natural identification between M (p,q) and W(p,q) N f~'(a) (see the
comment below Definition 2.9) moves the orientation of W(p,q) N f~'(a) to an orientation

of M(p,q). Clearly, this orientation only depends on those of D(p) and D(q).

Thirdly, since M(p, q), D(p) and W(p, q) are the interiors of M(p, q), D(p) and W(p, q)
respectively, the orientation of each interior determines a unique orientation of each com-
pactified space.

Assign orientations to descending manifolds of all critical points arbitrarily. We can

consider the orientations of the 1-strata ' M(p, q), 9*D(p) and d'W(p, q) of M(p,q), D(p)

and W(p,q). As unoriented manifolds, 9'M(p,q) = | | M(p,r) xM(r,q). There are

D-T>q
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two orientations of it. First, since M(p,q) has an orientation, M(p,q) U ' M(p,q) is an
oriented manifold with boundary d'M(p, q). For all z € 8" M(p,q), let N be an outward
normal vector at . We define an oriented base {ey,--- , e} of T,0'M(p,q) to be positive
if and only if {N, e, -, e} is a positive base of T,(M(p,q) U ' M(p,q)). We call this
the boundary orientation of ' M(p,q). Second, since both M(p,r) and M(r,q) have
orientations, M(p,r) x M(r, q) has the product orientation of these two orientations. This
gives alm the product orientation. Similarly, we can also define the boundary
orientations and the product orientations for 9'D(p) and 9" W(p, q).

Theorem 5.1 answers the relations between the boundary orientations and the product

orientations of the above 1-strata. The proof of this theorem occupies the rest of this chapter.

Theorem 5.1 (Orientation Formulas). Under the assumption of Theorem /.4, as oriented

manifolds, we have

(1). 0'M(p,q) = | | (=1)" =m0 M(p,r) x M(r,q);

p>r>q
(2). 9*D(p) |_| M(p,r) x D(r), where f is bounded below,
prr
(3). OW(p,q) = |_| (—1)md®)=ind+ ) (1) 5 M(r, q) |_| M(p,r) x W(r,q).
Prr=q p=rgq

In the above, 0'O are equipped with boundary orientations, O x O are equipped with

product orientations.

Remark 5.1. The papers [3, lem. 3.4] and [35, sec. 2.1 and 2.15] announce formulas
similar to (1) and (2) of Theorem 5.1 in finite dimensional case ([3] even does the Morse-
Bott case). Our method to define orientations is different from theirs. Thus our formulas are

different from theirs. By our definition of orientations, there is no sign in (2) of Theorem

5.1.
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5.2 Proof of (1) of Theorem 5.1

Proof. We only need to prove that, for all r,

O(M(p,q) UM(p,r) x M(r,q)) = (1) (p,r) x M(r, q).

Denote M(p, q) U M(p,r) x M(r,q) by /\m) By local triviality of the metric, we have
the diffeomorphism A in (2.2) such that (2.3) and (2.4) hold. In addition, choose € small
enough such that f(r) is the only critical value in [f(r) —¢, f(r) 4+ ¢€|. For now on, we identify
U with B without any difference. Let M = f~'(f(r) 4+ 3€) and M~ = f71(f(r) — 3e).
Let S; = D(p) N M™*, S = A(ggNnM~, S = A(r)n M* and S, = D(r) N M~. Then
S5 ={(0,v2) € Vo x Vi | [|va]|* = €} and ST = {(v1,0) € Vo x V. [ [Joy||* = €}

Define

L={(z,y) €S, x M~ |z and y are connected by a generalized flow line.}.

We may assume there is only one critical point r in f~'([f(r) — €, f(r) + €]). Otherwise,

define L to be

{(z,y) € (S, — U SF)x M~ | x and y are connected by a generalized flow line.}
rﬁé’r‘

in this argument. Consider the projection 7, : M+ x M~ — M™, then L = WII(SP_) NP,

where P, is defined in Lemma 4.1 and ¢ = f(r). By transversality, L is an smoothly embedded
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submanifold with boundary of M™* x M~. The interior of L is

L° ={(z,y) € L | x and y are connected by a unbroken flow line.},

and 0L = (S, N S;) x S;. Clearly, S, NS/ can be identified with M(p,r). We consider it
as M(p,r). Then OL = M(p,r) x S, .

Consider the projection 7 : M+ x M~ — M*. We have 7, (L°) = S, — S}, m_(L°) =
D(p)NM~, and - give diffeomorphisms from L° to its images. Give S — S and D(p)N M~
the induced orientations from D(p) (see Section 5.1). Then 7, and m_ move the above
two orientations to L°. These orientations on L° are the same. Thus L° has a preferred
orientation.

Clearly, 7_ : L — M~ is transversal to S/ in L° and dL. Just as in (3) of Theorem

—

4.4, w~1(ST) can be identified with M(p, ¢) because (z,y) € 7~'(S;) is a pair of points on a

— o —

generalized flow line I' € M(p, q). Likewise (7_|s1)"'(S;) can be identified with M (p, q).

The boundary of 71‘:1(5; ) is exactly (7_|oz)~'(S;). We consider the orientation of L first

o —

in order to study the one of M(p, q).
Similarly to OM (p, q), there are two orientations of L. First, the orientation of L gives it
a boundary orientation. Second, the orientations of M(p,r) and S~ give 0L = M(p,r) x S,

a product orientation, where the orientation of S, is induced from that of D(r) (see Section

5.1). The following key lemma shows the difference between these two orientations of OL.

Lemma 5.2. 0L = (—1)™d®)=mdt) AM(p 1) x S, Here, OL is given the boundary orientation

and M(p,r) x S, is given the product orientation.
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The proof of Lemma 5.2 is based on a good local collar embedding of JL into L and a
subtle computation of orientations. The collar embedding is provided by the following two
lemmas.

Fix a point(0, z2) € M(p,r). We know M(p,r) = S, NS," C {0} x V. Define M(p,r) =

{Ug € V+ | (O,Ug) & ./\/l(p, T)}

Lemma 5.3. There exist an open neighborhood 2 of x4 in Vi, a 0 > 0, and a map 0
Bi(d) x (2N ./W(p, r)) — V_ x V. such that O(vy,v5) = (v, 0(v1,12)), 0(0,v5) = vy and 0
is a diffeomorphism from By (8) x (2N M(p,r)) to S, N (B1(0) x Q). Here By(6) = {v1 €

Vo[ ledl* < 63

Let St = {v, € V. | (0,03) € St} and S7 = {v; € V_ | (v1,0) € S-}. We can identify

M(p,r) with M(p,r) and SF with S* naturally. Fix a point (21,0) € S;.

Lemma 5.4. There exist 6 > 0, a neighborhood Qs of xo in Vi and a neighborhood €y of
xy in Vi such that ¢ : [0,0) x (Qa N M(p,r)) x (U NS7) — Vo x Vo x Vo x V, is a local

collar neighborhood embedding of OL into L near ((0,x2),(x1,0)). Here

o(s,v9,v1) = (svl,9(31}1,vg),e_%||«9(svl,02)||v1,se%||9(svl,v2)||_19(svl,vg)),

and 0 1is defined in Lemma 5.3.

The proof of these three lemmas will be given later.

Since L and N(S;, M~) have orientations, 7~'(S) has an orientation. By the defi-

—

nitions of the orientations of L and M(p, q), the orientations of 7~'(S;") and M(p,q) are

the same under this identification. The boundary orientation of JL and the orientation of
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N(S;, M) also give (7_|sr)”"(S;}) an orientation. This orientation of (7_|z)~"(S;) co-

incides with the boundary orientation induced from 7T:1(S;r ). The reason is as follows.

At ((0,22), (21,0)) € (m_|or)""(S]), let {er, -+ ,ex} be a base of T(n_|sr)"(S)) and

q

{ers1,--+ ,en} C T(OL) represent a base of N((m_|sr)"(S;}),0L). Let N be an outward

normal vector of (7_|pz)'(S)) with respect to 7~'(S;). Then {N, e1,--- ,ex} gives an
orientation of 7= (SF), {e1,--- ,ex} gives an orientation of (7_|or) 7' (SF), {N, e, -+, en}
gives an orientation of L, and {ey,--- ,e,} gives an orientation of OL. When {ex;1,--- ,e,}
is positively oriented, {ey,- - ,ex} gives the boundary orientation if and only if {e1,--- ,e,}

gives the boundary orientation. This is the reason.

Thus (7_|pz)~'(S;) has the boundary orientation of 8@) under this identification
if OL is equipped with the boundary orientation.

On the other hand, if we give L the product orientation, i.e., we consider it as M(p,r) x
S, then (m_|2)~"(S;") will have the product orientation of M(p,r) x M(r,q) under this

identification.

By Lemma 5.2, we have completed the proof of (1) of Theorem 5.1. O

Proof of Lemma 5.3. Since M (p,r) is an embedded submanifold of V, , there exist a neigh-
borhood Q of x5 and a diffeomorphism « :  — V, such that V, = K; X Ky, a(QN
Mv(p, r)) = Ky x {0} and a(z3) = (0,0). Here K; and K, are two Hilbert spaces. Define
B B1(d) x Q@ — B1(0) x Vi by B(v1,v9) = (v1,a(vy)). Then S is also a diffeomorphism.
B(B1(6) x (QNM(p,r))) = By(6) x Ky x {0}, {0} x Q) = {0} x V. and (0, z5) = (0,0,0).

Since S is transversal to {0} x €2, then B(S; N (B1(d) x Q)) is also transversal to
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{0} x Vi = B({0} x Q). Denote 3(S,; N (B1(d) x §2)) by S. Then

T((]’O’(])S + T(O’(]’())({O} X VJr) = T(()’O’())(Bl(é) X V+) =V_x V+. (51)

Consider the map m; : B1(6) x Vi — By(d) x {(0,0)}, where m(vy, k1, k2) = (v1,0,0). By

(5.1), we get

dmy = T(0,0,00S — T10,0,0)(B1(0) x {(0,0)}) = V= x {(0,0)}

is surjective. In addition, since {0} x (2N M(p,r)) C S, N (B1(6) x ), we have

{0} x Ky x {0} = B{0} x (2N M(p, ) C S.

Thus

{0} x K1 x {0} = T{0,0,0)({0} x K1 x {0}) € T(0,0,0)S- (5.2)

Consider the map my : B1(0) x Vi — By(d) x K x {0}, where my(vy, k1, k2) = (v1, k1, 0).

By the surjectivity of dm on S and (5.2), we know that

dmy - T(Qjon)S — T(ngjo)(Bl((S) X K71 X {0}) =V_ x K; X {0}

is surjective.
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Now we count the dimensions of S and B;(d) x K; x {0}.

dim(S) = dim(S,) = ind(p) — 1 = ind(p) — ind(r) — 1 + ind(r)
= dim(M(p,r)) + dim(V_) = dim(K; x {0}) + dim(B;(9))

= dim(B;(d) x K1 x {0})

By the Inverse Function Theorem, shrinking ¢ and €2 if necessary, we have that m, gives a
diffeomorphism from S = (S, N(B1(6) X)) to By (0) x K1 x {0} = B(B1(d) x (QNM(p,7))).
Also, (ma]s) ™ (v1, k1,0) = (v1,0(v1, k1, 0)) for some 0. It’s easy to see that SN ({0} x V) =
{0} x K7 x {0}. Then 6(0, ky,0) = (k1,0).

Defining § = 37" o (ma|g) ™ 0 8 on By () x (2N /W(p, 1)), completes the proof. O

Proof of Lemma 5.4. We may assume € < 1. Choose ¢ as in Lemma 5.3. Choose €25 to

be Q in Lemma 5.3. Consider ¢ as a map defined in (—4,8) x (3 N M(p, 7)) x S-

roe

By
Lemma 5.3, we have Im(¢) C L° when s > 0, Im(¢) N L = () when s < 0 and (0, vq,v1) =
((0,v2), (v1,0)) € OL.

Now we compute dp. First, we introduce some notation. Let 7 be the positive unit

tangent vector of (—d,9). Let 5 be a base of T, S~ C V.,

_{617"' ell’ld (r)— }

Let 52— be a base of Tm./\/l(p, r)) C V. The notation (dgp)a%l means

(dso)a% — {(dg)er, -, (dg)emanm 1}
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In the following calculation, omit d(p— if dim(M(p,r)) = 0 and omit dgp— if dim(S;) = 0.

At (s, 21, x9)
a _1 -1 1 -1
(dsé?)% = (1, (dO)zy, e 2|0]|77(0, (dO)z1)w1, €2 [|0]| 7 h + s%) (5.3)
o d 1, 0
(dSO)a—IQ = (07 (de)a—@& 0] <97 (d9)8—b> IhS*) ;
o 0 o 1 0 )
(dso)a_xl = (Sax1’8<d9)3m1’6 HQHaml + 5%, 8 *) .

Here x stands for some smooth functions which are not important. Since 6(0,vy) = vy, we

have (dQ)(O,xg)a%2 = 8%2. And since 8%2 is contained in T}, S and is orthogonal to z,, we

have (0(0,x2), (d0)(0,22)52) = 0. In addition, ||zs|| = ez. Thus

0
(dp)(0, 29, 1) =— = (21,d0(0, x5)z1, 6_1<:c2,d@(O,xg)xl)wl,xQ),

0s

0 0 0 0
(dSO)(O,xwal)a_xQ - <07 8_33'2’0’ 0) ; <d@)(07$2’x1)8_$1 - (0707 8_1'170) . (54)

Clearly, d(0,z2,21){2, 22 o3 Bor =21 is linear independent. Since dim(L) = dim([0, §) x

QN M (p,7)) x 5-), by the Inverse Function Theorem, we have that this lemma is true. O

Proof of Lemma 5.2. Let ((0,x2), (x1,0)) be an arbitrary point in L. We only need to prove
the orientation difference is (—1)"4®)=nd(") 4t this point.
Suppose (0, 8‘972) and (8%1, 0) are a positive basis of T(g 4,) M (p,r) and T{,, S, respective-
ly. We use the locally collar embedding ¢ in Lemma 5.4. Fix x5 and 2, change s. By (5.4),
dp(0, xg,azl) = (0, 82 ,0,0) and algo(O,362,31:1)8%1 = (0,0, % Fors 0). So {dy(0, xg,xl)azz,dgo(o,mg,xl)aim}

is a positive basis of M(p, ) x S;". When dim(M(p,r)) = 0 or dim(S,") = 0, the orientation
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of T(0,25)M(p, ) or Ty, 0yS; is a sign 1, and dy(s, x2, 351)6%2 or dp(s, xa, :Ul)a%l is replaced
by this sign.

Now, —(dy)(0, x2, xl)% is an outward normal vector of OL. Thus, when s = 0, {d(pa%z,
dg&a%l} is a positive base of 9L if and only if {—d(p%,d(p%,d(p%} is a positive base of
L. This is also equivalent to the statement that, when s # 0, {—d(p%, dgoaim, dgoa%l} is a
positive base of L.

When s # 0, (s, 72, 71) € L°, and 7, : L° — S, preserves orientation. Thus, by (5.3),

the above consideration is equivalent to the statement that,

0 0 0
{—dmr . d(pa, dmy - dgpa—xz, dmy - dgp—l}

0 0 0
= {—<$1,d8 . xl), (07d06_x2) s (Sa—xl,s . dea—xl>}

is a positive base of 5. We change this base to another base

0 0 0
{anan, (0.0 2) (L a2 )}, o

The new base (5.5) has the same orientation as the old one. Its advantage is that, when s = 0,

(5.5) is still a base of S;". The reason is as follows. When s # 0, (5.5) is in T'S". Thus, by

continuity, it is still in 7°'S” when s = 0. In addition, when s = 0, (0, d@%)

(0, aim). As a
base of T, V_ and T, M(p, r) respectively, both {—z1, 8%1} and 8%2 are linearly independent.
So (5.5) remains linearly independent when s = 0.

When s varies in [0,d), the orientation difference between {—(z,df - 1), (O,dﬁaim),

(:2,df-2-)} and S; is fixed. So we only need to check the difference when s = 0. As
ox1 ox1 p
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a base of Ty, M(p, ), (0, %) contains ind(p) —ind(r) — 1 vectors. Denote the orientation of

a base {x} by Or{x}. Then, when s =0,

0 0 0
Or {—(xl,dé’ - 1), (O,d@ab) , (8x1’d08x1>}
0 0 0
- Or{—($17d¢9 : .1’1), <O7 81’2) ) (axladeaxl)}

. . 0 0 0
_ __1\ind(p)—ind(r) Y . o o
(—1) Or{(O, 81:2) , (x1,d0 - 1), (axl,dﬁaxl)}.

Since (z1,0) = =V f(z1,0), (8%1,0) is a positive base of T(,, oS, then {(z1,0), (8%1,0)} is

a positive base of T(,, 0)(V= x {0}) = V_ x {0} = T, D(r). Thus {(z1,df - zy), (aizl,dﬁaixl)}
represents a positive base of the normal space N(g,)(M(p,7), S, ). Since (0, 8%2) is a positive
base of T{g,)M(p,r), we infer that {(0, 8%2), (x1,dO - 1), (8%1, dﬁa%l)} is a positive base of
T(OM)S;.

As a result, (—1)™@=mdOOr{dp(0, 9, 1) -2 dgp(O,xQ,xl)a%l} represents the orienta-

Oxo’

tion of JL. This completes the proof. O

5.3 Proof of (2) of Theorem 5.1

The proof of (2) is similar to that of (1). In particular, they share many details. We shall

only give the outline and the key calculation of this proof.

Proof. We only need to prove that (D (p) LU M(p,r) x D(r)) = M(p,r) x D(r) as oriented
manifolds. Actually, we only need to argue this in an open subset containing M (p,r) x D(r)
of D(p) LU M(p,r) x D(r). Recall the evaluation map e : D(p) U M(p,r) x D(r) — M in

(3) of Theorem 4.5. We have e~! o f~1((—o0, f(r) + €)) is such an open subset. Moreover,
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we can simplify this problem again. Let M(r) = f~'((f(r) — ¢, f(r) + ¢)). Consider the
open subset e }(M(r)). For all z € e o f~1((—o0, f(r) + €)) N M(p,7) x D(r), there
exist y € e Y (M(r)) N M(p,r) x D(r) and a flow map 1 in D(p), such that ¥(y) = =
(see Lemma 6.4). From y to x, diy preserves the orientations of D(p) and M(p,r) x D(r)
and the outward normal direction. Then di preserves the orientation difference between
J(D(p) U M(p,r) x D(r)) and M(p,r) x D(r). Thus we only need to show this is true in
e=}(M(r)). Now denote D(p) N M(r) by D,, D(r) N M(r) by D, and e~'(M(r)) by D,.
Then 1/7; = D,UM(p,r) x D,. We only need to show that (‘91/); = M(p,r) x D, as oriented
manifolds.

We use the same notation of M*, S, and S; as in the proof of (1). Also identify S NS,
with M(p,r) and define Mv(p, r) as in the proof of (1). Define D, = {v, | (0,v5) € D,}. We

also assume that there is only one critical point 7 in M(r).

Define

L={(z,y) €S, x M(r) |z and y are connected by a generalized flow line.}.

Then 0L = M(p,r) x D,. And

L° = {(z,y) € L | z and y are connected by a unbroken flow line.},

L is identified with l/?\p because (z,y) € L is a pair of points on a generalized flow line
connecting p and y. Since L C S x M(r), we may consider the natural projection 7 : L —

M(r). Moreover, 7 identifies L° with D,, and 7 coincides with the above identification
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between L and l/);. The orientation of l/?; gives L an orientation, and L gives 0L a boundary
orientation. We only need to check the difference between the boundary orientation and the
product orientation of OL.

Fix ((0,x2), (21,0)) € M(p,r) x D,. Just as Lemma 5.4, we give a locally collar neigh-
borhood parametrization ¢ : [0,8) x (2 N M(p,r)) X D, — V_ x Vi x V_ x V. such
that

(s, v9,v1) = (sv1,0(sv1,v2), vy, $0(sv1,v2)), (5.6)

where 6 is defined in Lemma 5.3. It’s necessary to point out that this argument includes the
special case of ind(r) = 0. In this case, D, = {0}, ¢(s,vs,v1) = (0, 03,0, sv) and d(pa%l is
the sign +1 assigned to D,.

Suppose (0, 6%2) and (%, 0) are positive basis of T{g z,) M (p, r) and T(,, ¢y D, respectively.
At (s,x9,21), we have

0
dgp&:(ml,dQ-x1,0,6’+S-d0'$1), (5.7)

P R e L S S O R B SR
8372 8331

81’2 8:132 88_371’8 8_271’ 85(717 82’(]1

We shall check that, when s € [0,0), {—dcp%7 dgoaim, dgpa%l} coincides with the orientation
of L.
When s # 0, ¢(s,x2,21) € L°. By the definition of the orientation of L°, 7 : L° — D,

preserves its orientation. Thus, we only need to show that, when s = 0,

0 0 0
{—dﬂ' . dgog,dﬁ . dg&a—b,dﬂ : d(pa—xl}

B 0 o , .0
= {(O,—G—S'de'l’l),<O,S'd88—x2>,<8—xl78 dea—xl)}
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gives the orientation of D, at mp(s, 2, 21). By (5.6), we know that 7o(s, x2, x1) = (21, s0(sz1, 22))
is connected with (s, 0(sr1,72)) € S, by an unbroken flow line. Consider the flow map
v in U such that ¢(vi,ve) = (s7'vy, sv9). Then ¥(sz1,0(sz1,72)) = (71, 50(s71,72)) and ¥

preserves the orientation of D,. Thus we only need to check that

0 0 0
1 9 1 T
{ dy~ - dm - dgpa ,dy™ " - dm - d(pa s ,dy " - dr dgpaxl}

0 0 0
s 9 _4p . .
(0,—s=0 —do ml),(O do— ) ( o , s - df 1'1)}

gives the orientation of D, at (sxy,6(sz1,22)). Change the above base to the orientation

equivalent base {(0, —0 — s -df - x1), (0, d@az ) (82 ,do-2- -)}. When s = 0, it becomes

{(0’ —r2); (O’ aig) ’ (ail’deail) } : (58)

Since (8%1,0) is a positive base of V_ x {0} = T,.D,, (62 ,do-2- -) represents a positive

base of N(gu,)(M(p,7),5,). At (0,22), (0, —z2) = =V f, and (0, 8%2) is a positive base of

T(0,20)M(p, 7). Thus (5.8) gives the orientation of D,. O

Remark 5.2. [t seems that, in the finite dimensional case, the paper [35] gets orientation
relations by the same strategy as we have. The following key fact is pointed out without
explanations in [35, p. 155]. “La variété W*(c,e) x La(c,d) est de codimension 0 dans le
bord de W’(d, A+ €) et la normale sortante ng & W (d, A+ ¢) en (¢c,1) € W*(c) x La(c,d)
s’identifie au vecteur tangent a | orientée par —€.” (Here & = NV f.) This is proved in the
paper by moving —dgp% (see (5.7)) to be (0, —x9) = =V f in (5.8). Thus our work may give

the details omitted in [35].
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5.4 Proof of (3) of Theorem 5.1

The proof of (3) is a mixture of those of (1) and (2).

Proof. We shall prove that d(W(p, g)UM (p, ) xW(r, q)) = M(p, ) xW(r, q) and d(W(p, ¢)Li
W(p,7) x M(r,q)) = (—=1)"d@=md"+)(p ) x M(r,q). Recall the evaluation map e :
W(p.q) U M(p,r) x W(r,q) — M (or W(p,q) UW(p,r) x M(r,q) — M) in (3) of
Theorem 4.6. Define M(r) = f~Y((f(r) — e, f(r) + €)), M(r)* = f~Y((f(r), f(r) + ¢)) and
M)~ = FY(f(r) — e f(r))). We have four cases. Just as the proofs of (1) and (2), we

will define a manifold L which plays a important role all through this proof, where

L ={(z,y) | z and y are connected by a generalized flow line.},

and (z,y) is contained in some different manifolds in each case. Also, z and y will be
connected by a unbroken flow line if and only if (z,y) € L°.

Case (a). The boundary is M(p,r) x W(r,q) and r # q.

We reduce this problem to considering the case of e™!(M(r)™). Denote e~ '(M(r)™) by
I/I//;q, W(r,q) N M(r)~ by W,,, D(p) N M(r)~ by D, and D(r) N M(r)~ by D,. Clearly, as
unoriented manifolds, 81/[//; = M(p,r) X W,

Define L € S, x M(r)~. The natural projection my : L — M(r)~ identifies L° with
D,. 0L = M(p,r) x D,. The orientation of D, gives L an orientation. In the proof of (2),
it has been verified that the boundary orientation and the product orientation of 0L are

the same. We identify 7, '(A(q)) with V[//;q and identify (m2]az) '(A(q)) with 81/1//;61. An

argument similar to that in (1) completes the proof.
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Case (b). The boundary is M(p,q) x W(q,q).

Replace M (r)~ by M(q) in Case (a). The same argument gives a proof.

Case (c¢). The boundary is W(p,r) x M(r,q) and p # 7.

Reduce to the case of e~ (M (r)*). Denote e~ (M (r)*) by W,q, W(p,r)NM(r)* by W,,,,
and D(p) N M(r)* by D,.

Define L C D, x M, where M~ = f~*(f(r)—¢). The projection 71 : L — D,, identifies
L° with D, —W,,, and OL = W,,, x S;". Then D, gives L an orientation. Consider another
projection my : L — M ™. Then WQI(S;) can be identified with I/I//;] and (7a|o2) " (SF) can
be identified with 81/1//;(1. We reduce the proof to checking the difference of two orientations
of L.

Define /V[7p,,a = {vy | (0,v2) € W,,}. Similar to Lemma 5.3 and 5.4, there is a neighbor-
hood €y of x5 in Wp,r and a parametrization 6 : By(0) x Q9 — D, such that é('l)l,'l]g) =
(v1,0(v1,v2)) and 6(0, v2) = vs. We also have a local collar embedding ¢ : [0,8) x Q2 x S —

Vo x Vi x V_ x V4 such that

Ps,v2,01) = (500, 0(s01,00), (26) 3 (e + (€ + 4%€] 801, v2) D) o,

$(26)2 (€ + (€ + 45%€||0(sv1, v2)|?)2) " 20(sv1, UQ)) .

Just as the proof of (1), we reduce the proof to checking the orientation of {—dm; -

do L, dmy - d(p%,dm : d(paixl} and then that of {—(zy,df - x1),(0,:%),(:2,df-2-)} in

) Oz oz’ 0z

T(0,20)Dp. Here, {(0, a%2)} is a positive base of T4,y Wp,. It contains ind(p) — ind(r)
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vectors. Thus the orientations are

0 0 0
o {_@1’(19 o) (07 3302) , (axl’deaxl)}

. . 0 0 0
_ -1 ind(p)—ind(r)+1 o i o o )
(—1) Org (0, 955 ) (x1,d0 - xq), T de(?a:l

Since {(0, %), (1,d0 - xq), (8%1, dQ%)} is positive, the proof is complete.

Case (d). The boundary is W(p,p) x M(p, q).

Reduce to the case of e™*(M(p)). Denote e~'(M(p)) by W//;q and D(p) N M(p) by D,.
Then W, , = W(p,p) x M(p,q) = {p} x M(p,q).

Define L C D, x M~, where M~ = f~'(f(p) —€). Then m : L — D, identifies L°
with D, — {p}, and L = W(p,p) x S, . Moreover, D, gives L an orientation. Consider
my L — M~. Then m,'(S]) can be identified with VT/;] and (ma|ar) ' (S)) can be
identified with 81/1//;]. We reduce the proof to checking the two orientations of L.

Consider the collar embedding ¢ : [0,v/2) x :S';; — Vo x Vo x V_ x V, such that
o(s,v1) = (sv1,0,v1,0). Since W(p, p) has orientation 41, we only need to check the orienta-
tion difference between {—dp, dcpa%l} and L. When s = 1, Or{—dm - dpZ, dm -dgpa%} =
—Or{—Vf,(5>,0)} is the negative orientation of T(;, 0)D,. Thus 81/1//;(] = —W(p,p) x

r1’

M(p, q). O

Remark 5.3. The papers [3] and [60] compute the cup product of H*(M;R) via Morse
Theory. Both [3, (2.2)] and [60, lem. 2 and 3] neglect signs. Theorem 5.1, (3), can tell us
the the signs if we do care about them. The following is an explanation of [60, lem. 3]. We
shall use notation different from that in [60]. Our W(p,q) and #M(p,q) are M(p,q) and

n(p, q) in [60] respectively. A real coefficients Thom-Smale cochain complex is defined in [60]
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as C* =P, D,, d(p)=n R|p| with coboundary operator

dg= Y. #Mp,ap,

ind(p)=ind(q)+1

where #M(p,q) is defined in Theorem 6.53. Let w be a differential form, in [60], a cup

product action of w on C* is defined as

The paper [60, lem. 3] states that w(dw) = 0m(w) £ m(w)d. Actually, (3) of Theorem 5.1

tells us

(dw) = 6m(w) + (—1)<HFla(w)s. (5.9)

If o and 3 are two singular cochains, then SaUB = 6(aUB)+(—1)*H1aués. By comparison

with this, (5.9) is reasonable. The proof of (5.9) is as follows.

s w)

p

= S ™) = Z )

p p

_ Z Z/ €*w+Z(_l)md(p)—md(r)—l—l/ e*w | p.
» r J M(p,r)xW(rq) r W(p,r)x M(r,q)

Here e is defined in (3) of Theorem 4.6. When dim(W(r,q)) < |w| (or dim(W(p,r)) < |w|),
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e*w =0 on M(p,r) x W(r,q) (or W(p,r) x M(r,q)). Thus
g = S| Y #MO, 7’)/ o
p ind(r)=ind(p)—1 Wi(r,q)
Y ymopig) [ w)

ind(r)=ind(q)+1 W(p,r)
= m(w)q + (—1)Mde=indD 7 () 5.

This completes the proof since ind(p) — ind(q) = |w| + 1.
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6 CW Structures (I)

In this chapter, under the assumption of the local triviality of the metric, we present results

on CW structures arising from the negative gradient dynamical systems.

6.1 Main Theorems

We shall show that the compatification of D(p) results in a bona fide smooth CW decompo-
sition of M.

Clearly, D(p) is diffeomorphic to an open disk of dimension ind(p), and D(p) N D(q) = 0
when p # ¢. Recall the evaluation map e : D(p) — M and that D(p) = ||, M; x D(r)
(see Theorem 4.5). The restriction of e to Mj x D(ry) is just the coordinate projection onto

D(ry,). Thus e|py) is the identity map, and e(9D(p)) consists of finite number of D(g) such
that ind(¢) < ind(p). Thus if D(p) is homeomorphic to a closed disk for all p, then, Va € R,
K*=1] o) <o D(p) is a finite CW complex with characteristic maps e. We shall prove the

following theorems in this chapter.

Theorem 6.1 (Topology of D(p)). Under the assumption of Theorem 4.5, there is a home-

omorphism W : (D™4P) §ndp)=1y s (D(p),d0D(p)), where D P) is the ind(p) dimensional

closed disk and S™iP)—1 = gpindPp)

For the definition of simple homotopy equivalence and elementary expansion, see [14, p.

14-15)

Theorem 6.2 (CW Structure). Under the assumption of Theorem 4.5, let a be a reqular

value of f. Then K* = |_|f(p)§a D(p) is a finite CW complex with characteristic maps e :
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D(p) — K®, where e is defined in (3) of Theorem 4.5. In particular, if f is proper, then
the inclusion K* — M*® is a simple homotopy equivalence. In fact, in this special case, there

1s a CW decomposition of M* such that K expands to M by elementary expansions.

As mentioned before, dim(M(p, ¢)) = ind(p) —ind(q) — 1. If ind(q) = ind(p) — 1, then
M(p,q) is a 0 dimensional manifold. Actually, M(p,q) consists of finitely many points
because it is compact in this case.

The following theorem explicitly computes the boundary operator of the CW chain com-

plex C,(K*®) associated with the CW structure.

Theorem 6.3 (Boundary Operator). Let K be the CW complex in Theorem 6.2 (we do

NOT assume f is proper). Let C.(K®) be the associated CW chain complex and [D(p)] be

the base element represented by D(p) in C.(K*). Then

where # M (p, q) is the sum of the orientations +1 of all points in M(p, q) defined in Theorem

5.1.

Remark 6.1. Theorem 6.3 shows that the boundary operator of C.(K®) coincides with that
of the Thom-Smale complex in Morse homology when M 1is compact. This shows Morse
homology arises from a cellular chain complex. Morse homology was first formulated by
Milnor ([38, cor. 7.3]), and was rediscovered by Witten (see [62]). For more details, see [9]
and [55]. For some of its generalizations to Hilbert manifolds, see [52], [1] and [2]. However,

unlike the assumption of Theorem 6.3, Morse homology does not require the local triviality of
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metrics. In Chapter 10, we shall extend the above theorems to the case of a general metric.

Thus our results also fit Morse homology well in general (see Remark 10.2).

6.2 Proof of Theorem 6.1

We present an elementary proof here. In Section 10.2, we shall give a non-elementary but
quick proof.

Recall the evaluation map e : D(p) — M in (3) of Theorem 4.5. We shall “pull back”

the vector field —V f on M to D(p) via e. First, we need to explain the definition of the pull
back. We know D(p) = | | ; D, where I are critical sequences with head p. The restriction of
e on D; = M xD(ry) is the projection M; x D(ry) — D(ry). For all (o, z) € M;xD(r),
{0} x T, D(ry) € ToM; x ToD(rk) = Tiaz) (M x D(ry)) and the derivative of e gives an
isomorphism de : {0} x T, D(ry) — T, D(rx). Thus there is a unique vector (0,—Vf) €

{0} x T;D(ry) such that de(0, -V f) = =V f. Then (0,-Vf(2)) € Tiaw) (M x D(r})) is

the pull back of =V f(z).

Lemma 6.4. There is a smooth vector field X on D(p) such that ¥(a,z) € M; x D(ry),

X(a,z) € {0} x T.D(ry) and de(X) = =V f.

Proof. Let X be the pull back of —V f as explained above. We only need to prove that X
is smooth.

Suppose the critical values in (—oo, f(p)] are exactly f(p) = ¢o > ¢1 > -+ > ¢. Let
U(i) = et o f~1((cix1,ci1)), where c.; = +o00 and ¢4 = —oo. By Theorem 4.5, each
U (i) is open and | J, U(7) = D(p), and we only need to prove that X is smooth in each U(i).

By (4) of Theorem 4.5, there is a smooth embedding E(i) : U(i) — H;;E [ Ya;) x M(i),
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where a; € (cjy1,c¢;) is a regular value and M (i) = f~'((cit1,¢i-1)). Define a vector field
X =(0,-,0,-Vf) € T2y Tf(az) x TM(i) on [Ty f~*(a;) x M(i). Clearly, X is
smooth. For brevity, denote E(i) by E. We shall prove that the restriction of XonE (U(i))
is X.

Each (a, z) € (M; x D(ry)) N U (i) represents a pair (I', z), where I' is a generalized flow
line connecting p and z (see (4.7)). Suppose I' = (79, -+ , ), where 79 = p and v,(0) = z.
Suppose the intersection of I with f~*(a;) is z;. Then &(¢) = (20, , 2i—1, (%)) is a curve

in E(U(7)) C H;;B fY(a;) x M(i) such that

g0)=1(0,---,0,-Vf) =X, de-&0)=-V/.

Moreover, since £(t) C E({a} x D(ry)), we infer £'(0) € dE({0} x T.D(ry)). Identify U(7)

with E(U(7)), then X = ¢'(0) = X at (a, z). This completes the proof. O

Definition 6.5. Suppose L is a manifold with corners, OFL is the k-stratum (k > 0) of L,
x € OL and v € T,L. v is in the corner if v € T,0FL. v is outward if v ¢ AL (see

Definition 2.21). v is strictly outward if —v is in the interior of A,L.

Clearly, strictly outward implies outward. We know that A,L is linear isomorphic to
[0, +00)k x R"~*. Under this isomorphism, v is in the corner if and only if v € {0}* x R"7¥;
v is strictly outward if and only if v € (—o00,0)¥ x R"*. This does not depend on the
isomorphisms. It’s easy to see the above vector field X is in the corner. We present the

following easy lemma without proof.

Lemma 6.6. If both vy and vy are strictly outward, so are vy + vo and lvy for 1 > 0. If v,
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15 strictly outward and vy 15 in the corner, then vy + vo is strictly outward.

Lemma 6.7. Suppose L is a manifold with corners, and g : L — H 1is a smooth map
where H is a Hilbert space. If there exists a smooth map g : L — S(H) such that g(x) =

lg(z)]|g(x), then ||g(z)|| is also smooth, where S(H) is the unit sphere of H.

Proof. Define ¢ : [0,400) x S(H) — H x S(H) by ¢(\,v) = (Av,v). Then

0 0 o 0

Thus dy is nonsingular everywhere.

Define 6 : H x S(H) — [0,400) x S(H) by 0(vi,v2) = (||u1][,v2). Then 6 is continuous
and fp = Id. Thus ¢ is a smooth embedding. Then ¢! : Imp — [0, +00) x S(H) is also
smooth.

Clearly, ¥z € L, (g(2), 3(x)) € Tmg, and 9~ (g(x),3(z)) = (lg(@)],3(z)). Since o,

g(x) and g(x) are smooth, then so is ||g(x)||. O

Let f = f o e defined on D(p) be the pull back of f, then X - f = —|(V.f)e||? < 0.

Lemma 6.8. Suppose x € D(p) be such that e(x) is a critical point. Let U, be a neighborhood

of x. Then there is a smooth vector field Y, on D(p) such that its support supp(Yz) C U,,

Yy(x) # 0 and Y, f < 0. In addition, for ally € OD(p), Yy (y) is strictly outward if Yy(y) # 0.

Proof. Suppose e(x) = 1, for some critical point 1 and x = (o, rg) € M;xD(ry), where [ =
{p,r1,- -+ ,rx}. By Lemma 4.7, there exist a neighborhood Wj of a in M, a neighborhood

W, of 7 in D(ry), an € > 0 and a smooth embedding ¢ : Wi x Wy x [0, €)* — D(p) such

that Imy C U,, and ¢ satisfies the stratum condition in Lemma 4.7.
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By local triviality of the metric, choose a neighborhood U of rj as (2.2) such that (2.3)
and (2.4) hold. We identify U with B by h in (2.2). We may assume e(Imp) C U, and W,
is a neighborhood of 0 in V_. Identify r € D(ry) with 0 € V_. The key part of the proof is

to show ¢ can be modified so that
= . 1 1,
fO(P(Oé,Z,p],O'>:f(T'k)—§<Z,Z>+§O' ) (61)

where & € Wy, z € Wa, pr = (p1,++ ,pr—1) € [0,6)F "t and o € [0, ¢).
Denote e o p(&, z, pr,0) = (e1(@, z,p1,0), ea(@, z,p1,0)) € V- x V.. Consider the map

0: W, x Wy x [0,€)" — Wy x Wy x [0, €)* defined by

9(d>zvplva) = (d761(6" Z,p[,U),pI, HBQ(d,Z,p[,U)H).

Firstly, we prove 6 is smooth. It suffices to show ||eg|| is smooth. Since ey is smooth, by
Lemma 6.7, we only need to find a smooth § such that ex = ||ez||g. By (4.7), an element

in D(p) represents a pair (', z), where I" is a generalized flow line connecting p and z € M.
Let ¢ = f(ry). Define E:D(p)Ne to f((c—e,cte) — fc+$5) x M to be the map
E(T, z) = (s(I), z), where s(T') is the intersection of I" with f~'(c+ £). By (4) of Theorem
4.5, E is smooth. Furthermore, Ep(&, z, pr,0) = ((n1,1m2), (e1,e2)) € Vo x Vi x V_ x V.
By the stratum condition in Lemma 4.7, ep(&, z, pr,0) € D(ry) or ea = 0 if and only if
o = 0. Thus, when o > 0, e; # 0 and (e, e2) is connected with (7y,72) by a unbroken flow

line. Thus (e1,e3) = (A7 ny, Mpa) for some A > 0 and ey/||ea]] = n2/||m2]|. However, 1o # 0

even if o = 0. Thus 7o/||n2|| is smooth for all o € [0,¢€). Let g(&, z, pr,o) = n2/||n2], then
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ey = |le2||g for all o € [0,€). Thus ||ez|| is smooth.
Secondly, we prove that 2|les]| # 0 at (a,0,0,0). By the stratum condition, dp2
represents an inward normal vector in N, (M x D(r), My x D(rp_1)), where J =
{p,r1, -+ ,rk—1}. Thus by Lemma 4.8, 0 # deQ% € V_. Denote deQ% by w. Since
ea(a,0,0,0) = 0, we see es(,0,0,0) = cw + O(c?), and
0 o low + O(c?)]|

%|a:0||€2|| = Ulim

= [[wl] # 0.

Thirdly, the Jacobian of 6 at («,0,0,0) is

00 0 gllel

Since 2 ||es|| # 0, df is nonsingular at (e, 0,0,0).
Since ||es|| is smooth, Z|,—ollez| # 0, and ||es|| vanishes if and only if o = 0, we can
extend ||ez]| to be defined on Wi x Wy x (—¢, €)¥ such that |les]] < 0 when o < 0. By the

Inverse Function Theorem, shrinking W;, W5 and € suitably, a smooth =1 can be defined in

Wy x Wy x [0, €)k. Modify ¢ to be pof~! to get a smooth embedding ¢ : Wy x Wy x [0, €)% —
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D(p) such that e o p(&, z, pr,0) = (z,e3) and ||ea]| = . This gives (6.1).

Consider the vector field Y = S0 (p; — €) (;21 + (0 — )2 in Wy x Wa x [0,e)%. It’s

strictly outward at corners, Y (¢=2(z)) # 0 and Y(f o @) = (0 — €)o < 0.

By Lemma 6.6, using the partition of the unity, we can move Y to D(p). This defines

the desired smooth vector field Y. O

Lemma 6.9. Suppose x € D(p) is such that e(x) is a reqular point. Let U, be a neighborhood

of x. Then there is a smooth vector field Y, on D(p) such that its support supp(Yz) C U,,

Yy (z) # 0 and Y, f = 0. In addition, Yy € dD(p), Yu(y) is strictly outward if Y,(y) # 0.

Proof. Suppose © € M; X D(ry). By Lemma 4.7, there is a smooth embedding ¢ : W x
[0, €)* — D(p) such that Imp C U, where W is a neighborhood of z in M; x D(r;,). Since
e(x) is a regular point, X f(z) = —||Vf(e(z))||> < 0. Shrinking W and e suitably, we may
assume Xf < 0 in Ime.

Denote the coordinates of [0,¢)* by (p1,- -+, px). Then Zle(pi - e)a%i defines a vector
field on W x [0,¢€)* which is strictly outward at corners. Move this one to Imyp to get a
strictly outward vector field ¥; on Imgp. Let Y, = Y] — %{X Then Ygf = 0. Since Y] is

strictly outward, and X is in the corner, we get, by Lemma 6.6, Y5 is strictly outward and

Ys(z) # 0. Using a partition of the unity, we get Y. O

As mentioned in Introduction, the following key lemma fulfills Milnor’s suggestion of

adding a vector field to X.

Lemma 6.10. Suppose K C D(p) C D(p), K is closed and p is an interior point of K.
Then there is a smooth vector field X on D(p) such that )N(f <Xf= (=VHf, X equals X

and =V f on K, and X is strictly outward on dD(p).
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Proof. Since K is closed, D(p) — K is open. Since K C D(p), then D(p) — K O 0D(p). Thus

Vz € 0D(p), by Lemmas 6.8 and 6.9, there is a vector field Y,, such that supp(Y;) C D(p) — K

and satisfies the conclusions of those lemmas. Define W, = {y|Y.(y) # 0}, we have W,

is a neighborhood of z. Since dD(p) is compact, it can be covered by finite many W,

(i=1,---,n). Let Y =" Y, Since Y, f <0, we get Y f < 0. Since Y,, vanishes on K,

so does Y. Also since {W,, | i =1,--- ,n} covers 0D(p), and Y,, is strictly outward if it’s
nonzero, by Lemma 6.6, we have that Y is strictly outward. Recall that X is in the corner

on 0D(p). We complete the proof by defining X=X+Y. a

Lemma 6.11. Let ¢y(x) be the flow line of X with initial value x and x # p. Then ¢;(z)

reaches OD(p) at a unique time 0 < w(x) < +oo. Furthermore, w(x) is continuous with

respect to x in D(p) — {p}.

Proof. Above all, we prove the following claim: If ¢;(x) cannot reach 9D(p) when t > 0,
then ¢;(x) exists for t € [0, +00).
If not, the maximal positive flow of ¢;(x) can only be defined in [0, s] or [0, s), where

s < +oo. If the domain is [0, s, then ¢5(z) € OD(p). This is a contradiction. If the domain
is [0, 5), by the compactness of D(p), ¢(z) has a cluster point y, when ¢t — s. There are two
cases. Case (1): yp € D(p). In this case, there is a neighborhood U, of y, such that there
exists § > 0 such that, for all y € Uy, and for all t € (—0,+0), ¢:(y) exists. Thus ¢;(z)
can be defined in [0, s + 0). This is a contradiction. Case (2): yo € dD(p). In this case, a
neighborhood U, of y, is diffeomorphic to an open subset of [0, +00)* x R"™* for some k

and n. The vector field in U,, can be smoothly extended to an open subset of R". Then we

may consider yo as an interior point. This converts the argument to the first case. We can
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define ¢;(z) for ¢t € [0, s] with ¢s(x) = yo. This is also a contradiction. This gives the claim.
Secondly, we prove that ¢;(z) reaches 0D(p) at some time 0 < w(z) < 400 by contra-
diction.

Suppose ¢;(z) doesn’t reach 9D(p). By the claim, ¢,(z) exists for ¢ € [0,+00). By the

assumption, m = inf ), f > —oc. For all y € D(p), f(y) < f(p) = f(p). For all T > 0,

X f(¢u(2))dt = f(or(2)) — f(¢o(z)) = m — f(p) > —cc. (6.2)

0

Since Xf < Xf < 0, then there exists {t,} C [0,400), t, — +00 and X f(¢, (z)) — 0.
Since W is compact, we may assume ¢y, () — yo. Then 0 = )?f(yo) < X f(yo) < 0. Since
X f(yo) = —||V.f(e(yo))||?, we see that e(yo) is a critical point. Thus yo € dD(p). Choose a
neighborhood U,, of yo which is diffeomorphic to [0, €)* x B(0, €), where B(0,€) = {v € R" " |
|v|| < €} and yq is identified with 0 € [0,€)* x B(0,¢€). Identify U,, with [0,€)* x B(0,¢).
We may assume X can be extended smoothly to (—¢, €)* x B(0,¢). Denote the flow of the
extended vector field by ¢;. Then ¢;(yo) = ¢;(0) = tX(0) + O(t2). Since X (0) is outward,
there exists d; > 0, such that for all § € (0,8;], vs(0) € (—¢,€)* x B(0,¢€) — [0,€)* x B(0,¢).
Fixing §, there exists ¢, > 0, for all y € [0,¢1)* x B(0,€1), ¢:(y) exists for t € [—4,d] and
0s(y) € (—¢,€)* x B(0,€) — [0,€)* x B(0,¢). Since (0,¢)k x B(0,¢) and (—e¢,€)* x B(0,¢) —
[0, €)% x B(0, €) are disconnected, we have ¢, (y) € [0,€)* x B(0,¢) — (0,¢€)* x B(0,¢€) at some
time to € [0,8). Since ¢y, (z) € [0,€1)* x B(0, ;) for some t,, we have ¢y, 44, (x) € dD(p) for
some ty € [0,9). This gives a contradiction.

Finally, we prove that w(z) is unique and continuous.

Since X is outward, ¢(z) does not exist after it reaches dD(p). Thus w(x) is unique.
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Denote 4o = ¢u(ze) (o) € 0D(p), by the argument at the end of the second step, we have,
Vé > 0, there is a neighborhood Uy, of yo such that, for all y € Uy, éy,(y) € 9D(p) for some
to € [0,9). Then there exist a neighborhood U,, of z¢ and d, > 0 such that, for all x € U,,,
Gus(z0)—3, () exists and is in Uy,. Thus w(x) < w(zg)+9. Since w(x) > 0, and w(zx) = 0 when
x € dD(p), we get w(x) is continuous at xo € ID(p). If 29 € D(p), then for all § > 0, there
exists dy € (0,0), such that ¢ (z.)—s,(20) exists and is in D(p). Also, there exists U,, such
that, for all z € Uy, Gu(ay)—s,(2) exists and is in D(p). Thus w(x) > w(xg) — . We have

now proved w(z) is continuous in general. O

Actually, the above lemma only requires X to be outward. However, the following one

requires X to be strictly outward.

Lemma 6.12. Let ¢i(x) be the flow line of)z with initial value x. Then ¢(x) exists for

t € (—00,0] and tkr_noo () = p.

Proof. Firstly, we prove that ¢;(z) exists for t € (—o0,0] by contradiction. If not, the
maximal negative flow can only be defined for [s,0] or (s, 0], where s > —o0.

Suppose the domain is [s,0]. If ¢s(z) € D(p), then ¢i(x) can be defined in (s — 0, 0]
for some 6 > 0. This is a contradiction. Suppose ¢s(z) = x¢ € 8%. Like the proof of
Lemma 6.11, a neighborhood of z is identified with [0, €)*x B(0, €) and xy is identified with 0.
Extend the vector field in [0, €)* x B(0, €) smoothly to be defined in (—¢, €)¥ x B(0, ¢). Denote
the flow of the extended vector field by ;. Since X(0) = X () is strictly outward, then
—X(0) € (0,400)* x R**. Since ¢y(x0) = ¢1(0) = tX(0) + O(t2), there exists § > 0 such
that, for all ¢ € [—4, 0], we have ;(0) € [0,¢€)* x B(0,¢). Thus ¢;(x) exists for t € [s — 4, 0].

This gives a contradiction.
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Suppose the domain is (s,0]. Using the same argument as in the proof of Lemma 6.11

we can extend the domain to be [s,0]. This gives a contradiction

As a result, we proved the first assertion.

Secondly, we prove by contradiction that ¢;(x) has no cluster point in dD(p) when ¢t —

—00.
Suppose ¢;(x) has a cluster point zy € 0D(p). By the continuity of w(z) in Lemma 6.11
there exists a neighborhood U,, of z( such that, for all x € U,,, we have w(z) € [0,1). Since

xg is a cluster point, there exist 7' < —1, and ¢r(z) € U,,. Thus ¢r (z) € OD(p) for some

[0,1). Then ¢ () does not exist when ¢t > T+ ;. In particular, ¢;(x) does not exist

when ¢t = 0. This gives a contradiction.

Thirdly, we prove by contradiction that ¢;(z) has no cluster point in D(p) — {p} when
t — —00.
Suppose o € D(p)—{p} is a cluster point. Clearly, X f(zo) < X f(z0) = —||Vf(e(z0))|? =

A < 0. Thus there exists a neighborhood U, of z¢, a § > 0, for all = € U,,, such that ¢,(z)

exists for t € [—6,6] and X f(¢(z)) < 4 in this interval. Since g is a cluster point, there

exists {t,} C (—o0,0] such that t,,1 < t, — 0 and ¢, (z) € U,,. Then

/ngbt dt<z anngt dt<z/

n=1"tn—0

On the other hand, similar to (6.2), we have for all T' < 0, f;} X f(¢u(z))dt > f(z) — f(p) >

—o00. This gives a contradiction.

Finally, since D(p) is compact, V{t,} C (—o0, 0], there must be a cluster point of ¢, (x)
O

Thus ¢4(x) — p when t — —o0.
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Now we are ready to prove Theorem 6.1. The idea of this proof is as follows. Choose
a closed neighborhood K of p in D(p) which is diffeomorphic to D™ The flow line ¢,
of the above X expands K homeomorphically onto D(p). We also explain this idea by the

previous example on T?. The flow generated by X on D(p) is as the right part of Figure 3.

The flow generated by X is illustrated by Figure 4.

1

S1 52

T2

Figure 4: Flow Generated by X

Proof of Theorem 6.1. Choose a closed neighborhood K of p in D(p) satisfying the following
two properties: (1). K € D(p). (2). There is a diffeomorphism 6 : D(¢) — K such that

0(0) =p, fob(v) = f(p)— 3(v,v) and ((d) ' X)(v) = v, where D(e) = {v € R™®) | ||y <

We only need to construct a homeomorphism U : (D(e), S(¢)) — (D(p), dD(p)), where
S(€) = 0D(e).

By Lemmas 6.10, 6.11 and 6.12, there is a vector field X on W satisfying the following
four properties: (1). We have X = X in K. (2). We have Xf < 0 in D(p) — {p}. (3).
The flow ¢ () generated by X reaches the boundary at a unique time w(z) € [0, +00) when

x # p, and w(z) is continuous in D(p) — {p}. (4). For all x, ¢;(z) — p when t — —o0.

Denote ¢, the flow generated by the vector field Z(v) = v on D(e). Then 6(¢(v)) =
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¢1(0(v)).

Define /(s) in [0, €] to be

0(v) [oll € [0, 5],

2

Plwlf(rrel Bl 0()] vl €[5 €.

Here we use the notation ¢(t,x) = ¢ (x).
Firstly, ¥ is continuous, ¥(S(€)) € 9D(p) and ¥~1(0D(p)) C S(e).

Secondly, we prove that U is injective. Consider the orbits of the flows. The orbits in

D(e) are {0} and {sv | ||[v]| = €,s € (0,1]}. We have U(0) = p and ¥(sv) = ¢(I(s,v),0(v)),

where I(s,v) = w(A(v))3(se) + log s and ||[v|| = e. When ||v] =€, f(6(v)) sf(p) — 5€%, by
the above property (2) of X, we have ¥ maps distinct orbits to distinct orbits. Since I (s,v)
is a strictly increasing function with respect to s, by the above property (2) of X again, we
have W is injective.

Thirdly, we prove that W is surjective. Clearly, W(0) = p. For all z € W and x # p,
since ¢y(x) — p when ¢ — —oo, we have that there exist ¢y € R and vy € D(e) such that
d_1,(x) € K, |lvo]| = €, and vg = 67 (d_y4,(z)). Then tg < w(f(vy)). Since I(s,v9) — —o0
when s — 0 and [(s,v) is continuous, the range of [(s,vg) is (—oo,w(6(vg))]. Then there

exists so such that I(sg,vg) = to. Thus W(sgvg) = x. Therefore, ¥ is surjective.

Finally, ¥ is a map from a compact space to a Hausdorff space, so ¥ is a homeomorphism.
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6.3 Proof of Theorem 6.2

As mentioned in Section 6.1, the CW complex structure of K* immediately results from
Theorems 4.5 and 6.1. We only need to prove that, when f is proper, M* has the desired
CW decomposition. By Theorem 6.1, we can always construct a CW decomposition from a
good vector field. The key part of this proof is to find a good vector field for M* (see Lemma
6.14). This is heavily based on Milnor’s dealing with gradient-like dynamics in [38].

Up until now, we haven’t assumed that M* is compact and we have considered only
negative gradient dynamics. In this section, we take M® to be compact because we take
f to be proper. The results proved before this section still hold for negative gradient-like
dynamics when the underlying manifold is compact. There are two reasons. Both are
sufficient. Firstly, Lemma 2.15 and the comment after Definition 2.7 show that and (M, f)
is a CF pair automatically. Secondly, we can formally replace “gradient” by “gradient-like”
in the above proofs when M is compact.

Since a is a regular value of f and f is proper, M*® is a compact manifold with boundary
f~(a). There is a smooth collar embedding ¢ : [0, €) x OM* — M such that fop(s,z) =
a—s. Clearly, all critical points of f are in M*—Imep. Double M* to be a compact manifold
2M*® without boundary such that the above ¢ can be extended in the obvious way to a
smooth embedding ¢ : (—€g, €9) X OM* — 2M*.

For convenience, we identify (—eg, €g) x OM* with Imgp from now on.

There is an evident Zy-symmetry group acting on 2M“. For all x € M* C 2M*, denote
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Z € 2M* the copy of z. Define 0 : 2M* — 2M* by o(x) = Z and o(Z) = . Then

Zy = {1d, o} (6.3)

is the group. By the smooth structure of 2M*¢, Z; acts smoothly. The set of fixed points of
Zy is Fix(Zy; 2M®*) = OM*“.

We omit the proof of the following, which is straightforward.

Lemma 6.13. There exists a Morse Function F' on 2M* satisfying the following properties.
(1). It is invariant under the Zy action. (2). It equals f on M® — Imyp. (3). We have
F(s,x) = a— 35* + g(z) in (=06,0) x IM* for some § € (0,€), and g (and then F|opa) is
a Morse function on OM®. (4). The critical points of F' are exactly the critical points of f
(which are in M® — Imyp) together with their images under the Zs action, and the critical
points of g. (5) The function values of F' on OM® are greater than the function values at

critical points off OM*.

We can define a metric G on 2M“ satisfying the following properties. (1). It is invariant
under the Z; action. (2). It equals the original metric on M* — Imgp. (3). It is a product

metric on (—6,0) x IM*?, where (—d,0) is given the standard metric. (4). It is locally trivial.

Lemma 6.14. There is a negative gradient-like vector field & of F' on 2M® satisfying the
following properties. (1). The vector field £ is invariant under the Zy action. (2). It equals
=V f on M*—Img. (3). It satisfies local triviality and transversality. (4). For all x € OM®,
&(x) € T,OM®, and &|ane is a negative gradient-like vector field of F|ape on OM® satisfying

local triviality and transversality.
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Proof. We shall modify —V F' to be £. The proof follows closely those of [38, thm. 4.4, lem.
4.6 and thm. 5.2] plus arguing in the Z, invariant setting. The book [38] uses gradient-like
vector fields, we use negative ones.

Clearly, if £ is Z5 invariant, then £(x) € T,0M® for all z € 9M®. Since both F' and the
metric on 2M* are Z, invariant, so is —V F. By the constructions of F' and the metric, —V F’
and —V F |y satisfy everything but transversality.

Suppose the critical points on M ® have function values ¢; < - -+ < ¢;. Suppose ¢q is the
maximum of function values on critical points off 9M“. By (5) of Lemma 6.13, ¢y < ¢1. By
induction on k, we shall modify the vector field & on M for some ay, by € (¢k—1,ck) such
that the vector field on M satisfies the conclusion (in M, we don’t consider D(p) N M
for p ¢ M), and the vector field globally satisfies everything but transversality.

Firstly, by (2) and (4) of Lemma 6.13 and the construction of the metric, the vector field
on M satisfies the conclusion automatically.

Secondly, supposing we have finished the construction for M%-1, we shall modify & for
M¢ by the method in [38]. Suppose the critical points with function value ¢ are exactly p;
(t=1,---,n). Denote the descending and ascending manifolds of p in dM* with respect to

—~—

&laare by D(p) and A(p) respectively.

By (3) of Lemma 6.13 and local triviality of £, there is a neighborhood U; of p; such

that U; has a coordinate chart (s,vy,v7), s* < 4de, ||v1|* < 4e, ||vao]|? < 4e, F(s,v1,v2) =

12 _

5 o1l + 3 llva|?, the metric on U is standard, and the action of o is o (s, vy, v2) =

Cr —

(—s,v1,v2). Here € is uniform for all i. We may assume U; are disjoint for different i. Then

P

D(p;) NU; = {(s,v1,0)} and D(p;) N U; = {(0,v1,0)}. Denote S; = D(p;) N F~ (e —€) =

e~

{(s,v1,0) | 82+ ||v1]|* = 2¢} and 5’;: =D(p;) N F(er —€) = {(0,v1,0) | [Juy]|*> = 2¢}. Let
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By = {vy | ||1e]|* < €}. Then we have a map «; : S; x By — F~'(c; — €) N U; defined by

ai(s,v1,0,v9) = ((|Jua]|® + 26)2(26) 2, (||va||? + 2€)2(2€) 20y, v2).

Clearly, «; is a diffeomorphism to its image, and 041-(5? X By) C OM®. There is a vy; € By
such that, for all critical points ¢ € M1, a; : S; X {vy;} —> F (¢}, — €) is transverse to
A(Q)NF~(cp—e), and q; : :glv_ x{vg;} —> F~(cr,—e)NOM* is transverse to .,/él\(q/)ﬂFfl(ck—e).
Define ay; : S; — F~(cr.—€) by ayi(s,v1,0) = ai(s, 01,0, tvy;) for t € [0,1]. When ¢ varies
in [0,1], a; : S; — F~!(cr,—e€) is an isotopy of embeddings, and its restriction to 5”;: is also
an isotopy of embeddings ay; : SN[ — F _l(ck —€) N OM®*. Moreover, oy ; is Z5 equivariant.
Following [38], we can extend ay; to be a Z, equivariant isotopy of F'~!(c, — €), which we
still denote by oy ;, such that oy ; is the identity, and ay; is the identity outside of U; for all

t.

Since U, are disjoint for all 7, composing these isotopies ay;, we get a Z, equivariant

isotopy ay of F~*(c, — €) such that au(U;) = U; and ay|y, = auyly,. We have aq is the

identity, and for all critical points ¢ € M1 «y : S; — F (¢, — €) is transverse to
A(Q) N F(cp —€), and o : §Z: — F~ (¢, — €) NOM*" is transverse to .//él\(q/) NF~ e, —e).

By this isotopy a; and its Z, equivariance, following [38], we can modify £ in M Ch—eck =3¢
such that the new ¢ is still Z, invariant, and D(p;) (%) is transverse to A(q) (.71(\6]/)) for
all p; and all critical points ¢ € M“-1. Since ¢ only changed in MC’C_E’C’@_%E, we have ¢ and
&|oaa are still locally trivial, and on M%-* nothing has changed. Thus we get a desired &

for Me*.

The above two steps complete the induction. O
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By Lemma 6.14, £ and &|gpse give 2M* and OM®* a CW decomposition respectively. We
shall consider the relation between these two decompositions. Use the same notations as
in the proof of Lemma 6.14, denote the descending and ascending manifolds of £|gpe by

—_~— —_—~

D(p) and A(p). It’s easy to see that D(p) N A(q) = D(p) N A(q) when p, ¢ € OM*. Thus

the moduli spaces M(p,q) of & and &|gpe are the same. Then D(p) = ||, M; x D(ry)

—~— —_ e/~

and D(p) = [cone M1 X D(r). Since D(ry) € D(ry), there is a natural embedding

——

0 : D(p) — D(p). In addition, suppose I' is a generalized flow line connecting p and z, then

ol is a generalized flow line connecting op = p and ox. Thus there is a Z, action on D(p).

—_~—

Lemma 6.15. Suppose p € OM®. Then 0 : D(p) — D(p) is a smooth embedding. The

action of Zy on D(p) is smooth and Imf = Fix(Zy; D(p)). In addition, € = e, where € is

—~—

the characteristic map € : D(p) — OM® and e is the characteristic map e : D(p) — 2M°.

Proof. Except for smoothness, this lemma is obviously true. We only need to prove smooth-
ness. This is a local property.

Suppose the critical values in (—oo, f(p)] are ¢; < - -+ < ¢y. Denote M (i) = F~'((ciy1,¢i-1)),
U(i) = e (M(i)) and U(i) = e71(M(i)). Choose a; € (¢;_1, ¢iy1), by (4) of Theorem 4.5, we
have the following commutative diagram, and both E(i) and E(i) are smooth embeddings.

Thus 6 is a smooth embedding.

Since F'is Zy invariant, there is a smooth Z action on H;;B F~Y(a;) x M (i) and E(i) is
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Zy equivariant. Thus the action of Z; on U(i) is smooth. O

Proof of Theorem 6.2. For briefness, we shall not distinguish between a CW complex and
its underlying space in this proof.
The function F' in Lemma 6.13 and the vector fields £ and &|gp« in Lemma 6.14 give two

CW decompositions. They are 2M* = | | D(p) with characteristic maps e : D(p) — 2M*

P —~—

and OM® = | | _5)7. D(p) with characteristic maps € : D(p) —» dM®. The decomposition of
2M® is Zy invariant, K = | | cyra_gpr« D(p) is a subcomplex of 2M?, and | | copsa_ e D(p) =
o(K*) C 2M*— M®. However, there is still no CW structure on M*. We shall expand K*
to M® by a sequence of elementary expansions (compare [14, p. 14]), which gives M* a CW
structure.

For clarity, denote the characteristic map for D(p) by e,. Suppose p € IM*®, and denote
e, (M) by 3D(p).

Construct a vector field X on W as Lemma 6.10, i.e., )?(Foep) <EF, X equals & near
pin D(p), and X is strictly outward on 8@. By Lemma 6.15, o X has the same property
as X does. By Lemma 6.6, and replacing X by %()? +0X ) if necessary, we may assume X
is Zy invariant. By the Z5 invariance of F', Lemma 6.15 and the proof of Theorem 6.1, the
Z5 equivariant flow generated by X gives a homeomorphism

1. . )
U - (§Dmd(p)’Dmd(p)—1) SN (—D(p),p(p)) ’

where 1DM®) = {(s,01) € [0,+00) x V_ | s% + [Jo1]|* < e}, D@1 = {(0, 1) € {0} x V_ |

|v1]|> < €}, and V_ x {0} is the descending subspace of T,0M®.
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Denote the k skeletons of 2M® and OM* by L, and Ly respectively. If ind(p) = n, then

e(0D(p)) C Loa, ,(0(5D(p))) € (LnsNM*)UL, 1 and e(D(5D(p))~D(p)) C Lo NM".

—~—

Expand K by attaching cell pairs e, : (3D(p), D(p)) — (M*,0M*) for critical points
p € OM® by induction on ind(p). Then K® expands by elementary expansions to a CW
complex N such that K* and OM?® are its subcomplexes. Clearly, N C M®. In addition, if
x € M*— K% then x € D(p) for some p € OM* because D(q) C 2M* — M®* when ¢ ¢ M*.

Since 3D(p) = e, ' (M?), then x € e,(3D(p)) € N. Thus N = M as sets. Finally, N and

M* share the same topology since N is a finite complex. O

6.4 Proof of Theorem 6.3

Proof. In this proof, all critical points have function values less than a.

Suppose ind(p) = k. [D(p)] is a base of Hx(D(p),0D(p)). It’s well known that 9[D(p)] is

the image of [D(p)] under the following composition of homomorphisms

H(D(p), 0D(p)) — Hy-1(9D(p) — Hi1(0D(p) /e (K[,))

— Hp (K Ky o) = Hy (K, K y),

where K2 = | |, 4 D(q), and 9D(p) = ||, 0"D(p) is the full boundary of D(p). The first

(@)<n

homomorphism follows from the homology long exact sequence, the second one follows from
the quotient map dD(p) — ID(p)/e (K¢ ,), and the third one follows from the map
OD(p)/e M (K¢ ,) — K ,/K{_, induced by e. Denote the first homomorphism by ¢; and

the composition of the first two by ¢s. The composition of all of them is the boundary

operator 0.
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We have e (K7 _5) = [ua(q)<s—1 M(p: @) X D(q) ULl 50 Dr- Thus there is the following

wadge of spheres with dimension £ — 1

oD(p) /e (Kis) = \/ V' {«} x D(a)/o({z} x D(q)),

ind(q)=k—1 zeM(p,q)

where the base points of spheres are d({z} x D(q))/d({z} x D(q)).

Clearly, D(p) is a topological manifold with boundary dD(p), and [D(p)] represents an
orientation of D(p). So o1 ([D(p)]) represents the boundary orientation of dD(p) induced from
[D(p)]. Give {z} x D(q) the orientation [D(q)] of D(¢) by the natural identification. Denote
by [{z} x D(q)] the element in Hy_;({z} x D(q)/0({z} x D(q))) € Hp_1(0D(p) /e (K™_,))

which represents this orientation. Then by (2) of Theorem 5.1, we have

= > Y c@{z}xD)],

indg=k—1 zeM(p,q)

where e(x) is the orientation +1 at x € M(p,q). Thus

o= > > ¢ > #Mp0D)

ind(q)=k—1 zeM(p,q) ind(q)=ind(p)—1
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7 Dynamical Aspects of Gradient Fields

In Chapters 8, 9 and 10, we shall extend the results in Chapters 4, 5 and 6 to the case of a
general metric. The strategy is to reduce the case of a general metric to the one of a locally
trivial metric.

This chapter yields the tools of the above reduction by working on dynamical systems.
In particular, the important Theorem 7.7 on regular path is proved.

From this chapter to Chapter 10, we only consider the proper case, i.e., M is a finite
ditmensional manifold and f is a proper Morse function. Actually, we deal with a negative

gradient-like field X which is not assumed to be locally trivial.

7.1 Preliminaries

We shall deal with negative gradient-like vector fields in this chapter.

Definition 7.1. Suppose p and q are critical points of a negative gradient-like vector field
X, we say that p and q are transversal if the invariant manifolds of p are transverse to those
of q. Suppose U 1is a subset of M, and these invariant manifolds meet transversally at each
point in U (this includes the case that they don’t meet at that point), we say that p and q are

transversal in U.
The following lemma is obvious.

Lemma 7.2. If p and q are transversal in f~*((a,b)) and p € f~'((a,b)), then p and q are
transversal. If p and q are transversal in f~'(a) and f(q) < a < f(p), then p and q are

transversal.
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Now we introduce the definitions of topological conjugacy and topological equivalence
in dynamical systems. The reader is to be forewarned that the definitions appearing the
literature are not uniform. We follow the terminology of [50, p. 26]. In this dissertation, a
topological conjugacy is a relation strictly stronger than a topological equivalence. This is
different from the definition in [28]. The “topological conjugacy” in [28, p. 201] is actually
the “topological equivalence” in this dissertation. Although a topological equivalence is
good enough for us to prove results in the following chapters, we still introduce the notion

of topological conjugacy in order to make the statement of Theorem 7.7 stronger.

Definition 7.3. Suppose X; (i = 1,2) is a vector field on M; and ¢} is the flow generated by
X;. Suppose h: My — My is a homeomorphism. If h¢! = ¢?h, then we call h a topological
congugacy between Xy and Xo. If h maps the orbits of X, to the orbits of Xo and h preserves

the directions of orbits, then we call h is a topological equivalence between Xy and Xs.

Remark 7.1. In dynamical systems, people usually consider the topological equivalence (or
conjugacy) of vector fields on one manifold M, i.e. My = My in Definition 7.3. However,
it seems beneficial for topology to allow that My is not diffeomorphic to Msy. For example,
choose a standard sphere S™ and an exotic sphere ™. Let f1 and fy be the height functions on
S™ and X" respectively. We can define a topological conjugacy between —V f1 and —V f5 as
follows. Choose a homeomorphism (or even a diffeomorphism) hy : S"~1 — Y"1 where S™1
and "1 are the equators of S™ and X" respectively. Define h such that ho;(z) = ¢?ho(z)
for all x € S™ ', and h maps the mazimum (minimum) point to the mazimum (minimum)

point. Clearly, this topological conjugacy h recovers the Alexander trick.

The following definition of filtration is a special case of that in hyperbolic dynamical
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systems (see [43, p. 1029]).

Definition 7.4. A compact submanifold M, with boundary inside M 1is a filtration for X if
dim(My) = dim(M), ¢(My) C IntM; fort > 0, and X is transverse to OM,. Here IntM, is

the interior of My, and ¢, is the flow generated by X.

Lemma 7.5. Suppose X satisfies transversality. If p and q are critical points such that

p A ¢, then there exists a filtration My such that p € M — My and q € IntM,.

Lemma 7.5 can be proved as follows. The transversality implies “ <7 is a partial order.
We have p £ ¢1 if ¢ < ¢. Using [38, thm. 4.1] repeatedly, we can modify f to be a Morse
function g such that X is a negative gradient-like field for g and ¢(q) < g(p). The proof is

finished.

7.2 A Strengthened Morse Lemma

In this section, we shall present a Strengthened Morse Lemma which is useful for the proof
of Theorem 7.7 (See Remarks 7.2 and 7.3).

Suppose H is a Hilbert space with inner product (-,-), and U is an open subset of
H. Define a smooth Riemannian metric (or smooth metric for brevity) on U in the usual
sense. In other words, for each x € U, assign a symmetric positive definite linear operator
A(z) such that A(z) is a smooth function of . For any v and w in T,U = H, define

(v, W) = (A(z)v, w).

Theorem 7.6 (Strengthened Morse Lemma). Suppose H is a Hilbert space, U is an open
neighborhood of 0 € H. Suppose f is a smooth Morse function on U with a critical point 0,

and G is a smooth metric on U. Let =V f be the negative gradient of f with respect to G, and
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¢ be the flow generated by —V g f. Suppose H = H1® Hy, where Hy and Hy are the negative
and positive spectral spaces of V2 f(0) respectively. Then there exist an open neighborhood
V of 0 such that V C U, By = {x1 € Hy | ||z1]| < €}, By = {2 € Hy | ||z2|| < €}, and a

diffeomorphism h : By X By — V' such that the following holds. We have

B F(z1, ) = £(0) — %@31,1'1) + %(:cg,:@), (7.1)

WBi) = Dv(0;=Vaf) ={z eV [d((—00,0],z) C V}

= {m eV | ¢((—o0,0,z) CV, tLiznoo P(t,x) = 0} ;

and

h(BQ) = AV(O; _va> = {I eV | ¢([0’+OO)>'I) g V}

= {x eV | o([0,4+00),z) C thinoogb(t?x) = 0} )

Before proving it, we explain the statement of Theorem 7.6. In this theorem, Dy (0; =V f)
is the local unstable (descending) manifold of 0 in the neighborhood V', and Ay (0; =V f)
is the local stable (ascending) manifold. They certainly depend on the metric. The classical
Morse Lemma shows that, by a coordinate transformation h, we get a new chart (we call it a
Morse Chart) such that the function has the form (7.1) in it. Theorem 7.6 tells us more: No
matter what the metric is, there exists a Morse chart such that the local invariant manifolds

are standard in it. (Figure 5 illustrates this strengthened Morse chart, where the arrows
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indicate the directions of the flows.) This makes three objects, i.e. the function, the local
invariant manifolds, and the coordinate chart fit well. In short, Theorem 7.6 strengthens the

classical Morse Lemma by taking the dynamical system into account.

Av (0, =Vaf)

Dy (0; =Vaf)

N
Oﬁ/

Figure 5: Strengthened Morse Chart

VAL

Proof of Theorem 7.6. We know that ¢, is a smooth map defined on U, with a hyperbolic
fixed point 0, where Uy is a neighborhood of 0. By the Local Invariant Manifold Theorem (see
30] and [31, thm. 28]), shrinking U suitably, there exists a diffeomorphism h; : By x By — Uy

such that

hi(B1) = Duy,(0;¢1) ={z € Uy | Vn <0, (¢1)"(x) € Uo}

= {rethim<o0.00e et i (6@ =0},

and hy(Bs) = Ay, (0; ¢1). Here the definition of Ay, (0; ¢,) is similar to that of Dy, (0; ¢1),
and (0,0) € By x By C Hy X Hy.

Clearly, hi f|5, and hjf|z, are Morse functions on B; and B, respectively. By the Morse
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Lemma, composing h; with a diffeomorphism if necessary, we may assume that

Bifls, = SO0 = Sl an) Al = FO) + Slen ).

Define

R = 15£10) = (£0) = Glon ) + lonaa)).

Here x = (21, x5). Denote the differential of R with order n by D"R. Then R(z1,0) = 0 and

R(0,x9) = 0. In addition, for any v; € Hy and vy € Hy, we have

DQ(”{f)(O)(’Ul,W) = sz(Dhl -1, Dhy - v9)

= <Véf(O)Dh1 v, Dhy 'U2>G(0)-

We know that Dhy - vy € Hy, Dhy - vy € Hy, VZf(0) is symmetric with respect to G(0),
and H; and H, are negative and positive spectral spaces of VZf(0) respectively. Thus

D?*(h; £)(0)(v1,v2) = 0. We infer D*R(0)(vy,v2) = 0 and D7 ,R(0) = 0.
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Now we have

R(.’L’l, 1’2)

1
d
= R(l’1,0)+/ —R(l'l,thg)dt
o dt

1
= / DQR(.Tl, tlEQ)dt ) (because R(Il, 0) = 0)

o

1 1 d
= / {DQR(O,M;Q) —I—/ EDQR(S.%‘l,t.I‘Q)dS} dt -
0

[e=]

D3 yR(sxy, tas)dsdt(x1, x2)  (because DyR(0,tas) = 0)

[
S~
S~

1l 1y
- // {D%QR(O,0)+/ d—D%QR(TSl‘l,TtZEQ)dT] dsdt(xy, zo)
: o dr b

0 JO

1 op1opl
= / / sDimR(Tsxl,Ttxg)desdt(xl,xl,xg) (because Df ,R(0) = 0)
o Jo

0
NSRS
+/ / / tD} o R(Tswy, Ttas)drdsdt(zy, x2, T2).
o Jo Jo

Since D3R is a symmetric multilinear form, there exists symmetric operators R;(z) and

Ry(x) on Hy and Hs respectively such that, for any v; and wy in Hy,

1 f1opl
1
///sDiLQR(Tsxl,Ttxg)desdt(vl,wl,xg):§(R1(:pl,m2)vl,w1>;
o Jo Jo

and, for any v, and wy in H,

1 1 pl
1
///tDi272R(7'SZL'1,Ttﬁg)deSdt(fL’l,'Ug,wg):§<R2(.T1,l'2)1)2,w2>.
o Jo Jo

Here Ry(z) and Ry(z) are smooth with respect to x.
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Clearly, R;(0) = 0, R2(0) =0, and

1

MF) = F(0) = 5 (T = Ra)(@)rs,m) + 51+ Ro)(x)as, 22).

Since I — Ry and I + Ry are symmetric, I — R1(0) = I and I — Ry(0) = I, shrinking §1 X Eg
if necessary, we have I — Ry (z) = C1(z)? and I + Ry(z) = Cy(z)?. Here Cy(z) and Cy(z) are
symmetric and positive definite operators on H; and H, respectively, and they are smooth

functions of . Thus
hif(z) = f(0) - %((Cl(iﬁ')ﬂ?h Ci(z)zr) + %<C2(9U)$27 Co(z)w2).

Define hy : By X By — Hy x Ho by ho(z) = (Ci(z)x1, Co(x)z2). Then hg(él) C H; and
hg(ég) C H,. Since Dhy(0) = I, there exists El X Eg C H, x Hy such that h; ' exists and

is smooth on El X §2. Then we get

1 1
(hy' o h)"f(x) = f(0) - §<$1>$1> + 5(:152,332}.
Define By, = {z, € Hy | ||z1]| < €} € hi"(B), By = {2 € Hy | ||za]| < €} € hi(By),
h:hglohl and V:h(Bl X BQ)
We see that h™1(Dy, (0; ¢1)) = By and h™'(Ay, (0; ¢1)) = Bs. By the fact that =V f-f <

0, it is straightforward to prove that h(B;) = Dy (0; =V f) and h(Bs) = Ay (0; =V f). O



104

7.3 A Regular Path

In this section, based on the idea outlined in [42, lem. 2], we shall prove Theorem 7.7. Tt
shows that there exists a regular path connecting a generic gradient-like field to one with

special singularities. This result is stated in [28, prop. 1.6] without proof.

Theorem 7.7 (Regular Path). Suppose f is a Morse function on a compact manifold M.
Suppose X is a negative gradient-like field for f, and X satisfies transversality. Then there is
a continuous path Y : [0,1] — X°°(M) such that, for all s € [0,1], Vs is a negative gradient-
like field for f, ) satisfies transversality, Yo = X and Yy is locally trivial. In particular,
there exists a topological conjugacy h between X and Yy such that h(p) = p for each critical
point p. Here X*°(M) is the set with the Whitney C* topology consisting of C* wvector fields

on M.

We call a continuous path of negative gradient-like vector fields Y : [a,b] — X*(M) a
regular path if ), satisfies transversality for all s.

We need the following classical Comparison Theorem for ODEs (see [61, p. 96]).

Theorem 7.8 (well-known). Suppose F(t,x) is a Lipschitz continuous function defined on
[to, t1] % [a,b]. Let x(t) be the solution of the equation & = F(t,z) with x(ty) = xo. Suppose

y(t) is a C function defined on [ty,t,] with y(ty) = xo. Then
1 if g < Fit,y), then y(t) < a(t) on [to,1];

2. if y > F(t,y), then y(t) > x(t) on [to, t1].

Suppose H = Hy @ H, is a Hilbert space, v = (v1,v9) € H, v; # 0, and A\ = loall Yy

[lo1]]

call \ the inclination of v with respect to H;. Suppose L is a closed subspace of H, and
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P : H — H, is the projection. If P : L — P(L) is a topological linear isomorphism, then
there exists a bounded linear operator A : P(L) — Hj such that L is the graph of A, i.e.,
for any v € L, we have v = (v1, Avy), where v; € P(L). We call the supremum of the
inclinations of all non-zero vectors in L the inclination of L with respect to H;. Clearly, the
inclination of L equals, ||A]|, the norm of A.

Suppose H, Hy and H, are Hilbert spaces as above. Suppose Ay and A; are linear
operators on H;, and B is a linear operator on H,. There exist positive numbers ay > 0,

aq > 0 and > 0 such that

ap{w, w) < (Aw,w) < ay{w, w) (1=0,1), (7.2)

and

B{w, w) < (Bw,w). (7.3)

Let p be a smooth bump function on (—oo,+00) such that 0 < p < 1, p(s) = 1 when
§ < %’ and p(s) = 0 when s > 1. Define p,(s) = p(3) for » > 0. For convenience, we denote
pv"(H%H) by Pr(il?i), where z; € H;.

Define a smooth vector field X, on H by

X (w1, 22) = (pr(21)pr(22) Aoz + [1 — pr(21) pr(22)] Ar21, — Ba).

Denote the flow generated by X, by ¢.(z1,xs). For a fixed t, ¢, is a diffeomorphism, thus
D¢, acts on the tangent vectors at each point (z1,25), where D¢, is the differential of ¢,

with respect to x = (x1, z3).
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Lemma 7.9. For any € > 0, there exists 6 > 0 such that the following holds. For any
r >0 and v € H, if the inclination of v with respect to Hy is less than &, then we have the
inclination of Doy - v with respect to Hy is less than € for allt > 0. Here 6 only depends on

o, a1, B and €, and 6 is independent of r.

Proof. The flow ¢; = (¢;, ¢?) satisfies the following ordinary differential equation

ot = pr(0Y)pr (61 Ao + [1 — pr(8Y)p,(0?)] Ar g,

¢* = —B¢.

Denote p,(¢")p,(¢*) Ao + [1 — pr(6')pr (%) A1 by A(¢',¢?). We have
d .
5 (@101 =2(0%, ) = 2(A(¢", 6)0", 6").

By (7.2), we have

| =

0 < 200(¢", @) < — (8", ¢") < 201 (8", ).

U

t

Thus ||¢'|| is increasing, and by Theorem 7.8, we have

e®lggll < [zl < el gl (7.4)

Similarly, [} is decreasing, 67 = e5'g3, and [[¢2]] < || 3.
Let Di(r) = {z1 € Hy | ||lz1|| < 7}, and Dy(r) = {xe € Hy | ||xo]| < r}. Clear-
ly, A<Ilax2>|H—(D1(r)><]D)2(r)) = Ah and A(I1,$2)|W = Ao. Denote ]D)l(?”> X DQ(T‘) _

r
2
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(D1(%) x Da(%)) by E(r). When ¢([0,t], ) is out of E(r), we have (¢, z) = (et'zy, e Blxy),

and

Doy =

Since |[edifw| > ||w| and |[e=P'w]|| < ||w]| for t > 0, we have that the inclination of D¢, - v
is decreasing when t is increasing. Thus it suffices to control the variation of the inclination
when ¢,(x) passes through E(r).

Suppose t > 0 and ||¢;|| = 2[|¢p]l, then by (7.4), we have t < 22 Similarly, if [|¢7]| =
sll@gll, then t < B2, Since [|¢; | is increasing and [|¢7| is decreasing, we infer that ¢; enters

E(r) at most twice, and the time for it to stay in E(r) is no more than

In2 In2
T=—+—. 7.5
Qo B (7:5)
Suppose ¢([0,t],z) C E(r), we have 0 < t < T Since ¢?(z) = e Blz,, we have
D¢} =0,  Dyi=e", and [[D:; wl| < |l (7.6)

Since

le — A(¢1,€7th2>¢l,
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we have
it w = A8, ) (D16 w) + Dpu(0)(Drd - w)pr(62) (Ao — A1),
Thus
CDi 0, Ditw) = 2AD w, Dig’ )

= 2(A(¢",¢°)(D1¢" - w), D1g" - w)

+2(Dp,(¢")(D1¢" - w)p,(¢°) (A — A1)¢', D1g" - w).

Clearly, Dp,(¢') = O(r™'), and ||¢'|| < r when Dp,(¢') # 0. So there exists a constant

C7 > 0 which is independent of r such that

[(Dpr(¢") (D19 - w)pr(¢7) (Ao — Ar)¢', D1¢" - w)| < C1]|Dyg" - w|?.

Combining the above inequality with (7.2), we get

| =

—2C1(Dy¢" - w, D¢ - w) < —(Dy¢" - w, D" - w).

=N

t

Since D¢} = I and || D¢} - w|| = ||w||, by Theorem 7.8, we have

1D1g; - wll > e lwl| > ™7 Jlw]. (7.7)
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Similarly, we have

%<D2¢1 s w, D2¢1 : w} = 2<A(¢1> ¢2)(D2¢1 -w), D2¢1 “w)
+2(Dp,(¢")(D2g" - w)p, (%) (A — A1)¢', Dag' - w)

+2<pr(¢1)Dpr(¢2)€_Btw(A0 - Al)gbla D2¢1 : w>a
and
[(Dpr(¢) (D" - w)pr(¢?) (Ao — A1)¢', Dag' - w)| < Cy|| Do’ - wl]?.

In addition, p,(¢')Dp.(¢?) = O(r™'), and ||¢']] < r when p.(¢')Dp.(¢') # 0. So there

exists Cy > 0 which is independent of r such that

2/(pr(¢") Dpr(6%)e™ ' w(Ap — A1), Dag' - w)

< 205||Dag" - w|||w]| < Cof|Dag’ - w]* + Colw]*.
Thus by (7.2), we infer

d

%<D2¢1 - w, Dggbl . w) S (20(1 + 201 + CQ)<D2¢1 - w, Dggbl . ’lU> + CQ||U]||2

Since ||Dy¢¢ - w|| = 0, by Theorem 7.8 again, there exists a C3 > 0 which is independent of
0 y g p

r such that

IDagk -l < | G = 1)] L 75)
3

By (7.5), (7.7) and (7.8), there exist K; > 0 and Ky > 0, which are independent of r,
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such that

D1y - wl| = Killwll,  and ||Dagy - w]| < Kafwl]. (7.9)

Suppose v = (v, v3) € Hy @& Hy, and its inclination is Ay = 12l By (7.6) and (7.9), we

]

have the inclination of D¢} - v is

A\ | Do} - o] < | D2} - vs|
| D10} - v1 4 D¢} - va|| = ||D1gf - vi]| — || Doy - va|
[|va]| Ao

Ki|vi]l = Kallva|| — K1 — Kahg'

Thus A\; tends to 0 when Ag tends to O.
Since ¢;(x) enters E(r) at most twice, and K; and K, are independent of r, the proof is

completed. |
By Definition 2.14, we have the following obvious lemma.

Lemma 7.10. Suppose X; and X, are negative gradient-like fields of f. Suppose o1(x) and
oo(x) are nonnegative smooth functions on M such that oy + 09 > 0. Then 01X + 09X5 is

also a negative gradient-like field for f.

Let p be a critical point. Suppose there exists a Morse chart near p (see (7.1)), and
X(x1,29) = (Azy, —Bxy), where A and B are symmetric positive definite linear operators.

Similarly to Lemma 7.9, define

Yr(@1,22) = (pr(x1)pr(v2)21 + [1 — pr(21) pr(22)|AT1, — Bio)
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in this Morse chart and ), = X out of this Morse chart. For s € [0, 1], define

yr,s = (1 - S)X + Syr.

By Lemma 7.10, for all s € [0, 1], ), s is a negative gradient-like field for f.

Lemma 7.11. Suppose X satisfies transversality. Then when r is small enough, we have
the following conclusion.

Suppose q1 and g are two critical points which are not of the following two cases: (1)
G2 = p=<q; or (2) ¢1 < p =< qo. Then we have that q1 and gy are transversal with respect to

Vs for all s € [0,1]. Here “ <" is defined with respect to X.

Proof. Clearly, ), s differs from X only in a neighborhood U, of p. When r tends to 0, U,
shrinks to p.

We may assume that f(q) # f(p) for any critical point ¢ such that ¢ # p. If this is not
true, perturb f to be a Morse function f such that X is a negative gradient-like field for f,
and f(z) = f(z) + C in a neighborhood U of p. Let r be small enough such that U, C U.
Then )Y, s is also a negative gradient-like field for f . For the rest of the proof we make the
above assumption.

Suppose U, C M*® and p is the unique singularity in M**. As in Definition 2.4, we use
notation D(x; x) and A(x; %) to indicate the vector fields.

It’s easy to see that D(p; Y, ) = D(p; X). Suppose that ¢ € M*. Since ), s is identical
to X in M — M*°, we have A(q; V,.s) " M* = A(q; X)N M. Since X satisfies transversality,
we infer that p and ¢ are transversal in M* with respect to ), ;. By Lemma 7.2, p and ¢ are

transversal globally. Similarly, if ¢ € M — M*“, p and ¢ are also transversal. As a result, p
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and ¢ are transversal. It suffices to check the case that ¢; # p and g2 # p.

If p £ q, by Lemma 7.5, there exists a filtration M; such that ¢ € IntM; and p € M — M.
Let r be small enough such that U, € M — M, then Y, is identical to X on M;. So
D(q; Vrs) = D(¢; X). Similarly, if ¢ £ p, we can get A(q; Vrs) = A(¢; X) when r is small
enough. Thus there exists o > 0 such that the following holds. When r < ry, we have, for
all s € [0,1], D(q; Vr,s) = D(¢; X) if p £ ¢, and A(q; Vrs) = Alq; X) if ¢ A p.

In order to complete this proof, we only need to check the following three cases.

(1). Case 1: ¢ and g2 are in M“.

Since Y, s is identical to X on M“ and X satisfies transversality, we have ¢; and ¢, are
transversal in M“. By Lemma 7.2, they are transversal globally.

(2). Case 2: ¢; and ¢ are in M — M®.

Similarly to Case (1), this case is also true.

(3). Case 3: one of ¢; and ¢ is in M — M* and the other one is in M?.

We may presume ¢; € M — M® and ¢ € M*®. By the assumption of this lemma, we have
either p £ ¢1 or g2 A p. Suppose p A ¢1. We have D(q1; V,s) = D(q1; X). Since X satisfies
transversality, we have ¢; and ¢, are transversal in M with respect to ), ;. By Lemma
7.2, they are transversal globally. Similarly, if ¢go 4 p, this is also true. Thus Case 3 is also

verified. O

We shall strengthen Lemma 7.11 to get the transversality of ), ;. Recall a classical result
on transversality at first.
Suppose U is a neighborhood of p such that U is identified with a neighborhood of 0 in

T,M = Hy & H,, and p is identified with 0, where Hy = T,,D(p; X) and Hy, = T, A(p; X).
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Furthermore, suppose D(p; X)NU C H; and A(p; X)NU C H,. Then we have the following
crucial fact: When U is small enough, there exists A > 0 such that for any ¢; >~ p and any
x € D(q1; X)NU, there exists a linear space V4 C T, D(q;; X) such that dim(V?) = dim(H,)
and the inclination of V¢ with respect to H; is less than A. Similarly, for any ¢, < p and
any r € A(ge; X) N U, there exists V,* C T, A(gq; X) such that dim(V,*) = dim(H>) and the
inclination of V* with respect to Hj is also less than A. In addition, A tends to 0 when
U shrinks to p. This fact follows from the transversality of X and the estimate of the -
Lemma. (Note: the A\-Lemma is also named the Inclination Lemma.) On the other hand,
we assume this fact holds but do not assume the transversality of X. If A < 1, then, for any

x € D(q1; X) N A(ge; X) N U, we have

TmM = H1 D HQ = de SY) V;Ea - TxD(QI;X> + TwA(Q2;X>'

So we infer that D(qy; X) and A(gq; X) are transversal in U. The above argument is the
key part of the proof of that, for Morse-Smale dynamical systems, transversality is preserved
under small C' perturbations. All of these are addressed in [49, lem. 1.11 and thm. 3.5]. In
the proof of the following lemma, we shall apply a similar argument to large C'* perturbations

of X.

Lemma 7.12. Suppose X satisfies transversality. When r is small enough, we have Y, s
satisfies transversality for all s € [0, 1].
Proof. By Lemma 7.11, it suffices to prove that D(qi;),s) is transverse to A(goe; V,s) if

g2 <P ={q1.

Similarly to the proof of Lemma 7.11, we assume that p is the unique critical point in
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M/I@)—af®)+e  TLet U be the neighborhood of p in the argument before this lemma. Let
D be an open subset of f~!(f(p) + ¢) N U such that D 2 f~'(f(p) +¢) N A(p; X). Let
Us = [#(]0,+00), D) U D(p; X)] N M/P=<fP)+< Then U, is a neighborhood of p and is
relatively open in M7®)=¢/(®)+¢ When € tends to 0 and D shrinks, U, shrinks to p. (In
Figure 6, the shadowed part is Uy, the arrows indicate the the directions of the flows.)

Denote the flow generated by Y, s by ¢;°.

A(p; X)

Figure 6: Neighborhood U,

Both M/W=<f)te _ {7 and U, are unions of some complete orbits generated by X in
MIP-ef)+e  Tet U, be small enough such that Uy C U. Choose U; C Uy such that
U, is also a union of some complete orbits generated by X in M/P)=6fP)+< and U, is a
closed neighborhood of p. Let r be small enough such that ), ; is identical to X out of Uj.
We have M/®)—ef®)+e _ 7 is still the union of some complete orbits generated by Vs in
M/P=efP)+e Then so is Uy. Thus, for any z € [f~1(f(p) + €) N U] — A(p; X), we have

o™ (t,z) € f~H(f(p) — €) for some ¢ > 0 and ¢"*([0,t]) C Uy.
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We know that

Vrs(@1,29) = (pr(z1)pr(22) (8] + (1 = 8)A)x1 + [1 — pp(x1) pr(22)| A1, — Bas),

and there exist ap > 0, @y > 0 and 5 > 0 such that, for any s € [0, 1], we have

apl < sl+(1—95)A <l aol <A<l and (I < B.

By Lemma 7.9, there exists 6 > 0 such that the following holds. Suppose x € D(q;; X) N
Y f(p) +€) N Uy, and V¢ C T,D(q1; X) is the space described before this lemma. If the
inclination of V¢ with respect to H; is less than §, then, in Uy, the inclination of ¢;*(V4)

T

with respect to H; is less than 1. It’s necessary to point out that ¢ is independent of r and

Clearly, D(q1; X)Nf~H([f(p) +€,+00)) = D(q1; Vo)V fH([f(p) +€, +00)) and A(ge; X))
MIP=¢ = A(qy; Vys) N MIP=¢. Since X satisfies transversality, by the argument before
this lemma, we can choose Uy be small enough such that the following holds. For any
x € D(qi; X) N f7L(f(p) + €) N Uy, the inclination of V¢ with respect to H; is less than 4,
and, for any y € A(gz; X) N f~(f(p) —€) MUy, the inclination of V;* with respect to Hy is less
than 1. Here V¢ C T, D(q1; X) = T,D(q1; Vr.s) and Vi C T, A(qe; X) = T, A(g2; Vy,s). Thus,
if ¢;*(x) = y, then the inclination of V! = D¢;* - V# with respect to H, is less than 1. Here
V;Jd C T,D(q1; Vrs). By the argument before this lemma again, we have T, M = V;/d eV, So
D(q1; Vrs) and A(qe; Vr5) are transversal in f~1(f(p) — €) N Uy.

Furthermore, D(q; X) N (MI@P)=ef)te _ 1)) = D(q1;Vrs) N (MFP)=ef)+e _ 7)) and
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Alge; X) N (MI®=eF®i+e —U)) = A(go; Vyo) N (MIP=6F@+e 7). Thus D(q1;Y,.s) and
A(gz; Vy.) are transversal in M7 P)=efe)+e 7
In summary, D(q1; V»5) and A(go; Yy s) are transversal in f~!(f(p) — €). By Lemma 7.2,

they are transversal globally. |

Proof of Theorem 7.7. First, we construct the regular path. It suffices to prove that, for any
critical point p, we can construct a regular path ) such that )y = X and ) is locally trivial
at p.

By Theorem 7.6, there exists a coordinate chart U near p such that p has coordinate

(070)7

flor,2a) = F5) = o) + 5o ),

D(p; X)NU = {(1,0)} and A(p; X) NU = {(0,232)}. Clearly, D>*X (p) = (A, —B), where A
and B are symmetric and positive definite. Furthermore, (Az;, —Bxs) is also a gradient-like
vector field for f near p.

Let p, be the bump function defined before. For convenience, for all x = (1, x2), de-
note p.(||z]|) by pr(z). Let R(x) = X(z) — (Axy, —Bxzy). Then we have ||p.(z)R(x)| and
| D[p,(x)R(x)]|| tend to 0 when r tends to 0. Since the transversality of X is preserved under
small C! perturbations, we have Z, = X — sp, R is a regular path when r is small enough
and s € [0,1]. Clearly, Z,(z) = (Ax1, —Bzy) near p. By Lemma 7.12, we can construct a
regular path Z o such that Zy(z) = (x1, —Bwz) near p. Since —2, is a negative gradient-
like field for — f, using Lemma 7.12 again, we can construct a regular path Zp 3 such that
Z3(x) = (z1, —x3) near p. We get the desired path by defining YV, = Z;,.

Second, we prove the existence of the conjugacy h.
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By the proof in [51, thm. 5.2], we know that, for each ), there is a topological equivalence
hs, between ), and ) such that hg,(p) = p for all critical points p when s is close to sg
enough. In addition, since the flow generated by ), has no closed orbits, by the comment
in [51, p. 231], we know that hg, is actually a conjugacy. Thus it’s easy to get the desired

conjugacy h. |

Remark 7.2. In the proof of Theorem 7.7, we need to choose a Morse chart U C Hy & Ho
such that Hy and Hy are respectively the tangent spaces of D(p; X) and A(p; X) at p. This

15 not granted because these tangent spaces depend on the metric. Theorem 7.6 provides this.

Remark 7.3. The regular path in [42] consists of the Morse-Smale vector fields without
closed orbits. In this case, DX (p) = (A, —B) for singularities p, where A and B are linear
isomorphisms whose eigenvalues have positive real parts. The paper [42] claims that there
exists a regular path connecting X with Y such that Y (xq1,29) = (221, —2x2) near each
singularity. Thus, in the setting of dynamical systems, this result is more general than
Theorem 7.7. However, Theorem 7.7 has the advantage that its vector fields are negative
gradient-like for f. This is the reason that we need Theorem 7.6. Furthermore, the argument
in this paper can also be used to verify the result in [42]. This is because we can choose a
metric near each critical point, for example, by the real Jordan canonical form, such that the

above operators A and B satisfy (7.2) and (7.3).

7.4 A Reduction Lemma

In the following chapters, we shall apply Theorem 7.7 to noncompact manifolds with proper

Morse functions. However, the manifold in Theorem 7.7 is required to be compact. The
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following lemma reduces the proper case to the compact case.

Lemma 7.13. Suppose M is a compact manifold with boundary OM = M, LI My. Here M;
(i = 1,2) may be empty. Suppose f is a Morse function on M such that f|y, = a, flan =0,
a and b are regular values of f, and a < b. Suppose X is a negative gradient-like vector
field for f, and X satisfies transversality. Then there exist a compact manifold M without
boundary and a smooth embedding v : M — M such that the following holds. There exist a
Morse function ]7 and its negative gradient-like like vector field X on M. They are extensions
of f and X respectively, and X satisfies transversality. For any critical points p and q in
M, we have D(p; )N() N Al(g; )N() =D(p; X) N A(q; X). Furthermore, D(p; )N() =D(p; X) and

Flaoa > b if My = 0; and A(p; X) = A(p; X) and flz_,, < a if My = 0.

Proof. If OM = 0, let M=M , the proof is finished. Now we assume OM # ().

Let M be the double of M. Extend f to be f such that a and b are its regular values,
and extend X to be X which is a negative gradient-like field for f (Figure 7 illustrates the
manifold M , where the Morse function is the height function and the shadowed part is M.)
We shall modify X such that it satisfies transversality. The method of such a modification
is Milnor’s sliding invariant (descending or ascending) manifolds in [38, thm. 5.2]. Basically,
there are two ways of sliding invariant manifolds in order to get transversality. Method
1 is sliding the descending manifolds one by one with the order from critical points with
lower values to those with higher values. On the contrary, Method 2 is sliding the ascending
manifolds one by one with the order from critical points with higher values to those with
lower values. Our method is a combination of the above two methods.

In this proof, we say two critical points p and g of fare transversal if they are transversal
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Figure 7: Manifold M

with respect to X.

Step 1: we show the transversality between p € M and ¢ € M. Since D(p;)N( ) C
M UIntM®, we have D(p; X) N M = D(p: X)N M = D(p; X). Similarly, A(p; X) N M®b =
A(p; X). Since X satisfies transversality, p and ¢ are transversal in M®. By Lemma 7.2,
they are transversal globally. This shows the transversality between p and ¢ does not depend
on the extension of X. So, no matter how X is changed outside of M, p and ¢ are always
transversal if they are in M.

Step 2: we modify X in M®. We made modifications near each critical point p in Me with
the order from critical points with higher values to those with lower values. Slide A(p; X )
for each j € M such that p is transverse to each ¢ € M U M® with 7@ > f(p). (Here,
for all ¢ € M, we have ]7(5) > f(@) Thus, for all p and ¢ in M U M @ they are transversal

globally after these modifications. By Lemma 7.2 and Step 1, no matter how X is changed

outside of M U M ¢ p and ¢ are still transversal globally because they are still transversal in

—~

M.
Step 3: we modify X in M*—[MUM?®]. To do this, we slide the descending manifolds with

the order from critical points with lower values to those with higher values. More precisely,
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slide D(p; )?) for each p € MY — (MU ]T/[/a} such that p is transverse to all ¢ € M® — M with
F(@ < f(p). (Here, for all § € M*, we have f(§) < f(p).) We claim that, for all  and § in
M b they are transversal. It suffices to prove that, for each p € M and ¢q € Meb — M , We
have p and q are transversal. Clearly, D(g; )?) C M — M, thus D(g; X’) NMab C Mab — M.
Since A(p; X)NM®* C M, we get D(G; X) N A(p; X)NM* = 0. So D(G: X)NAlp; X) = 0.
Similarly, A(g; X )N D(p; X ) = (. We infer that p and g are transversal. The above claim is
proved. By Lemma 7.2 again, no matter how X is changed outside of M b all critical points
in M are still mutually transverse.

Step 4: we modify X on M — MP. Slide the descending manifolds with the order from
critical points with lower values to those with higher values. We eventually get that X
satisfies transversality.

By the above argument, for all p and ¢ in M, we have D(p;)z) C MU f_l((—oo,a)),

A(q; X) C MU f~((b,+00)), D(p; X) N M = D(p; X) and A(q; X) N M = A(q; X). Thus

D(p; X) NAlg; X) = (D(p; X) N M) N (A(g; X) N M) = D(p; X) N Alg; X).

Suppose M; = (). Clearly, we can construct f such that f| 7.y > b, Thus, for any

p € M, we have D(p; X) C M and D(p; X) = D(p; X). Similarly, the conclusion is true in

the case of M, = (. O
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8 Manifold Structures (II)

This chapter extends the results in Chapter 4 to the case of a general metric.

8.1 Moduli Spaces and Topological Equivalence

Since the vector field is not locally trivial, there are no natural smooth structures for M(p, q),

D(p) and W(p, q) (see Example 8.1). In other words, most parts of Theorems 4.4, 4.5 and
4.6 are not true for a general gradient-like vector field. However, they still have natural

topologies. We shall equip them with topologies which are compatible with those defined by

Theorems 4.4, 4.5 and 4.6.

Definition 8.1. Define the set M(p,q) as (4.3). Equip M(p,q) with the unique topology

such that the evaluation map E : M(p,q) — Hi:o f~Yai) in (4.4) is a topological embedding.

We call M(p, q) the compactified moduli space of M(p,q).

Definition 8.2. Define the set W(p,q) as (4.12). Define the topology of W(p,q) as the

unique topology such that i : W(p,q) — M(p,q) x M is a topological embedding, where i is

defined in (3) of Theorem 4.6. We call W(p, q) the compactified space of W(p, q).

Similarly, we define D(p) as (4.6), define U (i) as (4.8), and define E(i) as (4) in Theorem
4.5.

Clearly, E(i) : U(i) — H;;B f~Y(a;) x M is injective. Give U(i) the unique topology
such that E(i) is a topological embedding. By an argument similar to the proof of Theorem

4.5, we get U(i) and U(j) share the same topology on U(i) NU(j).
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Definition 8.3. Define the set D(p) as (4.6). Define the topology of D(p) = J, U(i) as the

coherent topology such that each U(i) is an open subspace of D(p) (see (4.8)). We call D(p)

the compactified space of D(p).

Suppose fi and f, are Morse functions on M; and M,. Suppose X; is a negative gradient-
like field for f;, and X; satisfies transversality. Suppose h : M; — M, is a topological
equivalence between X; and X,. If p is a critical point of fi, then h(p) is a critical point of

fo. Furthermore, h(D(p)) = D(h(p)), h(A(p)) = A(h(p)), and hOV(p, @) = W(h(p), h(q)).

Thus h naturally induces maps h, : M(p,q) = M(h(p), h(q)), he : W(p,q) = W(h(p), h(q)),

and h, : D(p) — D(h(p)). Here, it ' € M(h(p), h(q)), then h.(T') = h(T); if (T, z) € W(p, q)

(or D(p)), then h,(T,z) = (h(T), h(x)). Clearly, h, is a bijection and (h,)™' = (h71),.

Theorem 8.4. The maps h, : M(p,q) — M(h(p),h(q)), hs : D(p) = D(h(p)), and h, :

W(p,q) = W(h(p),h(q)) are homeomorphisms.

Proof. Tt suffices to prove that h, is continuous because this implies h_! is also continuous.

(1). We consider the case of h. : M(p,q) = M(h(p),h(q)).

By the definition, M(p, q) is identified with a topological subspace of Hi:o fi(a;) and

M(h(p), h(q)) is identified with a topological subspace of Hf:o f5 1 (b;). By this identification,
for any T' € M(p, q), we have I' = (z(T), - - -, 2;(I")) and h.(I') = (yo(h(I)), -, yx(A(I))).
Suppose zo([g) is on v € M(p,r) and ~ is a component of Iy, then h(z(Iy)) is on h(y) €
M(h(p), h(r)). Suppose the regular values in [fo(h(r)), fa(h(p))] are by, --- ,bs. Then h(y)
intersects with f; ' (b;) (0 <1 < s) at y;(h(Ty)). When T converges to Ty, we have h(zo(T))

converges to h(xg([p)). Thus, when I' is close to I'y enough, the flow line passing through

h(zo(T')) intersects with fy'(b;) (0 < i < s) at y;(h(T')) and y;(h(T)) is continuous with
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respect to I.
By an induction, we can prove that, for all 0 < i < k, y;(h(I")) is continuous with respect
to I'. Thus h, is continuous.

(2). Since W(p, q) is a topological subspace of M(p, q) x My, by (1), we infer that h, is

continuous on W(p, q).

(3). We consider the case of h, : D(p) — D(h(p)).

It suffices to check the continuity of h, on each U(i). Suppose (Tg,29) € U(i) and
Cst1 < fa(h(20)) < ¢s—1, where ¢; are critical values of fy. Then h.(Lo, 2z0) € U(s), where
U(s) € D(h(p)) is defined similarly to U(i). Thus, when (I, z) is close to (I, z) enough,
we have h,(T',2) € U(s). Identify U(s) with a topological subspace of Hj;é £ H(b;) x My,
we have h, (T, z) = (yo(h(T)), -+ ,ys—1(h(I")), h(z)). By an argument similar to that in (1),

we can prove that y;(h(I')) is continuous with respect to I'. Since h(z) is continuous with

respect to z, we infer h, is continuous. O

8.2 Properties of Moduli Spaces

In this section, we establish the relevant properties of the compactified moduli spaces. Par-
ticularly, the manifold structures of these spaces will be emphasized.

Consider first the special case when M is compact. By Theorem 7.7, we can construct a
negative gradient-like field Y for f such that Y is locally trivial and satisfies transversality.
In addition, there exists a topological equivalence between X and Y such that h(p) = p for
each critical point p. Thus, by Theorem 8.4, X and Y have isomorphic compatified moduli

spaces. Since the properties of these spaces for Y are proved in Chapter 4. We deduce
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certain properties of these spaces for X.

More generally, suppose that f is proper but M is not necessarily compact. For any
pair of critical points (p,q), choose regular values a and b such that M®® is compact and
contains p and ¢q. By Lemma 7.13, we can embed M%® into M, extend f|ysap to be fon
]T/f, and extend X |z to be X on M. Furthermore, W(p, ¢; X) = W(p, ¢; )?) Thus we get

M(p,q; X) = M(p,q; X) and W(p,q; X) = W(p,q; X). If f is bounded below, we choose

M® such that p € M®. Do the above extension again to get D(p; X) = D(p; X). Thus

Lemma 7.13 reduces the proper case to the compact case.
Before formulating the property of M(p, ¢q), we introduce a map. Suppose I'; € M(p,r)

is a generalized flow line connecting p with r and T's € M(r,q) is a generalized flow line

connecting r with ¢. Thus the combination of I'; and I'y gives a generalized flow line I'

connecting p with ¢. So we have the natural inclusion i, q) : M(p,7) x M(r, q) = M(p, q).

Theorem 8.5 (Property of M(p,q)). Suppose f is proper and X satisfies transversality.
Then, for each pair of critical points (p,q), the space M(p,q) = | |; M has the flowing

properties.

(1). 1t is a compact topological manifold with boundary. Its interior is M(p,q).

(2). Its topology is compatible with those of My, and the map ig,,.q) : M(p,7)x M(r,q) —

M(p, q) is a topological embedding.

(8). The evaluation map E : M(p,q) — Hé:o f~Y(a;) is a topological embedding, where
E is defined in (4.4).

(4). There ezists a topological embedding ¢ : M(p, q) — Hizo f~Yay) such that L(M(p,q))

is a smoothly embedded submanifold with faces inside Hi:o f~Ya;) and the k-stratum of
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L(M(p,q)) is jpy=p, t(M1).
In particular, if M is compact, then there exist homeomorphisms h; : f~(a;) — f~(a;)
such that 1 = (Hizo hi)o E in (4).

Theorem 8.6 (Smooth Structure of M(p,q)). Under the assumption of Theorem 8.5, each

M(p,q) carries a smooth structure compatible with its topology such that M(p,q) is a com-

pact smooth manifold with faces and O*M(p,q) = |_||I|:,C M. In particular, suppose M is

compact, then igrq) : M(p,7) x M(r,q) = M(p,q) is a smooth embedding.

Remark 8.1. The (1) of Theorem 8.5 shows that we can add a boundary to M(p,q) such
that it becomes a compact manifold with boundary. The following theorems show that this is
also true for W(p,q) and D(p). Thus moduli spaces are special open manifolds (if they are

open) because there exists an obstruction of adding a boundary to a general open manifold.

Remark 8.2. FEzample 8.1 shows that, if the metric is not locally trivial, then E(M(p,q))
usually is even not a C' embedded submanifold of Hi:o f~Ya;). Here E is the evaluation
map in the (3) of Theorem 8.5. However, the (4) of Theorem 8.5 shows that a suitable

embedding 1+ makes the image good.

Proof of Theorem 8.5. Choose regular values a and b such that M®® is compact and contains
pand q. As described in the above, construct ]Tf, fand X. We have W = M(p,q; )Z')
and M 1()? ) = M;(X) for all critical sequences I with head p and tail q. There exists a
topological equivalence h : M — M which maps the orbits of X to those of Y, where Y is
locally trivial.

(1). By Theorem 4.4, we know that M(p,q;Y) is a compact smooth manifold with

faces whose k-stratum is | | ;_, M(Y). Thus M(p,¢;Y) is a compact topological manifold
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with boundary, and its interior is M(p,q;Y). By Theorem 8.4, we know that h induces
a homeomorphism h, : m — M(p,q;Y) such that h,(M;(X)) = M;(Y). This
completes the proof of (1).

(2). The proof is easy and even does not need the comparison among M (p,q; X),
m and M(p, ¢;Y). Similar details is also included in the proof of Theorem 4.4.

(3). This is the definition of the topology of W

(4). Let By : M(p,q;Y) — Hi:o f~(a;) be the evaluation map. By Theorem 4.4,
we know FEy is a smooth embedding. We shall prove that Im(Ey) C Hi:o fHai) C
Hi:o f_l(ai). It suffices to prove that W(ry,79;Y) C M® for all r; and ry in M®®.

Suppose 7 is a flow line in M such that (o) € M and ~(t;) ¢ M for some to and
t1. Then either f(v(t1)) >b> f(r1) or f(7(t1)) < a < f(rs). Thus W(ry,r;Y) C Mab.

Thus Tm(By) C [T\_, f(a;) and ¢ = By o h, is the desired map.

Finally, we consider the special case when M is compact.

We construct Y on M. The topological equivalence h : M — M induces the homeo-

morphism h, : M(p,q; X) — M(p,q;Y). We consider the relation between h(f~!(a;)) and
f~(a;). Denote by ¢; the flow generated by X and by ¢? the flow generated by Y. For any
r € f~Ya;), we have ¢'(—o0,x) = r;y for some r; € M — M% and ¢'(+00,x) = ry for some
r9 € M%. Since h is a topological equivalence fixing r; and 72, we know that ¢*(—oo, h(z)) =
r1 and ¢*(4o00, h(x)) = ry. Thus ¢*(¢, h(z)) € f~(a;) for some t € (—oo, +00). An isotopy
along the flows generated by Y gives a homeomorphism ¢; : h(f~(a;)) — f~(a;). We

complete the proof by defining h; = 1; o h. O

The first half part of Theorem 8.6 is a corollary of Theorem 8.5. We can construct the
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topological equivalence on M when M is compact. Thus the second half part is also true
because it is true in the special case.
By Theorems 4.6, 4.5 and 6.1, using an argument similar to the proof of Theorem 8.5,

we can get the following results.

Theorem 8.7 (Property of W(p,q)). Suppose f is proper and X satisfies transversality.
Then, for each pair of critical points (p,q), the space W(p,q) = |_|(1 5) Wr s has the flowing

properties.

(1). 1t is a compact topological manifold with boundary. Its interior is W(p, q).

(2). Its topology is compatible with that of Wy s. The maps z%pmq) :W(p, ) X M(r,q) —

W(p,q) and i?pmq) : M(p,r) x W(r,q) — W(p,q) are topological embeddings.

(8). The inclusioni: W(p,q) — M(p,q) x M and the map E: W(p,q) — Hi:o fHai) x
M are topological embeddings, where E is defined in (4.14).

. ere exists a topological embedding ¢ : p,q) = [l._of "(a;) X such that
4). Th logical embedd w L M such th

tOW(p,q)) is a smoothly embedded submanifold with faces inside []._, f~*(a;) x M and the
k-stratum of «OV(p, q)) is |y sy tOWr,s), where (I, s) contains k 4+ 2 components.
In particular, if M is compact, then there exist homeomorphisms h; : f~(a;) — f~(a;)

such that v = [(TT'_, ki) x h] o E in (4).

Corollary 8.8 (Smooth Structures of W(p,q)). Under the assumption of Theorem 8.7,

W(p,q) carries a smooth structure compatible with its topology such that W(p,q) is a com-

pact smooth manifold with faces and O*W(p,q) = Ll(7.s) Wrs, where (I,s) contains k + 2

components.

Theorem 8.9 (Property of D(p)). Suppose f is proper and bounded below. Suppose X
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satisfies transversality. Then, for each critical point p, D(p) = ||, Dr has the following
properties.

(1). It is homeomorphic to a closed disc. Its interior is D(p).

(2). Its topology is compatible with those of Dy. The map i,y : M(p,7) x D(r) = D(p)
1s a topological embedding.

(3). The evaluation map e : W — M s continuous. The restriction of e on Dy =
M x D(ry) is the coordinate projection onto D(ry) € M, where I = {p,r1,--+ , 7% }.

(4). It carries a smooth structure compatible with its topology such that it is a compact

smooth manifold with faces and O*D(p) = |—|\I|=k*1 Dr.

8.3 An Example

In the previous section, we constructed smooth structures for M(p, q), D(p) and W(p, q¢) in
the case of a general Riemannian metric. However, these smooth structures are not natural,
which is very different from the case of a locally trivial metric.

In this section, we shall show a remarkable difference between these two cases by an
example.

Consider E : M(p,q) — Hi:o fYa;) in (4.4). By (3) of Theorem 4.4, the image of E,
Im(E) C [T, f (@) is a smooth (C*) embedded submanifold of []._, f~*(a;) when the

metric is locally trivial. For a general metric, we have the following counterexample.

Example 8.1 (Not C'). Let CP? the complex projective plane. Then there exist a metric

and a Morse function f on CP?, where f has three critical points p, q¢ and v such that

ind(p) = 4, ind(q) = 0 and ind(r) = 2. M(p,q) = M(p,q) U (M(p,r) x M(r,q)). And
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E(M(p,q)) is NOT a C' embedded submanifold with boundary E(M(p,r) x M(r,q)) of

ngo f~Ya;). In other words, it’s impossible to give Im(E) a C* structure compatible with

H;:o fil (a;).

Proof. Clearly, there is a Morse function on C'P? with such three critical points and f(r) = 0.
By the Morse Lemma, in a neighborhood U of r, there is a local coordinate chart (vy, va, v3, v4)
such that r has the coordinate (0,0,0,0), S, v? < 4€® and, in the local chart, we have

f(v) = 3(—vf — v3 + v + v}). We can choose f such that e = 1. We equip CP? with a

metric such that, in U, it has the form

() + 5 (dzs)? + () + (o) (8.1)

4t

Then the flow with initial value (vi, ve, vs,v4) is (efvy, €2y, e Hvs, e~ 0,).

Consider the map E : M(p, q) — Myx My, where My = f7H3) and My = f7H(—3). We
shall prove Im(E) is not a C'' embedded submanifold with boundary E(M(p,r) x M(r,q))
of My x M;.

Clearly, E(M(p,7) x M(r,q)) = ST x S, where S* = {(0,0,v3,v4) | v3 + v} =1} and
S™ = {(v1,12,0,0) | v2 +v3 = 1}. Let ST = {(vg,v4) | v2 + 02 = 1} and S~ = {(v1,v,) |
vi+vi=1}

The flow map gives a diffeomorphism from an open neighborhood Wy of S* in M, onto

U N (R? x S*) and a diffeomorphism from an open neighborhood Wy of S~ in M; onto

UN (S~ x R?). Thus there is a diffeomorphism 1 : Wy x Wy — (U N (R x S*)) x (U N
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(S~ x R?)). Denote ¢(Im(E) N (Wy x Wy)) by P. Then

P = {((v1,v2,v3,04), (vs,v6,v7,08)) | (v1,09,v3,04) € UN (R2 X 5'*) and

(vs, vg, v7,v5) € U N (S~ x R?) are connected by a generalized flow line.}.

In order to prove Im(F) is not a C! embedded submanifold of M; x My, we only need to
check P is not a C' embedded submanifold of (U N (R? x S*)) x (U N (S~ x R?)).

Suppose (v1,v,vs,v4) € U N (R? x S*) and (vy,v2) # (0,0), by a direct calculation,
(v1, V9, v3,v4) is connected to

(d_%Ul, d_1U27 d2U3, d2U4) (82)

by an unbroken flow line, where
1 1
d= v} + 5] + A)z. (8.3)

We prove our result by contradiction. If P were a C!' embedded submanifold with
boundary P = S* x S~, then there is a C" collar embedding ¢ : ST x S~ x [0,¢) —

(R? x S*) x (S~ x R?) such that
@(cosOF,sin0", cos§,sin 0, s) = ((v1, v2, v3,v4), (vs, Ve, V7, V3)),
and

@(cosOF,sin 0", cos§~,sinf~,0) = ((0,0,cos 0" ,sin "), (cos@~,sind~,0,0)).



131

When s # 0, Im(¢) N OP = 0, thus (vy,v2) # (0,0) and (vs, vg, v7,vs) equals (8.2).

In the following four steps, we will use some estimates. The same notation C' or C; may
stand for different constants in different steps.

Firstly, we prove that %\szow = %ngovg = 0.

Fix 0% and 60—, then v; and v, are C' functions of s, and v; = v = 0 when s = 0. So
there exist C; > 0 and § > 0 such that, for all s € [0, ), we have |v;| < Cys and |vg| < C}s.
Since (vs,v4) € ST, (vs,v4) is bounded, by (8.2) and (8.3), there exists Cy > 0 such that
|v7| < Cys? and |vg| < Cys?. This proves our first claim.

Secondly, we claim that 2 |,_o(v1,v2) # (0,0).

If not, then

0 0 0 0 0
O0s

(d90>|s:0& = 10,0, 5= |s=ovs3, &|s:0?}47 £|szov57 $|s:01}6,0,0) eT(Stx87),

So (dg)|s—0 is not a normal vector of S* x S~. This gives a contradiction.

Thirdly, we prove that %|S:0U2 = 0.

By the continuity of %‘S:0U27 we only need to prove this is true when cosf~ # 0. Fix
0" and 6, then £i£%v5 = cosf # 0 and iiir(l)vﬁ = sinf#~. Thus there exist § > 0, Cy > 0
and C3 > 0, such that, for all s € (0,0), we have 0 < Cy < |vs| and |vs] < C3. By (8.2),
Cy < |d~2vy| and |d vy < Cs. Then C2d < |v1]? and |vs| < Csd. So || < C5C5 2 |u1)?. In
the first step, we showed that there exists C; > 0, shrinking ¢ if necessary, we get |v;| < C}s.
Thus |vy| < C3C;52C2s2. This gives our third claim.

Finally, we derive the contradiction.

Let cos@~ = 0 and sinf~ = 1. Fix 6*. By the second and the third claims, 8—85|S:0111 # 0.
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Since v; = 0 when s = 0, then there exist 6; > 0 and C} > 0 such that, for all s € [0,0,), we
have

jv1| > Cys. (8.4)

Since v5 = cosf®~ = 0 when s = 0, and vs is a C' function, then there exist d, > 0 and

C5 > 0 such that, for all s € [0,05), we have

|U5| S 028. (85)

Let § = min{dy,02}. Combining (8.2), (8.4) and (8.5), we can find C' > 0 such that, for all

s € (0,6), we have |d~2uv;| = |vs| < Cluy| and vy # 0. Thus by (8.3),

=d <% (8.6)

However, when s — 0, we have v; — 0, v3 — 0 and v2 + (v} + 402)2 — 0, then d~! — +o0.

This gives a contradiction. O
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9 Orientations (II)

This chapter extends the results in Chapter 5 to the case of a general metric.

9.1 A Remark on Orientations

In this section, we shall compare two definitions of orientations. One is by the method of
algebraic topology, the other is by the method of differential topology. This results in Lemma
9.6 which is important in the next section.

Suppose M is a n dimensional smooth manifold. The orientation of M at x can be
defined by the method of either algebraic topology or differential topology. In algebraic
topology, the orientation is a generator o« € H"(M,M — {z}). In differential topology,
the orientation is an ordered base {e1,- - ,e,} C T, M. These two definitions are related as
follows. Choose a smooth embedding ¢ : V' — M such that ¢(0) = z and D¢(0) = Id, where
V' is a neighborhood of 0 in T, M. Then ¢*a € H"(V,V — {0}) = H*(T,.M,T,M — {0})
is a generator. Here ¢*a does not depend on the choice of ¢. Actually, if ¢ is another
such embedding, then there exists an isotopy between ¢ and @ in a smaller neighborhood
of 0. Denote by «g the preferred generator in H"(R", R" — {0}) (see [39, p. 266]). The
ordered base {ej, - ,e,} determines a linear isomorphism A : T, M — R", then A*«ay €
H™(T,M,T,M — {0}) is also a generator. We say that these two definitions give the same
orientation if and only if p*a = A*qy. It’s easy to prove that an orientation is continuous
in the sense of algebraic topology if and only if it is continuous in the sense of differential
topology.

Suppose L is a k dimensional embedded submanifold of M such that its normal bun-
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dle is orientable. We can also define the normal orientation of L with respect to M by
either algebraic or differential method. First, choose a neighborhood U of L such that L
is closed in U. Choose a Thom class § € H" *(U,U — L). The Thom class 8 defines the
normal orientation in the algebraic sense. Second, for any x € L. Choose an ordered base
{€k+1, -+ ,€n} of the normal space N, (L, M) = T,M/T,L. This defines the normal orien-
tation of L at z in the differential sense. These two definitions are related as follows. Let
¢ : V. — M be a smooth embedding such that ¢(0) = z and P - Dp(0) = Id, where V is
a neighborhood of 0 in N,(L, M) and P : T,M — T, M/T,L = N,(L, M) is the projection.
Then ¢*3 € H* *(V,V — {0}) = H" *(N,, N, — {0}) is a generator. Here ¢*/3 does not
depend on the choice of ¢. The ordered base determines an isomorphism A : N, — R" 7%,
So A*ay is also a generator of H" *(N,, N, — {0}), where aq is the preferred generator of
H" %R~k Rn=k —{0}). These two definitions coincide if and only if ¢*3 = A*ay. Clearly,

a Thom class determines a continuous differential normal orientation on L and vice versa.

Lemma 9.1. Suppose M s a n dimensional manifold and L is a k dimensional embedded
submanifold of M. Let U be a tubular neighborhood of L with a smooth projection m :
U — L. Suppose a € H*(L,L — {x}) is an orientation representing {e1,--- ,ex} C TpL
and 3 € H" *(U,U — L) is a normal orientation representing {exy1,- - ,en} C No(L, M).
Then m*aU B € H™(U,U — {x}) is an orientation representing {e1,--- ,e,} C T, M, where

P(e;))=¢; fork+1<i<mnand P:T,M — N,(L,M) is the projection.

Proof. Choose a smooth embedding ¢ : Wi x Wy — M such that ¢(0) =z, D - p(0) = Id,
o(W1) € L and o(W,) C 7 !(z), where Wy x Wy C T,L x T,n'(z) = T,M. Let m; :

Wi x Wy — W; be the projection and j; : W; — W x W5 be the inclusion, then we have j;m;
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is homotopic to Id. Thus

P (rraUB) = ¢'rTaU¢ S =mji¢ T a U8

= metaUmyip" 8 = ¢ a X j;0 6.

Here ¢*a € H*(Wy,W; — {0}) represents the orientation of {ej,---,ex} and j30*3 €
H" % (W,, W, —{0}) represents the orientation of {ex;1,- - ,&,}. By the Kiinneth Formular,
we know that ¢*(m*aUS) € H"(T,M,T,M —{0}) represents the orientation of {e1, - ,e,}.

|

The above lemma shows that 7*a U 3 does not depend on the smooth projection 7.

Suppose {eq,- - ,ex} represents the orientation of L and {egy1,--- ,e,} represents the
normal orientation of L. We say the orientation {eq,--- ,e,} of M is defined by the orienta-
tion and the normal orientation of L.

Suppose L is closed in M for now on. Let U be a closed tubular neighborhood of L such
that U is diffeomorphic to a closed disk bundle over L via the exponential map. Suppose
i : L — U is the inclusion and 7 : U — L is the smooth projection. Clearly, ¢ and 7 are
proper. Furthermore, 77 = Id and there exists a proper homotopy between 7w and Id. Thus
7+ HE(L) — HE(U) and i : HE(U) — HE(L) are isomorphisms and they are a pair of

inverses, where H¢ is the cohomology with compact support.

Lemma 9.2. There exists a cup product homomorphism

HE(U)® HV*(U,U — L) —— HA(U,U — L),
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where HA(U,U — L) = lim H"(U,U — K) and K are compact subsets of L.
KC

Proof. Let K be a compact subset of U. Then K N L is a compact subset of L. We have the

homomorphism

H*U,U — K)® H* *(U,U — L) — H"(U,U — LN K) — HA(U,U — L).

Passing K to the limit, we get the conclusion. O

Lemma 9.3. Suppose L is connected. Then HX:(U,U —L) = Z and the inclusion H™(U, U —

x}) = HA(U,U — L) is an isomorphism for any x € L.
c

Proof. Suppose K is a compact connected submanifold (with boundary) of L. By the Alexan-
der Duality, for any coefficient field F', we have H"(U,U — K; F) = Hy(K; F) = F. Thus

H"(U,U - K;Q) = Q and H"(U,U — K; Z,) = Z,. By the Universal Coefficient Theorem

0+H"(U,U — K)® F— H"(U,U — K; F) — Tor(H"*\(U,U — K), F) + 0,

we get H"(U,U — K) = Z.
We know that H,(U,U — K) = Z and its generator stands for the orientation of U on

K. Again by the Universal Coefficient Theorem

0~ Ext(H,_,(U,U — K), Z) — H"(U,U — K) — Hom(H, (U,U — K), Z) +0

we get H"(U,U — K) = Hom(H,(U,U — K), Z).



137

We have the following commutative diagram.

H™(U,U — {z}) —— Hom(H,(U,U — {z}), Z)

| I

H"(U,U — K) ——— Hom(H,(U,U — K), Z)

Here H"(U,U — {x}) is isomorphic to Hom(H,(U,U — {z}), Z) obviously. We also know

that H,(U,U — K) — H,(U,U — {z}) is an isomorphism since it is an evaluation of the

orientation. So Hom(H,(U,U — {z}), Z) — Hom(H,(U,U — K), Z) is an isomorphism.
Thus the inclusion H"(U,U — {z}) — H"(U,U — K) is an isomorphism. Passing K to

the limit, we complete the proof. O

Lemma 9.4. Suppose L is connected and x € L. Then the inclusion H*(U,U — 7~ 1(x)) —

HE(U) is an isomorphism.

Proof. This immediately follows from the following commutative diagram.

o

HY(L, L — {x}) —— HE(L)

ﬂ*lg gE

HYU,U — 7= Y(x)) — HE(

=

)

Lemma 9.5. Suppose L is connected. Suppose o € HE(L) represents the orientation of L
and B € H"*(U,U — L) represents the normal orientation of L. Suppose the orientation

and the normal orientation defines the orientation of M. Then we have the following cup
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product isomorphism
HE(U)® H"HU,U — L) ——=— HA(U,U — L).

Furthermore, via the isomorphism H™(U,U — {x}) — H&(U,U — L) in Lemma 9.3, we get

mraUp e HL(U,U — L) represents the orientation of M in H"(U,U — {z}).

Proof. Suppose x € L. Consider the following commutative diagram.

HHU,U — 77 Y(2)) ® H"*(U,U — L) —— H"(U,U — {z})

% F

H:(U) @ H™H(U,U — L) —— HW(U,U — L)

By Lemmas 9.3 and 9.4, two vertical maps are isomorphisms. It suffices to prove the following
claim: H*(U,U — 7~ Y(z))®@ H" *(U,U — L) — H"(U,U — {x}) is an isomorphism such that,
if « € H¥(L,L — {x}) represents the orientation of L, then m*a U3 € H"(U,U — {x})
represents the orientation of U.

Near z, the normal bundle of N has the product structure O, = W, x 7=!(z) C U, where

W, is an open neighborhood of x in L. We have the following commutative diagram,

HYU,U — 7= Y(x)) ® H* *(U,U — L) ——— H"(U,U — {x})

Nl k

Hk(Oa:a Oa: - W_l(x)) ® Hn_k(Oxv Oz - Wﬂﬁ) _>Hn(OI’ Ol’ - {x})

where the isomorphism H" *(U, U — L) — H"*(0O,, 0, — W,) follows from the property of

the Thom class, others follow from the excision. So it suffices to prove that m*«|w, U 5|o, €
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H"(O,, 0, — {z}) represents the orientation of U.
Let i, : 7' (z) = W,ox7 ! (x) = O, be the inclusion and p : O, = W, x7 "} (z) - 7 (2)

be the projection. Then we have §|o, = p*i;8|o, = p*Blr-1(s). Thus

7-‘-*a{lVVgE U B|Om = 7T*a|W:1; Up*/6|7r’1(ac) = ale X 5|7r*1(x)-

By the Kiinneth Formula, 7*a|w, U |0, represents the orientation of U. O

Lemma 9.6. Suppose M; (i = 1,2) is a smooth orientable manifold, L; is a closed orientable
submanifold of M; (which means L; is a closed subset). Suppose the orientation and the
normal orientation of L; define the orientation of M;. Let B; € H”‘k(Mi,MZ» — L;) be the
Thom class representing the normal orientation of L;. Let h : (My, L) — (Ms, L) be
a homeomorphism such that h preserves the orientation of M; and h*Bs = p1. Then h

preserves the orientation of L.

Proof. 1t suffices to prove the special case of that L; is connected.

Let U; be a closed tubular neighborhood of Ly with the smooth projection mo : Uy — Lo.
Let ay € HE(L) be the orientation of Lo, by Lemma 9.5, we have the following cup product
isomorphism

Hg(U2> ® Hn_k(U27 U2 - LQ) # Hg(UZ, U2 — LQ),

and oo U Ba|y, = 72 € HE(Us, Uy — Lo) represents the orientation of My on L.

Let U] = h™'(U;). We have the following isomorphism

HE(U7) @ H*(U, U — Ly) —2— HE (U7, Uf = L),
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and h*mias U h* Ba|y, = h* Y.
Choose a closed tubular neighborhood U; of Ly such that U; C IntU] and m : Uy — Ly

is the smooth projection. By Lemma 9.5 again, we have the following isomorphism

HE(Uy) ® H (UL, Uy — L) —=— HE (UL, Uy — Ly),

and

mon U Bilo, =m (9.1)

represents the orientation of M; on L;.

Consider the following commutative diagram.

Here, iy, i3, j and ¢ are inclusions. Since h*mias U h*faly, = h*ye, we have (*h*miay U
t*h*Ba|y, = t*h*y,. Since h preserves the orientation of M; and the Thom class, we have

v*h*yp = 1 and *h* Ba|u, = Bilv,. Thus

R o U Byly, = m- (9.2)

Since the cup product is an isomorphism, by (9.1) and (9.2), we infer (*h*7jas = wiay. So
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we have

ap = iymiog =GR T o

= j*h*ﬂ';ag = h*Z;W;OéQ = h*ag.

This completes the proof. O

9.2 Orientation Formulas

In this section, we shall extend Theorem 5.1 to the case of a general negative gradient-like

vector field.

Theorem 9.7 (Orientation Formulas). Suppose f is proper and X satisfies transversality.

As oriented topological manifolds, we have

(1). 0'M(p,q) = | | (=1)" =0 M(p,r) x M(r,q);

p=Tq
(2). 9'D(p) |_| M(p,r) x D(r), where f is bounded below;
p>r
(3). "W(p,q) = | | (=)™ O W(p,r) x M(r,) U | | M(p,r) x W(r,q).
pxr-q p=rrq

In the above, 0O are equipped with boundary orientations, O x O are equipped with

product orientations.

Following Section 5.1, we define the orientations of D(p), W(p, q) and M(p, q) for all p
and q.

By Theorems 8.5, we know m is a topological manifold with boundary, whose inte-
rior is M(p, q). Thus the orientation of M(p, q) gives 9M(p, q) the boundary orientation

in the usual sense. In other words, the combination of the outward normal direction and the
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boundary orientation of the boundary gives the orientation of the manifold. Also by Theo-
rem 8.5, we know that ' M(p, q) = ‘Il|_| M;p= U M(p,r) x M(r,q) is an open subset of
=1 p-r=q

OM(p,q). Thus ' M(p, q) has the boundary orientation. On the other hand, both M(p, )

and M(r, q) have orientations. Thus M(p,r) x M(r, q) has the product orientation. We

shall consider the relation between these two orientations. Similarly, D(p) and M(p, q) also
have such two types of orientations. Theorem 9.7 indicates these relations.

Similarly to Chapter 8, by Lemma 7.13, we may assume that M is compact. By Theorem
7.7, we can construct the locally trivial field Y and the topological equivalence h mapping
the orbits of X to those of Y.

However, since h is not assumed differentiable, we have to use the algebraic method to
describe the orientation of W(p, ¢; X) again. Choose an open tubular neighborhood U, of
A(g; X) such that A(q; X) is closed in U,. Suppose the index ind(q) = s. We have the

inclusion isomorphism

H*(U,, U, — Alg; X)) — H*(U, N D(¢q; X), U, N D(q; X) — {q}),

where H*(U, N D(q; X), Uy N D(q; X) — {q}) = H*(D(¢; X),D(¢; X) — {q}). Thus the
orientation of D(¢; X), oy € H*(D(q; X),D(¢; X) — {q}), determines a Thom class 3, €
H*(U,,U,— A(q; X)). Let U, , = D(p; X)NU,. Then U, , is open in D(p; X) and W(p, ¢; X)
is closed in U, ,. By the inclusion monomorphism (it is an isomorphism if and only if U, , is

connected)

H*(Ug, Uy — A(q; X)) — H*(Up g, Upg — W(p, ¢: X)),
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we have that , determines a Thom class f5,, € H*(Upq,Upq — W(p,q; X)). Clearly, U,,
inherits the orientation from D(p; X'). Thus 3,, and the orientation of U, , give W(p, ¢; X)
the orientation.

Since h(D(p; X)) = D(p;Y), we can define the orientation of D(p;Y) as af, = (h™')*a, €
H*(D(p;Y),D(p;Y) — {p}) for each p. Then the orientations of W(p, ¢; Y') are defined. We

also have h(W(p, ¢; X)) = W(p,q;Y).
Lemma 9.8. The topological equivalence h preserves the orientation of W(p,q; X).

Proof. Choose the open tubular neighborhood U, of A(g; X) and define U, , = D(p; X) N U,
as the above. Define U] = h(U,) and U} , = h(U,,). We may assume U, , is connected.
Suppose the orientation of D(q;Y’) defines the Thom class 8, € H*(U,, U, — A(q;Y))

and the Thom class 3, € H*(U},

p,q’

U,,— W(p,¢Y)). We have the following commutative

diagram.

H (U/ U;,q - W<p7 q’ Y)) i HS(Up,lb pu Q7 X))

p,q’ T

H (U, UL — A(g;Y)) & H*(U,, U, — A(g; X))

| |

H*(U,ND(q:Y),U;nD(q;Y) — {q}) —— H*(U, N D(q; X),U, N D(q; X) — {q})

All of these maps are isomorphisms. The vertical maps are induced by inclusions. Since
h*a;, = ay, we have h*3; = ;. Thus we get b3, , = B,
We also know that h preserves the orientation of U,,. By Lemma 9.6, the proof is

completed. O

As in Theorem 8.4, let h, : M(p,q; X) = M(p,¢;Y), he : W(p,q; X) = W(p,q;Y) and
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hi : D(p; X) — M(p;Y) be the maps induced by h. Since h preserves the direction of flow,

by Lemma 9.8, we get the following immediately.
Lemma 9.9. The map h, preserves the orientation of M(p,q; X).

Proof of Theorem 9.7. Consider the map h, defined in the above. Clearly, h, is identical to
h on D(p; X) and W(p, ¢; X).

By the definition of the orientation of D(p;Y’), we know h, preserves the orientation of
D(p; X). Combining this fact with Lemmas 9.8 and 9.9, we infer that h, preserves both
the boundary orientations and the product orientations. Thus h, preserves the orientation
relations. By Theorem 5.1, these formulas are true for Y, we infer that the orientation

formulas are valid for X. O
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10 CW Structures (II)

This chapter extends the results in Chapter 6 to the case of a general metric.

10.1 Theorems

In this section, We shall extend the results in Chapter 6 to the case of a general negative

gradient-like vector field.

Theorem 10.1. Suppose f is proper and bounded below. Suppose X satisfies transversality.
Suppose a is a reqular value of f. Define K* = |_|f(p)§a D(p) with the topology induced from
M. Then K® is a finite CW complex with characteristic maps e : W — K%, where e is
defined in (3) of Theorem 8.9. The inclusion K* — M® is a simple homotopy equivalence.
In fact, there is a CW decomposition of M®* such that K expands to M* by elementary

eTPansions.

Theorem 10.2. Under the assumption of Theorem 10.1, define K = |_|peM D(p). Define the
topology of K as the direct limit of that of K* when a tends to +00. Then K is a countable

CW complex with characteristic maps e : D(p) — K, where e is defined in (3) of Theorem

8.9. Furthermore, the inclusion v : K — M is a homotopy equivalence.

Theorem 10.3. Let K (or K ) be the CW complex in Theorem 10.1 (or 10.2). Let C\.(K®)

(or C.(K)) be the associated cellular chain complex and [D(p)] be the base element represented

by the oriented D(p) in C.(K*) (or Ci(K)). Then
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where #M(p, q) is the sum of the orientations £1 of all points in M(p, q) defined in Theorem

9.7.

Remark 10.1. Consider the special case when M is compact. Theorem 10.1 shows that
the compactified descending manifolds give a bona fide CW decomposition of M. Before the
invention of the theory of Moduli spaces, this problem was addressed in [34, thm. 1] and [36,
rem. 8f, which show the existence of the characteristic maps under the assumption that the
vector field is locally trivial. Besides the simple homotopy type, Theorem 10.1 strengthens
their solution in two ways. Firstly, the characteristic maps here e : W — M have the
explicit formula defined in (3) of Theorem 8.9. Secondly, we drop the assumption of the local

triviality of the vector field. In the case when f has only one critical point of index 0, the

paper [5, lem. 2.15] also gives a answer similar to Theorem 10.1.

Remark 10.2. The above theorems show that C,(K) computes the homology of M. As
mentioned in Remark 6.1, the boundary operator O of Ci(K) coincides with that of Morse

homology. This shows Morse homology arises from a cellular chain complex.

Proof of Theorem 10.1. By Theorem 8.9, D(p) is a closed disc and e is continuous. Thus K
is a finite CW complex with characteristic maps e.

We shall construct the desired CW decomposition of M?®.

Suppose M is not compact. By Lemma 7.13, we can embed M* into M and extend flara
to be ]?on M such that ﬂM_Ma > a. We get M® = M. As a result, we may assume M is
compact.

By Theorem 7.7, we can construct a locally trivial field Y on M and a topological

equivalence h which maps the orbits of Y to those of X. Clearly, h(D(p;Y)) = D(p; X)
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and h(K*(Y)) = K* where K*(Y) = | |;,)<, P(p;Y). By Theorem 6.2, there exists a CW
decomposition of M® such that K%(Y) expands to M® by elementary expansions. Thus
it suffices to prove that there exists a homeomorphism h i M® — M® such that h and h
coincide on K*(Y).

Denote by ¢; the flow generated by X and by ¢? the flow generated by Y. For any
z € f~'(a), we have ¢?(—o0,x) = 7y for some r; € M — M® and ¢*(+00,x) = ry for some
ry € M®. Since h is a topological equivalence fixing 7, and 75, we have ¢} (h(z)) is a flow
line between 7 and ry. Thus, for any = € h(f!(a)), ¢'(t(z),z) € f~(a) for some t(z) and
t(x) is continuous on h(f~!(a)). Since h(f~'(a)) is compact, there exists T' > 0 such that
T > —t(x) for all x € h(f~'(a)). As a result, ¢%(M?) C Int[h(M?)]. (This is illustrated
by Figure 8, ¢x.(M*®) is the shadowed part, M® is the part below f~'(a) and h(M?) is the
part below h(f~1(a)).) By an isotopy along the flows generated by X, we can construct
a homeomorphism v : h(M?®) — M such that 1|41 (re) = Id and P (h(M?) — (M) =

M9 — ¢L(M?). Then h = 1 o h is the desired homeomorphism. m

Figure 8: Construction of

Proof of Theorem 10.2. The CW structure of K is obvious.
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By Theorem 10.1, i : K* < M® is a homotopy equivalence for any regular value a.
Thus, it’s straightforward to check that ¢ : K — M is a weak homotopy equivalence, i.e.
1 induces the isomorphisms between homotopy groups. Since M carries a triangulation, by

Whitehead’s Theorem, ¢ is a homotopy equivalence. O

Proof of Theorem 10.3. There are two proofs.

First, duplicate the proof of Theorem 6.3. Certainly, the local triviality of the vector
field X is assumed in Theorem 6.3. However, the only reason for making this assumption
is that the (2) of Theorem 9.7 was proved under this assumption in Chapter 5. Now this
orientation formula is true even if we drop this assumption. Thus, the first proof is valid.

Second, reduce it to the case of a locally trivial vector field Y. The map h, in Theorem 8.4
induces an isomorphism between C,(K*(X)) and C,(K*(Y')). By Lemma 9.9, h, preserves
the orientation of M(p, ¢; X). Since this statement is true for C,(K*(Y")), the second proof

is complete. O

10.2 An Alternative Proof

In order to get the CW structure, Theorem 6.1 is essential. The proof of it in Section 6.2
is elementary but complicated. In this section, we shall give is a quick but non-elementary

proof of Theorem 6.1, which is based on the Poincaré Conjecture in all dimensions.

Second Proof of Theorem 6.1. By Theorem 4.5, D(p) is a compact smooth manifold with
corners whose interior is an open disk. Thus, it is a compact topological manifold with
boundary whose interior is an open disk. (Actually, D(p) carries a structure of smooth

manifold with boundary since we can round the corner.)
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Identify D(p) with R™. Puncture an open disk K with center 0 from D(p). Let W =

D(p) — K. Then W is a manifold with boundary 9D(p) U K, where 9K = S" 1.

Firstly, we prove that (W;0D(p),0K) is an h-cobordism.

Choose a collar neighborhood dD(p) x [0, 1] of 0D(p) in W. Then D(p) — 0D(p) x [0,1)

is a compact subset in R", and it contains K. Thus, 0K is a deformation retract of W —

0D(p) x[0,1). Since W —9D(p) x [0,1) is a deformation retract of W, we infer that 0K is a

deformation retract of WW. On the other hand, we can push R™ — K to infinity. Thus there

exists a compact set L such that 9D(p) C L C 9D(p) x [0,1) and L is a deformation retract

of W. Since 0D(p) is a deformation retract of L, we infer that 0D(p) is a deformation retract

of W.

Secondly, we know now 0D(p) is a homotopy sphere. By the Poincaré Conjecture in all

dimensions, 9D(p) is a topological sphere.

Finally, by the Generalized Schoenflies Theorem (see [6, thm. 5]), we can prove that

D(p) — 0D(p) x [0, 5) is a closed disk. This completes the proof. O

The proof in Section 6.2 avoids the Poincaré Conjecture because it studies the speciality

of D(p). An interesting question is that whether or not the Poincaré Conjecture is necessary

if we ignore the speciality of D(p). Prof. Paul Kirk informed me that the 3 dimensional

Poincaré Conjecture is necessary for proving the following claim.

Claim 10.1. Suppose M* is a compact topological 4-manifold with boundary, and its interior

is homeomorphic to R*. Then M* is a closed topological disk.

Before explaining this, we cite two theorems of Freedman (29, thm. 1.4" & cor. 1.2]).
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Theorem 10.4 (Freedman). Every 3 dimensional homology sphere bounds a contractible

compact topological 4-manifold.

Theorem 10.5 (Freedman). A contractible open topological 4-manifold which is simply con-

nected at infinity is homeomorphic to R*.

Suppose X3 is a 3 dimensional homotopy sphere. By Theorem 10.4, X2 bounds a con-
tractible compact topological 4-manifold M*. By [7, thm. 2], there exists a collar neighbor-
hood 33 x [0, 1] of 33 in M*. Since 2 is simply connected, we known that the interior of M*
is simply connected at infinity. Thus, by Theorem 10.5, the interior of M* is homeomorphic
to R%.

If Claim 10.1 is true, then M* is a closed topological disk. Therefore, 33 is a topological
sphere, which proves the 3 dimensional Poincaré Conjecture.

In summary, Claim 10.1 implies the 3 dimensional Poincaré Conjecture. Actually, by the

argument of this section, they are equivalent to each other.
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11 Associativity of Gluing

In this chapter, we shall show that the associativity of gluing exclusively follows from the
compatible manifold structures of the compactified moduli spaces. This does not rely on
any speciality of Morse theory.

Since this phenomenon does not depend on Morse theory directly, we are allowed to
deal with M(p, q) formally. We shall assume that M(p, ¢) is defined without considering its

definition.

11.1 Main Theorem

Recall Definition 2.9, the definition of the moduli spaces of flow lines, M(p, q), only requires
the existence of W(p,q) and a flow action on it. Thus, M(p,q) can be defined in a very
general setting, for example, in the case of Floer homology. In this chapter, we shall assume
the moduli spaces are defined without considering the definition. In other words, M(p, q) is
not necessarily defined by Definition 2.9.

Suppose M is a manifold such that a Morse function f can be defined on it. Suppose
() is a countable set containing some critical points of f. Here we do not require that €2
contains all critical points. Suppose a relation “ > 7 is defined on 2. Suppose the moduli
spaces M(p, q) are defined for all p, ¢ € ) such that p > g¢.

Here we are not concerned with the property of M and the definitions of M(p,q) and
“» 7. Practically, M(p,q) and “ =7 are defined similarly to Definitions 2.9 and 2.12.

By the relation “ > 7, we can define a critical sequence [ like Definition 2.13 and define

the space My like (2.1) when I C Q.
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Theorems 11.2 and 11.3 will be based on the following assumption. For the definitions

of manifold with faces and the k-stratum, see Definitions 2.19 and 2.18.

Assumption 11.1. Suppose () is a countable set consisting of some critical points of f.
The relation “ > " defined on 2 is a partial order. Suppose M(p,q) are finite dimensional

manifolds for all p, q¢ € Q such that p = q (see Remark 11.1). And M(p,q) can be compact-

ified to be M(p,q) which are compact smooth manifolds with faces. These M(p,q) satisfy

the following conditions.

(1). We have M(p,q) = | |; M, where the disjoint union is over all critical sequences

with head p and tail q. The k-stratum of M(p,q) is | ;_x Mr, and each My is an open

subset of the k-stratum. The smooth structure of M(p,q) is compatible with those of M.

Here all I are contained in €.

(2). Suppose p, r and q are in S, and p = r = q. Then the natural inclusion M(p,r) x

M(r,q) = M(p,q) is a smooth embedding.

Remark 11.1. If M(p, q) is defined as Definition 2.9, then, as we have seen before, M(p, q)
induces a natural smooth structure from those of D(p) and A(q). However, in order to make

Assumption 11.1 hold, we may give M(p, q) a smooth structure different from the above one

(see Remark 11.3).

In order to make the statement of gluing conceptual and strong, we shall have to introduce
the following formal definitions.

Suppose Iy = {ro, -+ ,rp1} and Iy = {r(,- -+, 77,4} are two critical sequences. If I, C I,
ro =19 and ), = Tpy1, i.e. To = {ro, 7, -+ T, Tkt1}, denote them by I, < I;.

We use the notation Aj, to represent the gluing parameter for My,. Here Aj, = (A, -+, A\jpy)) €
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H'lﬂ[(), +00) = [0, +00)1l. By the relation between I; and I, we introduce the following

definitions of the tuples induced from A;,. Define Ay, 1, € [0, +00)2l as

AIIJQ = (>‘i1?"' 7)\1'1)‘ (].11)

Here we consider Ay, 7, as a gluing parameter for My,. Define Ay, (I} — I5) € [0, +00)ltl as

0 r; € ]2,
An (I — 1)(i) = (11.2)

)\i r; g ]2.

For example, suppose Iy = {rg,71,79,73,74}, lo = {ro,r2,74} and A;, = (5,6,7), then

Ap,p, = (6) and Ay, (I; — 1) = (5,0,7).

Suppose Iy = {ro, -+ ,Tp41}, Lo = {70, -+ , 741} and 7441 = (. Define
I Iy ={ro, -+ Tha1, T, Tl ) (11.3)
If 24 = (a1, -+, ap1) € My, and 2o = (af,--- ,aj,,) € My,, then define
Ty - T = (ar, -+, Q1,0 ,ap,) € My X My, = My, .p,. (11.4)

Suppose Ar, = (A1~ , Ajp) and A, = (A, -+ ’)\ihl)’ define

Ah . AIQ = ()\17' T 7)\|11\a07 )\/17 ) ‘/I2|)' (115)
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In particular, if [I1] = 0, then Ay, - Ap, = (0,A], -+ A,)). If [Io] = 0, then Ay, - Ap, =
(A1, AL, 0). IF |11 = |Io] = 0, then Ay, - Ap, = (0).

Suppose [ = {rg,r1, -+ ,7ks1} is a critical sequence. Recall that an element = € M is
a (un)broken flow line which is broken at the points r; (i = 1,--- , k). A gluing should be a
map G : M x [0,e)!l — M(rg,r)141) for some ¢; > 0. For all (v,A;) € My x [0,er)1],
we have Ay = (A,---, ) is a parameter of gluing, and G;(x,A;) is the (un)broken flow
line glued from z. We expected that G(x, A7) is not broken at r; if and only if A; > 0. Thus

we can interpret the gluing map as a collaring map, which leads to the following definition.

Definition 11.1. A map G : My x [0,e)!l — M(ro,751) for some e; > 0 is a gluing
map if it satisfies the following properties. (1). It is a smooth embedding. In particular, if
11| =0, G; : My = M(ro,m1) = M(ro,m1) is the inclusion. (2). It satisfies the stratum
condition, i.e., suppose I = {ro,r1, -+ i}, Ar = (Ai,---, \ypp) € [0,e)), I, < I, and

Ai = 0 if and only if r; € Iy, then for all x € My, we have Gr(z,A;) € My,.

Now we give two examples to illustrate the compatibility issue of gluing.

Suppose the gluing maps are defined for all critical sequences. Suppose I} = {rg,71,72,73,74},
Iy = {ro,ro, 74}, Ay = (A1, A2, A3), Ar > 0, A3 > 0, and x € My,. Gluing = at the points
and r3 at first, we get y = G, (x, A1,0, A3) € Myp,. Do we have G, (y, \2) = G, (x, A1, A2, A3)?
This is a question about the compatibility for a fixed critical pair (rq,r4).

Suppose Iy = {ro,ri,m}, Io = {ra,7r3,74}, A, = (A1), A, = (M), 21 € My, and
e € Myp,. Gluing x; and xq, we get y; = Gy, (21, A1) € M(ro,m2) and yo = G, (22, A2) €
M(ry,74). Do we have Gp,.p, (71 - x2,A1,0,A2) = (y1,y2)7 This is a question about the

compatibility for different critical pairs.
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The following theorem answers the above two questions.

Theorem 11.2. Suppose M 1is a manifold such that a Morse function f is defined on it.
Suppose a set ), a relation “ = 7 and moduli spaces M(p,q) are defined which satisfy

Assumption 11.1. Then the gluing maps (see Definition 11.1) can be defined for all critical

sequences. These maps satisfy the following compatibility.
(1). Compatibility for One critical Pair. Suppose Iy =< Iy, let € = min{ey,, €, }. Then,

for all v € My, and Ay, € [0,¢)1l such that A\; > 0 when r; & I, we have
GII (ZE, Ah) = Glz(Gh (xv AIl (Il - IQ))vAh,b)' (11'6)
(2).  Compatibility for Critical Pairs. Suppose Iy = {ro, -+ , 11} and Iy = {rp1,
- Tn}. Let € = min{e,, er,,€1,.1,}, then for all v € My, v5 € My,, Ay, € [0,6)11) and

Ag, €0, 6)2l we have

G11-12($1 + L2, AIl ’ Alz) = (Gll (xb AIl)’ Glz (372, AI2>> (11'7>

€ M(ro,rhe1) X M(Thy1,n).

Theorem 11.2 will follow from a more general Theorem 11.6.
We introduce a traditional notation of gluing as in the Introduction (see e.g. [25, p.
529]). Suppose 73 € M(p,r) and 72 € M(r, q) are two flow lines. We denote the gluing map

Giprar (71,72, A) by 71#172. Theorem 11.2 derives the following theorem immediately.

Theorem 11.3. Under the assumption of Theorem 11.2, there exist e; > 0 for all critical

sequences 1 with |I| = 1 or |I| = 2. For all {ro,r1,7r2}, the gluing v1#\v2 can be defined
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for (v1,72) € M(rg,11) X M(11,72) and X € [0, gy 11.r0}). The gluing satisfies the following
associativity.

For all vy € M(p1,p2), 72 € M(p1,p2), 73 € M(p2,p3), and A\, Ao € (0,€), where

€= mm{e{po,pl,pz}v €{p1,p2,p3}> 6{,,0,,,1,,,24)3}}, we have

(M#n72) Faa¥s = NFEn (2F#a3) - (11.8)

Proof.

(M#n12) #2273
G{po,pmps} (G{po,plmz} (71,725 A1), 73, )\2)
G{I’o,pQ,ps} (G{po,pl,m,ps} (717 V2,735 AL, 0)> /\2)

G{p07p1,p2,p3}<71: V2,73, /\17 /\2)

Here we have used the (2) of Theorem 11.2 in the second equality and the (1) of Theorem

11.2 in the third equality.

Similarly,
’yl#/\l (72#)\273) = G{po,php%ﬁ?’}(’yla V2573, >\17 >\2)
This completes the proof. O
Remark 11.2. Suppose I = {ro, - 741} is a critical sequence. Let € = min{e; |

JCI, and |J| =1 or2.}. Then, for (y1,7) € M(ri,r;) X M(r;,r1), the gluing 17272 in

Theorem 11.3 can be defined for A € [0,¢€). And the gluing satisfies the associativity. Thus
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we can define Gy on My x (0, )| for any J C I by inductive gluing of pairs of flow lines.

The definition of G; does not depend on the order of the pairwise gluing.

By Theorems 4.4 and 8.6, Assumption 11.1 holds in certain practical cases. Thus The-
orems 11.2 and 11.3 lead to the following two propositions, where M(p,q) and “ = 7 are

defined as Definitions 2.9 and 2.12.

Proposition 11.4. Suppose M is a complete Hilbert manifold. The Morse function f sat-
isfies Condition (C) and has finite indices. The metric on M is locally trivial and —V f
satisfies transversality. Give M(p,q) the smooth structure induced from D(p) and A(q).
Then there exist smooth structures on W and gluing maps which satisfy the compati-

bility and associativity in Theorems 11.2 and 11.5.

Proposition 11.5. Suppose M is compact and —V f satisfies tranversality. Then there

exist smooth structures on M(p,q) and M(p,q) and exist gluing maps which satisfy the

compatibility and associativity in Theorems 11.2 and 11.35.

Remark 11.3. Proposition 11.5 is based on Theorem 8.6. In the case of a compact M, it
has the advantage that the metric is allowed to be general. However, the smooth structure

on M(p,q) may be different from the natural one when the metric is not locally trivial.

11.2 Generalization

The statement of Theorem 11.2 actually does not directly depend on any speciality of Morse
theory. Thus we can generalize it to be the following Theorem 11.6 on collaring maps of

manifolds with faces.
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Suppose (2 is a partially ordered set with a partial order “ = 7. Suppose I = {ro,r1, - ,7k11}
is a finite chain of €2, i.e., I C Q and r; > ;1. We call rg the head of I and r;,; the tail of
I. Define the length of I as |I| = k. If J C I, J = {r(, -+, 111}, ro = ro and 7, = Tjq1,
ie. J = {ro,riy, -+ ,7i,ky1}, denote them by J < I. Suppose Iy = {ro, -+ ,rr+1} and
Iy = {ryy1, -+ ,rn} are two chains. Define I} - [y = {rg, - ,7,}, which is also a chain.
Suppose a finite dimensional manifold M(p, ¢q) is defined for each pair (p,q) C Q such

that p = ¢. For the above chain I, define M; = HLIZ‘O M(ri,riv).

Assumption 11.2. The partially ordered set €2 is countable. The finite dimensional man-

ifolds M(p,q) can be compactified to be M(p,q) which are compact smooth manifolds with

faces. These M(p, q) satisfy the following conditions.

(1). We have M(p,q) = ||, M1, where the disjoint is over all finite chain I with head

p and tail q. The k-stratum of M(p,q) is |_||I\:k: My, and each M7 is an open subset of the

k-stratum. The smooth structure of M(p,q) is compatible with those of M.

(8). Suppose p = r = q, then the natural inclusion M(p,r) x M(r,q) — M(p,q) is a

smooth embedding.

We introduce the following definitions similar to Section 11.1. Use A; = (Ay, -+, Ajp) to
represent the collaring parameter for M;. Define Ay, (I — I5), Ay, 1, and Ay, - Ag,. Also for
x1 € My, and z9 € My, define x1 - x5 € My, o,

Define the collaring map G : M; x [0, 7)1l — M(ro, r7+1) as Definition 11.1.

The proof of the following theorem is given in Section 11.4.

Theorem 11.6. Under Assumption 11.2, the collaring maps G can be defined for all finite

chain I of Q2. These maps satisfy the following compatibility.
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(1). Suppose Iy = I, let ¢ = min{es,,er,}. Then, for all x € My, and A;, € [0, €)1

such that A\; > 0 when r; ¢ I, we have

GIl (vah) - sz(Gll ($7A11 ([1 - IQ))vAh,Iz)‘ (119)

(2). Suppose Iy = {ro, -+ ,res1} and Iy = {ryyq, -+ ,rn}. Let € = min{es,, €, €1,.1,},

then for all 7, € My,, x9 € My,, Ay, € [0,€)11, and Ay, € [0,¢€)2!, we have

G[1.12($1 . $2,A]1 . Afz) = (Gh ($1,A]1>, GIQ(I’Q,A[Q)). (1110)

11.3 Face Structures

In order to prove Theorem 11.6, we shall study the face structures at first.

By Definition 2.20, if F' is a face of L, then F' = | | o Ca, where C,, is the closure of C?

ael
and C? is a component of L. As pointed in [32], F is still a manifold with corners. We

have the following result which is trivial when 2l is a finite set.

Lemma 11.7. Using the notation as the above, we have that F' is a smoothly embedded
submanifold with corners inside L. The components of F' are C,. The interior of F (i.e.
OF ) is || .oq C° and F is a closed subset of L.

acl

Proof. First, we show that C, is a submanifold with corners and its O-stratum is C5. It
suffices to show that, for each x € C,, there exists an open neighborhood U, of x such that
U, N C,, has the desired corner structure.

We can choose U, such that it has the chart (—e, €)"~! x [0,¢€)! and z has the coordinate
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(0,---,0). Clearly,
!
U,NCo S| | [(—e. " x (0,6) 7" x {0} x (0,6) ],
=1

and U, N C° # (). We may assume [(—e, )"~ x {0} x (0,€)"71]NC° # 0. Since (—e, )" x
{0} x (0,€)""! is connected and contained in 9'L, and C? is a component of O'L, we infer
that (—e,e)"! x {0} x (0,¢)""* C C°. By Definition 2.19, it’s easy to see U, N C° =
(—e, )"t x {0} x (0,¢)"L. Since, U, is open, we have U, N C, is the relative closure of
U, N C2 in U,. In other words, U, N C, = (—¢,¢)" ' x {0} x [0,€)""* and the 0-stratum of
U, N C, is contained in C;. Thus we get the desired corner structure.

Second, we show that F'is a manifold with corners.

Since C, has no intersection with other Cs, by the above argument, we can see that the
above open neighborhood U, has no intersection with other Cs. Thus (J, . U, is an open
neighborhood of C, which has no intersection with other Cs. So C, is relatively open in F'.
This verifies the manifold structure of F'.

Finally, we show that F'is a closed subset of L. Suppose z is in the closure of F', then x
can be approximated by points in /" and thus by points in | | .o Cs. By the above argument,
it’s easy to see that x belongs to some C,. O
Lemma 11.8. Suppose L is an n dimensional manifold with faces. Suppose F; (i =1,---k)
are faces of L such that their interiors are pair-wisely disjoint and ﬂleFi s nonempty.

Then ﬂle F; is an n—k dimensional smoothly embedded submanifold with corners inside L.

Proof. Let x be an arbitrary point in ﬂle F;. It suffices to prove that there exists an open

neighborhood U of x such that U N ﬂle F;; has a corner structure.
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For each i, x belongs to an unique component of F;. Since this component is relatively
open in F;, we can choose U small enough such that U has no intersection with other
components. Thus we may assume F; is connected.

By the proof of Lemma 11.7, we can choose U such that it has a chart (—¢, )"~ x [0, €)',
z has the coordinate (0,---,0) and UNF; = (—¢,€)" ' x {0} x [0,€)""*. Since the interior of
F; are pair-wisely disjoint, repeating this argument, we get U N F; = (—¢,¢)" ' x [0,¢)"7! x
{0} x [0,€)"". Thus U NN, Fy = (—€,€)" " x {0}* x [0,€)!"*. This verifies the corner

structure. O
We introduce another concept following [24].

Definition 11.9. Suppose Lq is a submanifold without corners inside L and x € Ly, we

define the normal sector A,(Ly,L) = A, L/T, L.

In [24], A.(L1, L) is called secteur transverse.

Define the tangent sector bundle AL as the subbundle of T'L with fibers A,L. Define
the normal bundle N (L, L) as the bundle whose fibers are the normal space N, (L, L) =
T.L/T,L;. Define the normal sector bundle A(L;, L) as the subbundle of N(L;, L) with

fiber A,(L1, L) and Ay, L as the restriction of AL to L;.

Lemma 11.10. Under the assumption of Lemma 11.8, assume that Ly is an open subset
of OL and L, C ﬂleFi. Then there exist smooth sections e; of Ap, L (i = 1,--- k)
satisfying the following stratum condition: (1). e; € Ar, (N, F); (2) {me1, -+ mey} is
linearly independent everywhere and all elements in A,(Ly, L) can be linearly represented
by {mei(x), -+ ,mex(x)} with nonnegative coefficients, where m : Ap, L — A(Ly, L) is the

natural projection.
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Proof. Suppose © € Ly, by the proof of Lemma 11.8, there exists a neighborhood U of
x such that U has a chart (—e, )" % x [0,€)*, 2 has the coordinate (0,---,0), UNL; =
(—e,6)" * x {0} and UN F; = (—e,6)" % x [0,€)""! x {0} x [0,€)*~%. Thus U N Nz Iy =

(—e,6)"F x {0} x [0,€) x {0}f~". Obviously, for any vector e;(x) € Ay(;; ;) — TuLn,

i
we have {mei(x),--- ,meg(x)} satisfies the desired property in A,(Ly, L).

Since L; is an open subset of the 1-stratum of (; i Fj; we can choose a smooth inward

normal section e; along L. O

In the case of Assumption 11.2, it’s easy to see that M(p,q) is a manifold with faces

M(p,r)x M(r,q). The interiors of these faces are M(p, r) x M(r, ¢) which are pair-wisely dis-

joint. Suppose I = {p,ry, -+ , 7k, q} is achain of Q. Let I, = {p, 71, - , 71, Tis1, " , ks G}

7

Then M is the interior of (;_, M(p, ;) x M(r;,q), and Mz M(p,15) X M(r;,9) = My,

By Lemma 11.10, we have the following corollary.

Corollary 11.11. There exists a smooth frame {eq,--- ,ex} along M satisfying the follow-
ing stratum condition: (1). e; € Ap, My, ; (2). {mey, - ,mey} is linearly independent every-
where and all elements in A,(Mp, M(p, q)) can be linearly represented by {me,(x), - - -, mep(z)}
with nonnegative coefficients, where m : AMIW — A(My, M(p,q)) is the natural pro-

jection.

For a manifold L with corners, [24] shows that there exists a connection on L such that
all strata are totally geodesic. (See [13, Chapter 4] for a detailed treatment of connections.)
Suppose L is a stratum of L. Then by the above connection and the exponential map, [24]
shows that an open neighborhood of L; in A(Ly, L) is diffeomorphic to an open neighborhood

of Ly in L. Thus by the frame in Corollary 11.11, we get the following lemma.
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Lemma 11.12. There is a smooth embedding o; : My x [0, Dl — M(p, q) satisfying the

stratum condition (See (2) in Definition 11.1).

In order to prove Theorem 11.6, we need to use some connections even better than the
above one. This leads to the definition of the product connection. There are several ways
to define a connection on a manifold L. One is as follows. A connection is to assign each
smooth curve 7 : [0,1] — L a parallel transportation (displacement) P, : T’ L — T',q1)L
which is a linear isomorphism. Suppose L; and L, are two manifolds with corners. Clearly,

T(Ly x Ly) =TLy x TLy. We define the product connection on Ly X Ly as follows.

Definition 11.13. Let v = (71,72) : [0,1] — Ly X Ly be a smooth curve. Define the
parallel transportation Py : Ty (L1 X Ly) — Toy(Ly X La) as Py(vi,va) = (P, v1, Py,v2),
where P, is the parallel transportation along ;. The connection assigning P, is the product

connection.

For a product connection, a curve v in Ly X Lo is a geodesic if and only if both v, and 7,

are geodesics. By Lemma 11.12, ; pulls back the connection on M(p, q) to My x [0, 1)!1].
Let v be a curve in M; x [0,1)/l such that v(t) = (z,0(t)), where z € M; and o is a
straight line in [0, 1)/, If o passes through the origin, then 7 is a geodesic because ¢; is
defined by the exponential map. Since M is totally geodesic in m, we infer that M
has a connection. Moreover, [0, 1)/! also has its standard flat connection. We can define the
product connection of M; x [0, 1)” |, The product connection coincides with the old one on
T(M; x {0}, and ¢y is still given by the exponential map under the new connection. This

new connection has its advantage over the old one. In particular, for every straight line ¢ in

[0, D! not necessarily passing through the origin, y(t) = (z,0(t)) is a geodesic of the new
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connection. This is important in the proof of Theorem 11.6.

11.4 Proof of Theorem 11.6

Before proving Theorem 11.6, we shall introduce some definitions and notation.

Definition 11.14. Suppose (p,q) C 2, where Q is the set defined in Assumption 11.2. If
p ¥ q, then define the length of (p,q) as |p,q| = —1. Otherwise, define the length of (p,q) as
Ip, q| = sup{|I| | I is a chain with head p and tail q}.

By (1) of Assumption 11.2, we know that |p, ¢| < dim(M(p,q)) < +oc.

By the compactness of m and (1) of Assumption 11.2, there are only finitely many
chains I with head p and tail q.

Suppose Iy = {ro, - , 71} and Iy = {ro, 74, -+ , 74, Tk41} are two chains of 2 such that

I, = I. Like Section 11.1, if A, = (A, -+, \y,) € [0, +00)2l is a collaring parameter for

for My,, then define Ay, ;, € [0, +00)!1l as

Ai 15 € Iy,
Ap (i) = (11.11)

0 7‘@%]2.

Here we consider Ay, 1, as a collaring parameter for My, .

IfI; <1 (i=1,---,n), then define

A[+A]1+"'A]n ZA[—FA[L[—F"'A]M[. (11.12)
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Clearly,

A[l = A[1 (II — IQ) + AIlJz

For example, suppose Iy = {rg,r1,79,73,74}, Io = {ro,m9,74} and A, = (5,6,7), then

Ah,[z = (6), and

An (I — L) +An, =(50,7) 4+ (6) = (5,0,7) + (0,6,0) = (5,6,7) = Ap,.

If A]2 = (8), then AIg,h = (0,8,0) and

Ap 4 A, = (5,6,7) + (8) = (5,6,7) + (0,8,0) = (5,14, 7).

Proof of Theorem 11.6. We shall define G by exponential maps. This requires two things.
First, a frame satisfying the stratum condition (See Corollary 11.11) in A(M;, M(p,q)).
Second, a connection on m The proof is to construct the above two things by a
double induction. The outer induction is on the length |p, ¢|. We construct the desired G} in
the case of |p, g| = n based on the hypothesis that all G; have been constructed and satisfy
(11.9) and (11.10) for all |p, g| < n. The inner induction is the process to construct Gy for a
fixed pair (p, q).

(1). The first step of the outer induction (the induction on |p,q|).

When [p, ¢| = 0, then M; = M(p, ¢), define G; : M; — M(p, q) as the identity.

(2). The second step of the outer induction (the induction on |p,q|).

Suppose we have constructed the desired Gy for all pair (p, q) such that [p,q| < n. We

shall construct G in the case of |p,q| = n. The construction is the inner induction. Let
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X}, be the union of all I-strata of M(p,q) with [ > k. Clearly, X311 C X}, Xj is the full
boundary of m We shall construct a family of open sets U, such that U,,; C Uy
and X; C U, by an inverse induction on k. In other words, construct Uy after having
constructed Uy,1. For each k, we shall construct Gj : (M; N Uy) x [0,€)!l — M(p, q) such
that ImG; C Uy, and all Gy satisfy (11.9) and (11.10). We call such a map G in Uy, denote
it by Grly,. Extend G; with the step of the inner induction. Clearly, U; contains all M
such that |I| > 0. If the construction of G|y, is finished, we shall complete the proof by
defining Gy, 4y as the inclusion.

Since |p, q| = n, the stratum with the lowest dimension is the n-strata.

(I). The first step of the inner induction (the induction on Uy).

We shall construct U,,, G|y, , frames for M; N U, and a connection providing all G via
the exponential map. Moreover, (M;NU,) x [0, )| will also have a product connection (see
Definition 11.13 and the comment following it) if we pull back the connection on U, via G.

We know that X,, = U|J|:n M ;. By Lemma 11.12, we can construct a smooth embedding
@y My x[0,e)” = M(p, q) satisfying the stratum condition (See (2) in Definition 11.1).
Furthermore, M is compact because it is closed (also open) in the lowest dimensional
stratum. Choose €y small enough, I'mg; are pair-wisely disjoint for all J such that |J| = n.
Fix J = {p,r1, -+ ,rn,q}. Suppose J; = {p,r1,---,r} and J = {r, -+ ,rn,q}. Clearly,

[p, 11| < n and [ry, q| < n. By the outer induction on |p, g, G, and G j; have been defined.

Lemma 11.15. There exists ¢ > 0. And @y can be modified to be defined on My x [0, ¢)!
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such that for alll € {1,--- ,n}, we have

(w1 29, Ay, 'AJ;) = (GJZ<5U17AJ;)vGJl’(m%AJl’))-

Proof. For small €, G, X G j1 (M yx HLQLM [0,€)) € Imp,, where G, X G (w122, Ay, Agy) =
(GJz (xh AJZ)? GJ[ (l’27 AJZ’))

Consider the following map ¢; = gojl o (Gy, x GJZ/),

|J]
o1 My x H [0,¢) = Imp; — My X [0,60)‘“".

i=1,il
We only need to prove that ¢; can be modified such that for all [,

Cbl(l‘, )\17"' a)\l—hAH-la"' 7/\n) = (xa Al)"' a)\l—1707>\l+1a”' 7>\n) (1113)

Denote ()\la"' 7)\71) by AJa ()\17"' a)\l—la)\H—la"' 7)\71) by AJ—l7 (>\17"' 7Al—1) by AJ[? and

(i1, 0o+, An) by Ayr. Since Im(Gy, x G ) € M(p, 1) x M(r, q) and ¢ satisfies the stratum
condition, we have

¢l(x7AJ—l) == (a,01," : ,Cl_l,O,CH_l,‘ o 7Cn)

where a and ¢; are smooth functions of x and A;_;.

Define 6, : M x [0,€)l/l — M x [0, ) as

el(l',AJ) = (CL,' te 7cl—17)\l7cl+17' o acn)- (1114)
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Since ¢; is a smooth embedding, so is ;. Since M ; is compact, shrink ¢, if necessary, we

may assume ;' can be defined on M x [0, €)!/l. Thus

(psob) o (G, x GJ{)($7 Aj-i)
= 9;1 O ¢l(x, AJ,I)
= (xa)\la"' 7)\l7170>)\l+17"' 7)\11)

= <x7AJl : AJ{)

Modify ¢ to be ¢ 0 6;, we get (11.13) is true for a fixed [ and some € > 0.

In general, suppose we have proved (11.13) is true for [ € {1,--- ,j — 1}, we shall modify
@y such that (11.13) is true for alll € {1,--- ,j}. Let x = x1-29-x3, where 1 = (ag, -+ ,a;—-1),
xy = (ar,--- ,a;-1) and x3 = (a;j,--- ,a,). Denote {r;,--- ,r;} by Ju, ) and (N, , Aj—1)

by AJ(lﬂj) .

qu(I',AJl : AJ(Z7‘7.),AJJ() - gp;l(GJj (xl : x27AJl : AJ(l’j))7 GJJ’ (‘r37AJJ/.))'

Since |p, r;| < n, by the outer inductive hypothesis, G;, satisfies (11.10). Shrink € if necessary,

we have

GJj( 1 T2, AJZ : AJ(ZJ)) = (GJZ (SE17 AJ[)? GJ(I,]-) (SUQ, AJ(l,j)))a

Similarly,

GJ;(l”z "3, AJ(l,j) 'AJJ’.) = (GJUJ)(ZL“Q, AJW)), GJJ’. (553, AJJ/.))-
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Thus

GJj X GJ]/.('I7AJZ ‘AJ(l,].)7AL]J{) = GJZ X GJZ/(QU,AJ”AJ(ZJ) AJJ/)

Then

qu(x, AJz ) AJ(z,j) ) AJ;)
= 90;1 © (GJj X GJ]')(:Ea AJz ’ AJ(z,ijJ]’.)
= SOEI © (GJL X GJ[)('I7 AJ” AJ(ZJ) : AJJ/)

= ¢l<x7AJﬂAJ(l’j) ’ AJ]’)

Since ¢; satisfies (11.13), we have ¢y(z, Ay, Ay, ;) - M) = (2, My - Ay, - Ag), or

¢j(x7 )\17"‘ 7)\l71707Al+17”' 7Aj*17)\j+17”' J)\n)

= (T, A, N, 0, 01, A1, 0, A, Ag).

Define 6; : My x [0,€)/l = M x [0, )/’ as (11.14), we have

9]'(1',>\1,"' 7)\171707)\l+17"’ 7)\n) = (917,)\17"' 7)\171707)\l+17"' 7)\n)-
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The operation of §; on M ; X HL‘QLZ.# [0,€) x {0} is the identity. Thus

(ps00;) "o (Gy xGy)
= 07 o () o (Gy xGy))
= ;' o(Gy xGy)

=

So if we modify ¢; to be ¢ 0 6;, then ¢; (I < j) will not change and still satisfy (11.13).
However, ¢; may change and must satisfy (11.13) now. Thus we get a new ¢, such that
(11.13) is true for [ € {1,--- ,j}.

Repeat this process, we finish the proof of this lemma. O

Now we define Gy in Imep,. If I £ J, then Imp; N M =0, we don’t need to consider
it. We assume I < J.

For all y € I'mg; N My, there exist x € M and A; € [0,¢€)™ such that y = ¢, (x,Ay)
where x and A ; are unique and A; = 0 if and only if r; € I. Define G;(y, A1) = ps(z, Aj+As).
7]

Since ¢ is a smooth embedding, so is G;. (Actually, if we identify Imp; with M x [0, €)

via ¢y, then Gy has the form G;((x,Ay),Ar) = (x,A; + Af).)
Lemma 11.16. The maps Gy satisfy (11.9) in Imyy.
Proof. Suppose I, < I} < J and y € Imy; N My, we need to show that G, (y,Ar,) =

G12<G11 <y> AIl (II - 12))7 AIlJz)'

Suppose y = @s(x,Ay), we have G, (y,Ar,) = @s(x,A; + Ap), Gr,(y, A, (11 — 1)) =
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os(x, Ay + Ap, (1) — 1)), and

sz(Gh (y7 Ah ([1 - [2))7‘/\11,12)
= Grlps(x, Ay +An (L — 1)), A1)
= @y, Ay + A (I — L) + A 1)

= @J(xaAJ +AI1) = Gfl(yuAh)‘

This completes the proof of the lemma. O
Lemma 11.17. The maps Gy satisfy (11.10) in Imyp,.

Proof. Suppose [ X J, [ =1, - I, y1 € My, y2 € My, and y; - y2 € I'mp,;. We need to
show that G;(y1 - y2, Ar, - An,) = (G, (y1, Ar), Gr,(y2, AL)).

Since I < J, we have J = J; - J/, I, 2 J; and I, < J] for some J;, = {p,r1, - ,1}
and J| = {r;,---,rn,q}. Since y; - yo € My x My, and y; - y2 = ps(x,As), we have
T = x1 - Tg for some 1 € M, and w3 € My and Aj = Ay, - Ay for some Ay and Ay Thus
Y1+ y2 = @122, Ay - Ay). By Lemma 11.15, y1 = Gy (21, Ay) and yo = Gy (w2, Ay).

Furthermore,

Gl(yl Y2, AIl ’ Alz)
= @y(@1 22, Ay - Ay + Ap, - Ap,)

= SOJ(-%I + T, (AJl + AIl) ’ (AJ{ + AI2))'
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By Lemma 11.15,

@J<x1 * L2, (AJL + Ah) ) (AJ{ + AIZ)) = (GJL<:U17AJ1 + Af1)7 GJl’(x??AJ{ + AIQ))'

Since [p, 7| < n and [r;,q| < n, by the outer inductive hypothesis, G, G, Gr, and Gy,

satisfy (11.9). Thus

(GJz(xh Ay + An), GJ[(%, AJ; + Ap))
= (Gll <GJl<x17AJ1)7AI1)7 GIQ(GJZI(SEQ?AJ{)aAIQ))

= (Gh(yhAIl)aGIQ(Z-/Q?AIQ))-

This completes the proof of the lemma. a

We have defined the desired G; in I'mg; for all T such that M; N Imep; # (. Clearly,

(M0 Imgy) x [0,€) has a frame {ai,\lv"' ,%}. Then
LD, Nin(D)} = dGila | o, o
1 ) s V|| - I|A;=0 a)\la ’a>\‘[|

serves a desired frame of A((M; N Imepy), M(p,q)). Identify Imep; with My x [0, €)! via
w7, give Imyp; the product connection (See Definition 11.13 and the comment following it.).
Again, Gi(y,A;) = os(x, Ay 4+ A;), and Ay + tA; for t € [0,1] is a line segment in [0, €)].
Then G;(y,tAr) is a geodesic segment. Thus G;(y,A;) = exp(y, Z'fz‘l ANNG(I)) and this
connection is the desired one.

Do the above construction for each J such that |J| = n. Clearly, G; = ¢, when |J| = n.
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Let U, = U| Jl=n ImGy, then U, O X,,. This completes the first step of the inner induction.
(II). The second step of the inner induction (the induction on Uy).
Suppose we have constructed Uy = Ullo\szrl I'mGy,. Suppose, for all I, we have con-

structed Gy the frames on M; N Uy, and the connection on Uy, which provides Gy

Uiy
via exponential maps. Moreover, (M; N Ui11) x [0, €)/l has a product connection if we pull
back the connection on Uy, via G;. We shall extend the above things to those on Uy.

The construction shares many details with the first step. The essential point is that the
definition of G|y, should be an extension of G|y, .

Let Ur1(0) = Ujrisppr Grlog, (M % [0,0)11) for § € (0,¢). It’s an open set such that

Xir1 C Upia(6) C Uppr Let U1 (6) = Uyypsigs Grlvg,, (Mr x [0,8]1).

Lemma 11.18. The set Uy11(9) is closed.

Proof. For each I such that [Io| > k + 1, we have My, = | ; ; M is compact. Moreover,
Grolve., : My, x [0,€)?l — M(p, ¢) has been defined.
Define Gy, : My, x [0,e)l0l — M(p,q) as Gr,(z, A1) = Grlo,,, (v, A1) for (z,Ag) €

M; x [0, €)ool Since the maps G satisfy (11.9), we infer that G, is well defined and is

|Uk+1

a smooth embedding.

Thus Uk41(0) = Uy isha1 G1,(My, x [0,6]l) is compact. O

As the first step, by Lemma 11.12, for each J such that |J| = k, there is a smooth embed-

9

ding ; : M ;x[0, )l — M(p, q) satisfying the stratum condition. Thus dgoj{aih, g

is frame satisfying the stratum condition (See Corollary 11.11). By the inner inductive hy-
pothesis, M ;N Uy already has a frame {N;(J),--- , N j(J)} satisfying the stratum condi-

tion. Both N;(J) and dcp(;% represent nonzero elements in the same A(M ;, M;) = [0, +00)
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for some I < J such that |I| = |J|—1. Thus, for all a(z) > 0, {a(m)Ni(J)—l—(l—a(x))dgoJ% \
i =1,---,n} is also a frame satisfying the stratum condition. By Lemma 11.18 and the
partition of unity,, there is a frame satisfying the stratum condition and coinciding with
the old one in Uyy1(d) for some 6 > 0. Also by the same reason, there is a connection in
Ukt+1 U Impy such that it coincides with the old one in Uy, 1(d). Then, by the above frame
and connection, we can modify ¢; such that it coincides with G|y, , in Ugy1(5). Since
M = Ups1(0) = My — Up11(9) is compact, and G|y, ,, is an embedding, by Lemma 11.18,
we infer ¢ is an embedding defined on M x [0, €)! for some ¢y € (0,4]. Just as the first
step, we can modify ¢; furthermore such that it satisfies the conclusion of Lemma 11.15.
Since originally ¢; and G|y, ,, coincide in Uy;q(6) and G|y, , satisfies (11.10), the mod-
ification does not change ¢ |y, (5. Thus the modified ¢; still coincides with G 7o, ., in
Uk+1(0).

The big difference between this step and the first step is as follows. In the first step,
Imypy are pair-wisely disjoint for |J| = n. Thus there is no contradiction of the definition
when G7 is defined in each I'myp;. Now it’s impossible to make I'my; pair-wisely disjoint.
We shall control their pair-wise intersections. Suppose J; # Jy and |J;| = |J2| = k. Then
(My, — Up1(0) N (Mg, — Ups1(6)) € My, N My, = 0. Since M, — Ug11(0) is compact,

shrink ¢ if necessary, we have

e (M, = Upa(8)) x [0,60)"1) N g, (Mo, = Upca(8) % [0,0) 1) = 0.

Since

s, (Mg, N Uea(6)) x [0, €0)") € Uy (6),
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we get Impy, N Ime, C Uga(9).

Now we define Gy in each Imep;. We only need to consider I such that I < J. For all
y e M0 Imgy, y =@z, Ay), define G;(J)(y, Ar) = os(z, Ay + A;). Given @, = Gilvg,,
in Upy1(6), similarly to the argument in the first step, we get G;(J) = Grlo,,, in Ugs1(6).
Since Imepy, N Impy, C Upy1(9), CNJI(Jl) coincides with éI(JQ) in their common domains.
Define Glimy, = éI(J). Then Gy is well defined on Uy1(d) U U‘lek Imep; and it coincides
with Grlo,,, in Upy1(6).

Similarly to the first step, the maps G|, satisfy (11.9) and (11.10).

Shrink Uy to be Uyy1(€o). Again, G; = ¢y when |J| = k. Let

Ur = Upp1 U | G(My x [0,€)").
|J|=k

The desired G|y, is defined in the above. Shrink €; to be ¢ for all I. Give frames to
M N Uy as the first step. For |J| = k, give ImG; the product connection via G;. The old
connection in Uy is the product connection. Thus the new connection in ImG; coincides
with the old one in U,,;. This completes the second step of the inner induction.

(III). The completion of the second step of the outer induction (the induction on |p,q|).

For the fixed pair (p, q), the construction in Uy requires a shrink of ¢; for all I with head
p and tail q. However, the inner induction stops in a finite number of steps. Eventually, we
have ¢; > 0 which are the same for all I with head p and tail . And if I; - I = I, then
¢; < €7,. Thus we have constructed the desired G; for the pair (p,q) with length n. This

completes the second step of the outer induction and also the proof of this theorem. a
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11.5 A Byproduct

The argument for Theorem 11.6 already gives the following Proposition 11.19 which gives a
compatible collar structure for an arbitrary compact manifold with faces.

Suppose L is a smooth manifold with faces. Suppose F; (i = 1,--- ,n) are its faces such
that ", F; = Uy @"L. In other words, (J;_, F; is the full boundary of L. Suppose the
interiors of F; are pair-wisely disjoint.

Let I = {iy,--- ,ir} be a subset of {1,--- ,n}. Define [I| = k. Define F; =,.; F;. In
particular, when I = (), define Fjy = L. Then, by Lemma 11.8, F} is either empty or an n — k
dimensional smoothly embedded submanifold with corners insider L. Denote the interior of
F7 by FT.

Let Vi = [];¢;[0, 4+00) be a factor space of [0, +00)". In other words, V; is the product
of the ith coordinate spaces of [0, +00)" such that i € I. In particular, Vj consists of one
point. Let Vi(e) = [];-,[0,¢).

Let Ay = {\;,--- .\, } € V7 represent the collaring parameter for Fy. Suppose J C I.
Define Af(I — J) € V; as

0 e,
Ar(I = J)(i) =

Nio1el—J

Define ALJ e Vyas ALJ(Z') =\ fori e J.

Proposition 11.19. Suppose L is compact. Then collaring maps Gy : Fy x Vi(1) — L can
be defined for all I such that FY # 0. These maps satisfy the following conditions.
(1). They are smooth embeddings which satisfy the following stratum condition. If J C

I = {iy, -~ i}, Ar = { iy, A € Vi(1), and Ay = 0 if and only if i € J, then



177

Gr(x,Ar) € F§ for all x € FY. In particular, Gy : Fy = 9°L — L is the inclusion.
(2). They satisfy the following compatibility. If J C I and \; > 0 when i ¢ J, then, for
all x € F7, we have

G[(LC,A[) = GJ(G[(.I',A](I — J)),A]}J).

The assumption of Proposition 11.19 is more general than that of Theorem 11.6 in some
sense. However, this proof is actually even easier than that one because we only deal with one
manifold with faces. It only requires that (11.9) is true in a more general setting. We don’t
need any more the arguments related to (11.10) such as Lemmas 11.15 and 11.17. Instead
of a double induction, it suffices to repeat the inner induction in the proof of Theorem 11.6.
Since there are only finitely many set I, we can find € > 0 such that ¢; = € for all /. By a

scaling of parameter, we get ¢ = 1, which finishes the proof.
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In this dissertation, we study the moduli spaces and CW Structures arising from Morse
theory.

Suppose M is a smooth manifold and f is a Morse function on it. We consider the
negative gradient flow of f. Suppose the flow satisfies transversality. This naturally defines
the moduli spaces of flow lines and gives a stratification of M by its unstable manifolds. The
gluing of broken flow lines can also be constructed.

We prove that, under certain assumptions, these moduli spaces can be compactified and
the compactified spaces are smooth manifolds with corners. Moreover, these compactified
manifolds satisfy certain orientation formulas. We also prove that the stratification of M
is actually a CW decomposition of M with explicit characteristic maps, which has good
properties. Finally, we show that the associativity of gluing of broken flow lines exclusively
follows from the compatibility of the manifold structures of the compactified moduli spaces,
which establishes the associativity of gluing in certain cases.

In order to obtain the above results, we also prove some results on the dynamical aspects

of negative gradient flows, which may be of independent interest.
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