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1 Introduction

This dissertation concerns Markov modulated random sequences. It focuses on the
asymptotic behavior of suitably scaled processes. Our motivation stems from a wide
variety of applications in communication networks, stochastic hybrid systems, queue-
ing systems, control and optimization, economic systems, production planning, ac-
tuarial science, and financial engineering. Owing to the increasing complexity of the
real-world applications, one is often forced to deal with large-scale systems. Due to
the uncertainty of the random environment, there is a growing interest in modeling,
analysis, and optimization of large-scale systems using an additional random factor
in addition to the usual dynamic systems. In the past few years, increasing and
resurgent efforts have been devoted to treating regime-switching processes; see for
example, [2, 25, 26] for communication networks, [3] for computer models, [19, 20, 27]
for queueing systems, [9] for stochastic hybrid systems, [1] for option pricing un-
der random environment, [8] for economic systems, [24] for state aggregations, [26]
for wireless communications, and [29] for Markowitz’s portfolio optimization under
Markov modulation.

To further our understanding, we focuses on the study of non-Markov random se-
quences in discrete time in which the primary sequence is modulated by a switching
process. The modulating force, representing random environment and other stochas-
tic factors, is modeled by a Markov chain a; with a finite state space M with all

states being recurrent. We are concerned with asymptotic properties of the process



{X(k, )}, where for each « € M, {X(k,a)} is the primary random sequence, and
ay is a Markov chain. To visualize the movement of the resulting random sequence,
suppose for instance, initially, the Markov chain resides in a state «. It sojourns in
that state for an exponentially distributed random duration until time 77, the first
jump time of . The process takes the form {X (k,«) : 0 < k < 7 }. Then at 7, the
chain switches to a new state § # a and stays there for a random duration until 75 the
second jump time. During this period, the process becomes {X(k,5) : 71 < k < 7o}
and so on.

Because of the practical needs, the underlying Markov chain often has a large
state space (i.e., M|, the cardinality of M, is large). Apparently, corresponding to a
large state space M, there are large number of sequences { X (k, )} to be considered
(in fact |[M| sequences). The complexity becomes a real issue. It is important to
reduce the complexity. We note that although the Markov chain has a large number
of states, the transition rates among different states are not the same. A typical
situation is that transitions among some of the states are changing rapidly, whereas
others are varying slowly. The state space can often be split into smaller subspaces
such that within each subspace the transitions are about the same rate, and from one
subspace to another, the transitions happen relatively rarely. Such a model is known
as having nearly completely decomposable structure [3, 24] in the literature. From a
mathematical point of view, it can be setup as a two-time-scale model. A systematic
study of the related Markovian models has been taken recently [28].

For the random sequences under consideration, there are two main issues. The



first one is not much structure of the sequence {X(k, )} is known. The second
one is that as alluded to in the previous paragraph, for a large | M|, there are | M|
sequences of { X (k, ) : @« € M} to be dealt with. Suppose the state space M admits
the representation M = M; UMy U - UM, so that M, for ¢ = 1,...,ly can be
considered as subspaces, where the M;’s are not isolated. There are weak interactions
among the M;’s, and M is not completely decomposable but only “nearly completely
decomposable.” The precise form of transition probabilities will be specified later.
In this dissertation, we examine the random sequence {X(k,ax)} and aim to
reveal the intrinsic features of the underling processes. The sequences of interest
are formulated as two-time-scale processes to achieve the goal of reduction of com-
plexity. Under suitable conditions, we obtain invariance principles in the sense of
weak convergence. There are many well-known treaties of weak convergence methods
for stochastic processes and their applications. These include techniques based on
operator semigroup convergence theorems for Markov processes, martingale charac-
terization of limit processes, and representation of the limit as solutions of stochastic
equations; for example, [7], [15], [21], and many references therein. Here, we use
a martingale averaging approach. Due to the interactions of the switching compo-
nents, the primary process and the modulating process are intertwined and tangled
together, which makes the existing results not directly applicable to our problem.
However, using stochastic analysis techniques and by careful examination of the un-
derlying processes, we are able to overcome the difficulties and to obtain the desired

results. Dealing with mixing type processes, we carry out careful analysis for the



coupled system. There are really two averages are involved. One is the average of the
two-time-scale Markov chain leading to a reduced Markov chain with a much smaller
state space, and the other is an average of the mixing process leading to diffusion
processes. However, the primary sequences and the modulating sequence are inter-
twined making the averaging analysis a nontrivial task. In the literature, effort has
been made to treat evolution of systems in random media; see for example [14] and
references therein. In this reference, semi-Markov processes in general Banach spaces
are treated. In our setup, the primary sequence is non-Markov. The limit does not
have a Gaussian distribution but Gaussian mixtures.

Using two-time scales in the formulation, we introduce a small parameter ¢ > 0
into the transition probabilities so as to highlight the different rates of transitions.
Thus, we can write the Markov chain as o5 and write the sequence as X (k, af). The
significance of our results can be illustrated from the following example. Considered
an optimal control problem. Let I be a compact set of a multi-dimensional Euclidean
space, and u(-) = {u(r,a) € R4 x M} be a function such that u(z,«) € T for all
(z,a) € R x M. Then u(-) is said to be an admissible control and the collection of
all such functions is denoted by A, termed admissible control set. We wish to find

the optimal control of

J(z, o, u( EW‘Z (1— Be)* L(X, af, ul-)),
k=0

where 0 < < 1 is a discount factor, L(x,«,u) is a suitable cost function, and

X(0,a§) = (z,a). This is an analogue of the so-called Markov decision process; see



28, Chapter 8]. However, the process X (k, o) is non-Markov. We only assume that
for each «, {X(k, )} is mixing, and {ai} is a discrete Markov chain with nearly
completely decomposable structure. Due to the lack of structure of the process, the

problem is difficult to solve. The near decomposability however enables us to write

M:M1UM2"‘MlO.

That is, we decompose the state space into subspaces although these subspaces are not
isolated but weakly connected. Using the idea of aggregation, we lump the states of
the Markov chain in each M; into one state fori = 1,. ..,y to get an aggregate process
a;. Corresponding to this, we consider a new sequence {X (k,a3)}. Effectively, we
use a single sequence {X(k,4)} as a representative for the sequences {X(k,a)} for
all @ € M;. Using the idea to be resented in this paper, it can be shown that this
new sequence leads to a limit under suitable interpolations. Then one may construct
optimal control of the limit process and use it to that of the original system leading to
a near-optimal strategy. Similar approach may be taken to treat related optimization
problems. Note that the original modulating Markov chain has a large state space,
which renders the optimization problem computationally infeasible, whereas the limit
process uses aggregated states with a much less computation needed. The original
coupled sequence has little structure known to us and is difficult to handle. The
limit process, however, is a switching diffusion with a well-defined operator. Thus,
it is relatively easier to treat the associated limit system. Denote the original state

space and the state space of the limit by M and M, respectively. If |M| > |[M], a



substantial reduction of computational complexity will be achieved when one treats
control and optimization problems.

Next, we consider the case that the Markov chain is ergodic, but has a large
number of states (i.e., the cardinality |M]| is large). Owing to ergodicity, for certain
optimization problems, instead of treating each sequence { X (k, i)} independently, we
can consider an effective sequence, namely, the average with respect to the ergodic
measure of all the states. The message is that we can replace the large number
of sequences {X(k,i) : i« = 1,...,|M]|} by an aggregated average, whose precise
definition will be given later. To facilitate the use of the average mentioned above,
and dealing with many optimization problems, one frequently needs to answer an
important question after the replacement mentioned above. The question is how
good the approximation is. To answer the question, one needs to provide precise error
bound. IN the next part of our work in this dissertation, under simple conditions,
we establish strong approximation results for a centered and scaled sequence, which
justifies the replacement and ascertains the error bounds.

The rest of the dissertation is arranged as follows. Chapter 2 begins with the
two-time scale formulation and mixing property. Chapter 3 presents the precise for-
mulation of the problem under consideration and takes up the weak convergence issue
under a simplified setup. Careful analysis is provided leading to the desired limit sys-
tem. Further results and ramifications will be also presented in this chapter. To
facilitate the reading, a section is given at the end of the chapter to provide the proof

of a technical result. Chapter 4 develops strong approximation for the sequence of



interest. The coupling of the mixing random process X (k,7) and the Markov chain
oy, makes the analysis difficult. We divide our task of analysis into several subtasks
and use step-by-step approximation to reach our goal. In addition, an example of
an optimization problem is provided as a demonstration. The proofs of a number
of technical results are gathered and placed in the last section of Chapter 4. A few

further remarks are made in Chapter 5.



2 Preminaries

This chapter is devoted to the two-time scale Markov chains and the concept of ¢—
mixing. In what follows, we first focus on asymptotic properties of Markov chains
with two-time scale and then present some useful inequalities for mixing random

variables.

2.1 Two-time Scale Formulation

Let (Q,F,P) be a probability space. Throughout this dessertation, we use C' to

denote a generic positive constant with the convention C'C = C' and C'+C = C used.

2.1.1 Recurrence Case

Let ¢ > 0 and af, be a time-homogeneous Markov chain on (2, F, P) with state space
M containing mg states and transition matrix P. = P + £Q, where P = (p¥) is
a transition probability matrix and Q = (¢¥) is a generator of a continuous-time
Markov chain (i.e., p? > 0 and 7" p” = 1; ¢ > 0 for i # j and Y77 ¢ = 0 for
each 7). Assume that the state space M can be written as

M = {511, c. 78177711} U {821, .. .,827m2} U---u {5101, c. ’Sl(),mlo}

:M1UM2U"'UMZO,

(2.1)

with mg = mq +mg + -+ +my, and P = diag[P!, P%,..., P?], where P! i < I,
are also transition matrices themselves. The subspace M; for each i = 1,2,..., 1y,
consists of recurrent states belonging to the ith ergodic class. We also assume that

for ¢ < Iy, P' is irreducible and aperiodic.



Let p5, be the probability vector pi, = (P(a§ = s;5)) € RY™ and v* the stationary
distribution corresponding to the transition matrix P;. Assume that pf = (P(af =

sij)) = po and define an aggregated process @y, of af by

ap =iifas e M; for i=1,....1, a(t)=ay for t e [ek,e(k+1)).

Before proceeding further, we present a result on asymptotic expansions of the

k

probability vector pf and the k-step transition matrix (P.)" as well as the aggregated

process. Part (a) and (b) can be found in [28, Theorem 4.1], whereas part (c) is in

(28, Theorem 4.3].

Proposition 2.1. The following assertions hold:
(a) For the probability distribution vector p;, € R™™ we have
P = 0(ck)diag(v', ..., v°) + O(e + \P) (2.2)
for some X\ with 0 < X\ < 1, where 0(t) = (01(t),...,0%(t)) € R satisfies
— - =000Q, 6(0) =pol,
where

Q = diag(v',...,/)Q1, 1 =diag(Ly,,..., Ly, ), L= (1,...,1) € R™"

(b) For k < T/e with some fized T, the k-step transition matriz (P.)* satisfies

(P)F = ®(ck) + e®(ck) + U(k) + (k) + O(?), (2.4)



10

where

®(t) = 10(t)diag(v?, ..., "), % =0(1)Q, 6(0) = 1. (2.5)

~
|

Moreover, ®(ck) and ®(ck) are uniformly bounded in [0,T] and U (k) and U (k)
decay exponentially, i.e., |U(k)| + [T (k)| < KN for some K > 0 and some

0<A<l.

(¢) The aggregated process & (-) converges weakly to a(-) that is a continuous-time

Markov chain generated by Q.

Remark 2.2. (i) In view of the asymptotic expansion, we have (P.)* = ®(ck)+O(e+
AF).
(ii) The matrix W(k) is selected so that ®(0) + ¥(0) = I and ¥(k) = ¥(0)(P)".

In view of (2.5),

U(k) = diag((Ln, — L, ") (PYF, oo Ly, — Ly, V) (P)F), (2.6)

where I,,,, is the m; x m; identity matrix. Thus W(k) is again of block-diagonal form.
Taking this into account, the fact that lim. o 0;,;,(ck) = 0 for i1 # is, 1 < iy,i <o

(where O(t) = (6;,:,(t))) implies
lim Paj, = sy = i) =0 (2.7)

foralllgil#zgglo,1§j1§mi1,1§j2§mi2.

(iii) Fork = 0,....T/e,i=1,...,lg,j = 1,...,ms, denote 7o = & S (I(af -



11
sij) — vII(af = z)) Then by [28, Theorem 4.5], we have

€,4j

k—1
sup E|r7?=0(e) and sup E[EZ ‘I(alg = 5;) — V(a5 = Z)H2 = O(e)
1=0

0<k<T/e 0<k<T/e

(2.8)

forizl,...,lo,j:1,...,ml-.

2.1.2 Ergodic Case

Let ¢ > 0 and af, be a time-homogeneous Markov chain on (2, F, P) with state space

M ={1,2,...,m} and transition matrix
P =P+ eQ, (2.9)

where P = (p") is a transition probability matrix and Q = (¢”) is a generator of
a continuous-time Markov chain (i.e., p¥ > 0 and 337", p” = 1; ¢7 > 0 for i # j
and Z;n:l q” = 0 for each 7). Suppose that P is irreducible and aperiodic with the
stationary distribution denoted by v = (v1,19,...,1y) € R™™. Denote by p; the
probability vector p5 = (P(a5, = 1), -+, P(af = m)) € R™™. Assume that the initial
probability pj is independent of ¢, i.e., p§ = po = (p§, P2, .., py'). Before proceeding
further, we present a result on asymptotic expansions of the probability vector pj
and the k-step transition matrix (P)*. The following lemma is a special case of

Proposition 2.1.

Lemma 2.3. Assume that P in (2.9) is irreducible and aperiodic. Then the following

assertions hold:
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(a) For the probability distribution vector pg,, for some A with 0 < A < 1,

pi=v+0(+ ). (2.10)

(b) For k <T/e and some fived T, the k-step transition matriz (P°)* satisfies
(P)* = ® + e®(ck) + U(k) 4+ U (k) + O(?), (2.11)

where ® = (1,1,...,1) (v, v, ..., Um), EIS(t) is uniformly bounded in [0,T], and

U (k) and W(k) satisfy |V (k)| + |V (k)| < KN* for some K >0 and 0 < A < 1.

Remark 2.4. (i) Denote F* = o{a5: 0 <k <n} for n =0,1,... From the above

lemma, there exists a constant C' not depending on ¢, k, [ such that for k > 1 > 0,

|P(ag = i) — 1] < Cle +A"),
|P(ag = ilaf = j) — | < Cle + A7), (2.12)

|E(I[af = i] — yi\fﬁf)| < Ofe + M.

(i) In view of (2.10) and (2.11), for positive integers p > k and i,j € M,

Z) = [Vj + wij(p - ]{7)]% + O(é‘ + )\k)

I
=
e
o
|
=
I
e
~~
s
l
=
S
B
I
~
N~—
hS
~
e
o
l

E[I(og =) — v [I(c = j) — vj] = vby(p — k) + O (e + AF). (2.13)

Similarly, for i, € M, i # j,

E[I(Ozi =1)— VZ-}Q =v(1l — ;) +O(€+)\k)7

E[I(af = i) — v] [I(af, = j) — vj] = =5 + O(e + A).

(2.14)
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(iii) Note that ¥(k) and \T/(k) above decay exponentially. Because P is irreducible
and aperiodic, P has an eigenvalue 1 with multiplicity 1 and all other eigenvalues are
inside the unit circle. Thus the X in the assertion is related to the largest norm of the

non-unity eigenvalue. The fact of A < 1 yields the geometric or exponential decay.

2.2 Mixing Sequences

In our study, we will work with mixing processes. For two sub-o-fields A, B of F
denote ¢(A, B) = SUD 4c 4 5es,p(4)>0 |P(B|A) — P(B)|. Recall that a sequence (X, :
k € Z) is ¢-mixing (or uniform mixing) if ¢(n) — 0 as n — oo where the uniform

mixing measure function ¢(n) is defined by

¢(n) = sup gb(a(. ooy X1, X))y 0 ( Xy Xoewnat, - - ))

kEZ

The term uniform mixing is taken from [17], [6] and [7], and the mixing rate is modeled

after [7, Proposition 2.6].

Remark 2.5. For convenience, we present three mixing inequalities, which will be
used frequently in what follows.

Suppose that (Xj : k € Z) is a ¢-mixing sequence with mixing measure ¢(n),
Xeo(...,Xe1,Xy) and Y € 0(Xptn, Xptnt1, - - -) such that || X, and ||Y||, < o0
with p,¢ > 1, 1/p+1/q = 1, where || - ||, and || - ||, are the usual [, and I,-norms

respectively (e.g., || X||, = (E|X\p) l/p). Then the following inequalities hold:
|[EXY — EXEY| < 2¢(n)"/?|| X[, || [l,, (2.15)

|E(Ylo(..... Xior, X)) — EY]|, < 20(m)Y7[ Y]], (2.16)
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Inequality (2.15) is given in [17, Lemma 1.2.8, p.11] and inequality (2.16) is a special
case of [7, Proposition 2.6, p.349]. For convenience, we also present here another

inequality, which is a consequence of (2.16), and the Liapunov inequality

E|E(Ylo(.... Xemr, X0)) = EY| < 20(n)" 1|V, (2.17)
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3 Weak Convergence

3.1 Formulation

Let (Q, F, P) be a probability space. Recall that we will use C' to denote a generic
positive constant with the convention C'C' = C' and C' + C' = C' used.

Let € > 0 and af, be a time-homogeneous Markov chain on (2, F, P) with state
space M containing myg states and transition matrix P. = P + @), where P = (p%)
is a transition probability matrix and @ = (¢%) is a generator of a continuous-time
Markov chain (i.e., p? > 0 and Y7 p” = 1; ¢¥ > 0 for i # j and Y77 ¢ = 0 for
each 7). Assume that the state space M can be written as

M - {8117 oo 751,m1} U {5217 . ~752,m2} U---u {Sl017 o 7Sl0:ml0}

:M1UM2U-~'UMZO,

(3.1)

with mg = mq +my + -+ +my, and P = diag[P!, P?,..., P?], where P! i < Iy,
are also transition matrices themselves. The subspace M; for each ¢ = 1,2,..., 1y,

consists of recurrent states belonging to the ith ergodic class. We also assume that

(A1) For i <ly, P is irreducible and aperiodic.

Let p5, be the probability vector p5, = (P(ag = s;5)) € RY™ and v* the stationary
distribution corresponding to the transition matrix P;. Assume that p§ = (P(af =

sij)) = po and define an aggregated process a5, of af, by

ap=iifa; e M; for i=1,... 1, a*(t)=a; for t e [ck,e(k+1)).
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In this section, we setup the problem in a simplified form, namely, within each M;
fori=1,...,1y, there corresponds to only one sequence { X (k,7)}. This will facilitate
the analysis in the next section.

For each i <, let {X(k,7)} be a wide-sense (or covariance) stationary sequence
of Ré-valued random variables on (2, F, P) with X (k,4) = (Xy(k,1),..., Xa(k,i)) €
R? and {(X(k,1),...,X(k,ly)) : k € Z} is an Ro*%valued wide-sense stationary

sequence. We assume the following conditions hold.

(A2) The sequence {(X(k,1),...,X(k,lp)) : kK € Z} is independent of {af}, and is

¢-mixing with mixing measure denoted by ¢(-) such that
EX(k,i)=0, E|X(k )P <C VE>1;i=1,...,1, (3.2)
for some 0 > 0 and C' > 0 not depend on k, i, and

3" (n) ™ < co. (3.3)

To proceed, denote Fi¥ = o{X (l,i): | <k, i=1,....l}, F& =oc{af: | <k}

Define
k—1 k=1 1o
G=VEY X(La)=veEY S X(LiI(a; =), (3.4)
1=0 =0 =1
[t/e]—-1

A =VE Y XGa), (35)
=0
where I(A) is the usual indicator function for the event A, and [t/¢] denotes the

integer part of the real number t/e. We are interested in the weak convergence of
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the process z°(t). It will be shown in the next section that (z°(-),@°(-)) converges
weakly to a switching diffusion process (z(-), @(-)), which is the unique solution of the

martingale problem associated with the following operator

! d d X B
33w S ) Qs 0, 36
J1=172=1
where
A(i) = (a"2(i)) = EX(0,1) ) + f: [EX k,4)X'(0,7) + EX(0, Z)X'(kr,i)],

k=1

(3.7)

fori=1,2,...,ly and the matrix @ is given in (2.3).

Remark 3.1. From (3.2), Cauchy-Schwartz and Liapunov inequalities, there exists a

constant C' that does not depend on k, [, 7,7 such that
15 (Fe, ) X5 (L D) s, 12X (s )lavey, 1X5(R, D)l 2asn < C (3.8)

Next, we will state a proposition that is needed in our proof. Its proof can be

found in [15] (see also [16, Chapter 7]).

Proposition 3.2. Let {25} be a d-dimensional stochastic process in discrete time
and z°(-) be its piecewise constant interpolation on the interval ek, ek + €). Suppose

that
(a) (2°(+)) is tight in D([0,T),R?) and z°(0) = .

(b) The martingale problem with operator L has a unique solution x(-) in D([0,T), R%)

for each initial condition.
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(c) For each g(-) € C%, there exists a sequence (g°(+)) such that

(cl) ¢°(+) is a constant on each interval [ek,ek + €), which is measurable (at

ek) with respect to o(x5 : j < k),

1
(c2) sup E|¢°(ek)|+ sup —FE|E(¢°(ck+e)|a],...,a%) — ¢°(ek)| < oo,
0<k<T/e,e 0<k<T/ee €

and as € — 0 with ek — t,

(c3) Elg*(ek) — g(z(ck))| — 0,

E(g*(ck + €)|as, . .., x}) — g°(ck)
S

(c4) E — Lg(z°(ek))| — 0.

Then x°(-) converges weakly to x(-), the unique solution to the martingale problem

with operator L and initial condition xg.

Remark 3.3.If G is a o-field such that o(2f,...,2%) C G} for k =1,2,...;e > 0

then
|E(g°(k + €)|21, ..., x}) — ¢°(ek)| < E[|E(g°(ck +€) — g°(ek)|Gp) |21, - - ., 5].
Thus,

1
(c2) sup  E|g°(ek)| + sup —-E|E(¢°(ek+¢) | Gi) —g°(ek)| < o
0<k<T/e, ¢ 0<k<T/e, ¢ €

implies (c2);

E(g°(ek + ¢)I95) — 9°(ek)

(cd) E .

— Eg(xe(ekr))‘ — 0 implies (c4).
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3.2 Weak Convergence

This section presents the main result of this chapter. To obtain the desired weak
convergence, we use martingale problem formulations. It requires the verification
of tightness of the underlying sequence in an appropriate function space, which is
given in Proposition 3.4. Then in the second step, we show that the martingale
problem associated with a limit operator has a unique solution, which is stated in
Proposition 3.9. The third part of the proof is to characterize the limit process in
Theorem 3.10. In the process of obtaining the desired result, a number of technical
complements are formulated as lemmas and propositions. They are interesting in
their own right. We divide this section into several subsections in accordance with

the aforementioned tasks.

3.2.1 Tightness of (2°(-),a°(+))

We aim to obtain the tightness of (2°(-),@°(-)) here. The main result of this section

is the following proposition.
Proposition 3.4. The process (z°(-),ac(+)) is tight.

We shall prove this proposition by means of establishing a series of lemmas. Owing

to Proposition 2.1, it suffices to work with 2°(-). Recall that
Fr=o{X(,i): 1<k, i=1,....1h}, F* =oc{af 1<k}

Let

Fi=0(2(s):0<s<t), Gi=FVF.



20

Then it follows that F; C th/gj = Fft(/aj V ]:Lofr/aj To obtain the tightness we need to

verify for each T'> 0 and t < T,

lim limsup E sup E(|2°(t + s) — 2°(t)]*|FF) = 0, (3.9)
h—0 " e—0 0<s<h
and
hm hmsupP( sup |2°(t)| > K> =0, foreach 7 >0, (3.10)
K—o0 <0 0<t<T

respectively (see [15, Theorem 3, p. 47]). We proceed to prove these in the rest of

this section.

Lemma 3.5. For each T >0 and any 0 <t < T, (3.9) holds.

Proof. By the Cauchy-Schwartz inequality,

|25(t + 5) — Z|z (t+s) — ()

L(t+s)/e]=1 o

_Z’f S S Xk (@ =) (3.11)
Jj=1 k=|t/e|] =1
[(t+s)/e]—-1

szozz\f S Xk I@; =)

J=1 i=1 k=|t/e]
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By the independence of {X(k,7)} and {a5},

L(t+s)/e]—1

E(‘\/E S X (ki) (@ = i)
k=|t/e]
[(t+s)/e|—1

- Y E(Xf(k,i)](a;:i)
k=|t/e]

+2e 3 E(I(aizi,a‘f:z’)Xj(k,z) z@‘fngv Wsj)
[t/e] <k<iI<|(t+s)/e]
[(t+s)/e]—1

k=|t/e]
+2¢ > P(a; =i =i
[t/e] <k<i<|(t+s)/e]
[(t+h)/e]—1

2
X €
‘f [t/e) V I ﬁ/eJ)

X af
Tl VI Lt/sJ>

; )E<Xj(k;,z')xj(l,i) fff/eJ)

<e Y E(Xka|EL) v Y |B(Xk X 00| FYL)
k=[t/e] [t/e] <k<I<|(t+h)/e]
= Yega(h)-
(3.12)
Since the inequality (3.12) holds for any s with 0 < s < h and Ff C ]:ff/a fﬁ/a i

follows from (3.11) that

sup E(|za(t—|—s)—z }.7:5 = sup E[ <]z£(t+8)—z (t)[? ‘7:Lt/6J V Lt/e )‘ff}

0<s<h 0<s<h

< E(v(h)|F),

(3.13)
where . (h) = loZ] 1ZZ 1 Vegi(R).
On the other hand,
L(t+h)/e]—1
Ergh)=e Y EX:kD+2 Y EB(Xh0X0L0)|F.,)|
k=[t/e] [t/e|<k<i<|(t+h)/e]
(3.14)

Recall that EX;(k,i) = EX;(l,i) = 0. Thus, by the triangle inequality, mixing

inequalities (2.17) with p = 1+ and g = 2, and (2.15) with p = 20150 anq
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= 2(1+0),
B| B(X,(k,0)X,(L0)| 7l ) |
< E‘E( (k, 1) j(z,i)‘fffm) - EXj(k,i)Xj(l,i)‘
+E)EX- ki) X, () — EXj(k,i)EXj(l,i)‘
<20k — 1) 71X, (0., ) e
+26(1 = k)2 |k, 1) e | X5k, 8) 20

<cfofu- L))" ot -ne].

In the last inequality, we have used (3.8) and the facts that ¢(k) < 1 for all £k > 1

(3.15)

1+25 S 0

and 20140) ~ 1+9

Note that EX7(k,i) < C. Thus, by (3.14) and (3.15),

Eneji(h) < eC H +ec Y ok~ EJ) "o — k)]

[t/e| <k<l<|(t+h)/e]
<ChteC Y olk)T 4 o1~ k)T
0<k<I<|h/e]
Lh/e] h ]
= Ch+2:CY (H - k:)¢(k:)1+s < Oh+20h2¢ )i < COh,
k=1 k=1

(3.16)
where C'is a constant not depending on €, 7,i. We have used (3.3) to obtain the last
inequality. By (3.13) and the definition of 7. (h),

lim limsup £ sup E(|2°(t +s) — 2° !2|ff)

h—0  c—0 0<s<h
< =
lim limsup B9 (h) = lim lim sup o ; Z Ere g (3.17)
< hm hmsuplOZZCh =0.
e—=0 7=1 =1
This proves the lemma. a

To proceed, we verify (3.10). In dealing with dynamic systems, one often uses

a truncation device to verify (3.10). That is one works with a truncated process
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and obtain its tightness and weakly limit and then let the truncation bounds grow
to conclude the weak convergence of the untruncated sequence. Here we handle the
sequence directly without using truncation. The verification of (3.10) is provided in

the next three lemmas.

Lemma 3.6. Under (Al) and (A2),

K
hm lim su max P(’ X(k,a7)| > —) =0. 3.18
p5c{o,1 ,,,,, |T/e| -1} ; (k. o) VE (3.18)

K—oo e—0

Proof. By the Markov inequality, foreachi =1,...,ly,and S C {0,1,...,|T/e|—1},

P(| Xk i@ >‘—10Kf>

kZEQS

el 2

B D X (k)@ = ) (319

keS
el2 . .
<= [ZEX]? kai)+2 Y B (R )X (L)
j=1 keS klesS, k<l
Note that EX;(k,i) = EX;(1,i) = 0, so by (2.15) with p = 2252 and ¢ = 2(1 + ),

we have

[BOXG (,3)X5(1 )] < 200 = k)26 X (ks Do) |12 )| 050 < Co(l = k)20,
1426
(3.20)
where we have used (3.8) in the last inequality. Since EX?(k,i) < C by assumption

(A2), it follows from (3.19) and (3.20) that

P(’;X(k,i)l(ai = i) > 10[;9 < = [C|S| +20 Y ¢ k;)zhf%]

_hIES kel
_ di5C1S| 5dl20|5\ [1 + Z o(n 2(1f§):|
5dlzC]S\[ Z¢ %} < adlSC|S|

K2
(3.21)

| /\
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where |S| denotes the cardinality of the set S and (3.3) is used to get the last in-

equality. Therefore,

()ZXk

K) <3 r( S = &) < 2

kes kes
(3.22)
In view of (3.22) and the fact that [S| < L for all S C {0,1,..., [T/e] — 1},
lim limsu max P(‘ ZX(I{: ap)| > £>
K—o0o oo p5c{o,1 ,,,,, |T/e]—1} — R = e (3.23)

< L edi3C|S|
im limsu max — =
T Koo e p Sc{o.1,.,|T/e)-1} K2

The lemma is thus proved. O
To proceed, we need the following Lemma, whose proof can be found in [17]

Lemma 2.2.7.

Lemma 3.7. Let {Yy, k > 1} be a ¢-mizing sequence and n a real number with
0 <n < 1. Suppose that there exists an integer p, 1 < p < n, a number A > 0 such
that

by ()+maxP<|Z —Z|>A><n, (3.24)

p<i<n
where Z, = Y1+ Yo+ --+Y,, and ¢y (-) is the mizing measure function of the sequence

{Yy}. Then, for any a >0 and b > 0 we have

1 b
P(max |Z] > a+A+b) < ——|P(1Z| > a) + P max [vi| > —)]. (3.25)
1<i<n 1—n 1<i<n p—1

Lemma 3.8. Under (Al) and (A2),

K
lim limsupP< max > —) = 0. (3.26)

K—oo -0 0<I<|T/e|-1
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Proof. In order to prove (3.26), it suffices to show that for each 6 > 0 there exist

Ky = K(6) and gy = £(0) such that

P( max
0<I<|T/e]~1

> —0) <6, Ve<e (3.27)

Fixie {1,...,l}. Foreach S € {0,1,...,|T/e] — 1}, denote
Qfg:{ForO<k;< 1 L] —1,I(ai:i):1ifandonlyifk:€5}.

It is clear that if Sy and S, are two different subsets of {0, 1,..., |T/e] — 1} then Qf,

\7/e]-13%. Therefore,

.....

and Qfgz are disjoint. Moreover, {2 = Ugc{o,1

K
X(k, ‘ > )
<0<zg6%/>ij 1 ‘ Z 9 =i)| 2 lov/e
P( X(k,
s Z DI@, =) >

P( X( ‘
0<1£IL1%/}§J1 Z ki) 2 \/_

Sc{0,1,...,|T/e]—1} keS, k<l

K i
(oo | D2 Xk 2 2 ) P,

Sc{0,1,...,|T/e] -1} keS, k<l

)P(QZ )

Il
M

Sc{0,...,|T/e|-1}

)P(Q%)

I
(]

I
(]
B,

(3.28)
We have used the independence of {X (k,7) : £ > 0} and {a}} in the last equation.
To proceed, we fix S € {0,1,...,|T/e] —1}. By (3.18), for each i = 1,... [y and

0<d < % there exist K; = K(01) and &; = £(d1) such that

5c{0,1,...,|T/e|—-1}

max P(’ %X(l{,i)’ > 31[0(\1@) < % Ve<ern (3.29)

Thus, for S € {0,1,...,|T/e] —1} and € < &,

(‘ZXI{:Z

keS

) 51 (3.30)

= 3l0\/"
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Put N = |S| and choose an integer p such that ¢(p) < &.

Case 1: N < p. Then we have

K K
P( max Xk;,z"z >§P< X (k)| > )
0<I<|T/2| -1 k'e;gl (k. ) lon/e g;l (k. ) lov/e
l5e 2
< LB( D 1X(k)])
kes

2 T xRE)

Case 2: N > p. We consider the random vectors X (k,i) for k € S and k > |T/¢]
and arrange them in increasing order of k. Denote this sequence by Y7, Yo, ... Yy, ...
It is clear that the mixing measure of the sequence (say ¢y (-)) is smaller than that
of the sequence { X (k,7) : kK > 1}. That is, ¢y (n) < ¢(n) for each positive integer n.

Taking this fact into account, by the choice of p and (3.30), we get

¢()+maXP<| AR

K, ) <5
1<i<N 3lov/2 b

where Z,, denotes Y7 + Y5 + -+ - +Y,,. This implies the condition (3.24) of Lemma 3.7

with A =

. Hence, by Lemma 3.7 with A =a=10= K > Ky,

3 f’

we obtain

, K K
P(oglgfz@/}ij—l Z X(k’l)‘ = [ \/E> B P(O%%}J{V‘z_:yk’ z lo\/§>

keS, k<l k=1
N
1 K K
< P( Y‘ > ) P( V| > —>]
1 —51[ kz:; TV * OISr}ng§V| | 2 3lo(p — 1)v/e

= 1—151 [P( ZX(k’i)‘ = SZ(;K a) +P<o<kgi%fsj—1|X(k’i>’ < ﬁ)]
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By (3.32), (3.30), and

K K
P max | X(k,1)| > ———F=) < Pl X(k,i)| > oF——F
<O§k§LT/aj—1 [X (k. )] 3lo(p — 1)\/E> 0<k<%‘:/sjl <| (k. )l 3lo(p — 1)\/§>

92(p — 1)
g% S EX*(ki)
0<k<|T/e]—1

we have

. 1 (6, C
P masocisiryes-t | Dies, oa X(01)| 2 717 < — 4, 5+=) (3.33)

Therefore, from (3.31) and (3.33), for K > K, e < gy and any set S C {0,1,...,[T/e]—

1},

P(ogzé?%/}ij_l‘ Z X(k, Z)) lO\/_> < 2<51 + %) (3.34)

kesS, k<l

By choosing §; = = ¢g and Ky > max{K7,2 %} where C is the constant in

2[?5

(3.34) we have 2(% + K%O) < %. Hence, from (3.28) and (3.34), for K > Ky, e < ¢y,
SRR
> Ve
<
_Zp(oqgfg/}ij 1 ZXkZ )‘_lo\/_)
<Z > op( ma ‘ S (ki) 2 K ) P(%)
0I<|T/e)-1 T T gy/E 5

( max
0<i<|T/e]-1

i=1 SC{0,1,...,[T/e] -1} == kes, k<l
6y C ;
S D SRR CERCA FTES S SRR
=1 Sc{0,1,...,|T/e]—1} i=1 Sc{0,1,...,|T/e] -1}
(3.35)
This gives (3.27) and the Lemma is proved. O

Consequently, Lemma 3.8 yields (3.10). Combining this with Lemma 3.5, we

obtain Proposition 3.4.
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3.2.2 Uniqueness of Solution to the Martingale Problem

We state the following result of this section.

Proposition 3.9. The martingale problem associated with the operator L defined by

(3.6) has a unique solution.

Proof. By virtue of Lemma 14.8 of [28], it suffices to verify the uniqueness in distribu-
tion of a solution (z(t),@(t)) of the martingale problem associated with the operator
A for each t € [0,7]. Consider the characteristic function @(z,1) = exp{c(zA + sl)},
for each positive integer [, z € R4 X\ € R™! s € R, and > = —1. Note that z\
above is just the usual inner product. Define ¢2(t) = E[I(a(t) = 11)p(2(t), i2)] for
1 < iy,i9 < lp. Since (z(t),@(t)) is a solution of the martingale problem associated

with the operator L,

t d
(piliz (t) — (piliz (0) — / { Z ajjo( (=X, Z112 )+ Z Fi3i1 1322 } u=0,
0 " igo=1 i=1

(3.36)
where ¢"2(0) = EI(a(0) = i1)$(0,i2). Let p(t) = (¢"2(t), 41,32 = 1,...,l). Then
(3.36) becomes (1) )+ [ el u)du, where p(0) = (¢*2(0)) and G is a
matrix-valued function defined by the integrand of (3.36). The equation for o(t)
is a linear ordinary differential equation, so it has a unique solution. Thus, ¢(¢)
is uniquely determined. As a result, Eexp{t(z(t)\ + a(t)s)} = 321, E(I(@(t) =
i)exp{t(z(t) A+ zs)}) is uniquely determined for all (), s) € R%*! x R. Therefore the
distribution of (z(t),@(t)) is uniquely determined by the well-known uniqueness and

inversion formula for characteristic functions. O
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3.2.3 Characterization of the Limit

This subsection is devoted to characterization of the limit. We first state the result,

and then divide the task of proof into sub-tasks.

Theorem 3.10. Assume (Al) and (A2). Then (2°(-),a°(:)) converges weakly to
(z(+),@(+)) such that the limit is the solution of the martingale problem with operator

given by (3.6).

Proof. We use Proposition 3.2 with x5 = (2{,a%). For an appropriate function g(-),

define the operator L° by
€ e —¢ 1 5 € —c £ —¢
Lg(z,, ) = gEk[g(Zk—i—lv ) — 9(25, ap)]s (3.37)

where Ef denotes the conditional expectation with respect to Gi = FiX vV F2". We will
construct a perturbed test function f¢ and show that all conditions in Proposition 3.2
are satisfied. Along this line, we also obtain the representation of the limit operator
and the limit covariance matrix. Hence the desired weak convergence follows.

For each i = 1,...,lp, let f(-,47) be any real-valued function with bounded deriva-
tives up to the second order such that the second derivatives are Lipschitz continuous.
Define

lo

fla,a) = f(@,)aery, =R, aeM. (3.38)

=1
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Definition (3.38) allows us to replace f(2§,a3) by f(zf,as). Denote

v = diag(v', ..., V) € Rloxmo,
Xz = (I{aizl}, e 7[{&2:%}) e RIXIO, XZ = (I{ai:&i]‘}> G Rlxm(),

[z, D)l f(z,1) (3.39)
F(x) = c R™* F(z) = € Rboxt,

f(xvlo)]lmzo f(ZL’, lO)

Note that (P — I)F(x) = 0. Next, we compute e£L°f(2{,a5). By (3.37),

8‘667(227 Oéi) = Elif(’zliJrl? O‘iJrl) - 7(227 OCZ)

Ef[f(zi1 ahr) — Flzins o)l + ERlf (zhy0, o) — f(21 af)].
(3.40)

By using the Taylor expansion, the second term in the above can be written as

€ € € £( A€ € r € € —€ € —€\ £ € € —€ g,
i (Zk+1=ak>_f(2kaak>] = \/Ef2<zk7ak)X(k7ak)+§X/(k7ak)fzz(Zk7ak>X(k=ak>+ekl
(3.41)

where supy_ <7/ ¥ les'| = o(¢). In order to estimate the first term in the last equation

in (3.40), we have

Eli(f(zli+17 ai—&-l) - f(ZZ7 O‘i))

lo ™y lo ™Mip
= Z Z B [ Z Z f(zli-s-lv 3i2j2)P(ai+1 = Siyj |0 = Silﬁ) - f(zli-i-la 3i1j1)]
i1=1j1=1 da=1 jo=1

xI(a} = i)
= X3o(P: — DEF(z5,,) = Xi(P — I + eQ)E{F(z,1)
= exiQFE;F(z1,,) = exiQE;[F(z;) + O(Ve))

= eiQF (25) + €5 = eQf (25, ) (o) + €7,
(3.42)
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where supg_j<r/. Ele;”| = o(¢). The combination of (3.40), (3.41), and (3.42) yields

”r r £ AY3 e £ —€
€£Ef<zli7 Oéi) = E:Qf(zlia )(ai) + §Xl(k7 ak)fzz(zk7 ak)X(k7 ak) (3 43)
+ Vel (2, ad) X (k,ag) + e + e,
Denote Ei(-) = E(-|F°) and put
T/e
fi(z,i,ek) = Vef.(z,14) ( (k,i) + Z E; X l_5>
I=k+1
T/e T/e
f5(z,i,¢k) —52 Z [Ek (L, a]) fe(2,0) X (p, @) —E;X/(Lale)fzz(z,i)X(p,af,)},
p=k l=p+1
T/e
c . € el (] —¢ : =€ e/ (] =€ . —c
filriek) = 53 [EkX (1, @) for (2, DX (1L, T) — BEX'(1,T) fon(2,0) X (1, )],
1 B
fi(ziek) =Y Ei(xi — Xi 1) QIF(%).
I=k
(3.44)

Then we have the following proposition, whose proof is long and technical. In order
not to interrupt the flow of presentation, the proof is relegated in an appendix and

placed at the end of the paper. We will use tr(A) to denote the trace of A.

Proposition 3.11. For ff(-,-,-), i =1,2,3,4 defined above, we have

sup FE|fi(zp,a5,¢k)] —0 as ¢ =0 and (3.45)
0<k<T/e
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T/e
eLfi (2, @ ek) = e Y BiX'(1a]) faa (2, @) X (K, @7) — VELo(2h, @) X (k@) + ¢,
l:k:‘;}g
eLEf5(25, a5, ek) = —¢ Z tr [fzz 2o, ) Er X (L@ )X'(k,@i)]
I=k+1
T/e
etr[foa(of @) D BEX (@)X (k)| + e,
I=k+1

—€ € —€ g —=€ —€
5£5f§(21i, Qs €k) = _§Xl(k7 ak)sz(ZIw ak)X(k7 ak)
€ —e\ e —€ =€ &
5t fon (o, A EEX (k) X (k,a7) | + 7,

eL f5(z5, @, ek) = —e(X5 — Xal)QF(25) + €;.°,

(3.46)
where
sup Eley'| = o(e) as ¢ — 0 for i=3,4,5,6. (3.47)
0<k<T/e
To proceed, define
) 4
Fo(#5 TR k) = a5, 00) + D S (45,05 k). (3.48)
i=1
Then (3.45) gives
E|f*(2, ok, ek) — f(5,a5)] = EIf*(z5, of, ek) — f(25, 05)] — 0 (3.49)
as ¢ — 0. In addition, according to (3.43) and (3.46), we obtain
T/e
Lo fe (2, @, k) = tr [ folzian) Y EiX(La (k,a;)}
I=k+1
1 - _
5t [fzz<zz,az>EzX<k,a;)X’(k,a@} +QF (25, ) @) + 7',
(3.50)
where
6
e = Ze}; and  sup Fler| =o(e) ase — 0. (3.51)
i—1 0<k<T/e
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Next, we show that

We have
T/e
fr [fzz s Y EX(lLa (k,a;)}
I=k+1

mzl m7,2 T/E

a ’ & &
Y S S Y A e =

Jrjo=111,12=1 j1=1 jo=1l=k+1
XI(O{Z = Siljl)EXjO(l,ig)Xj(k, Zl)
(3.53)

Note that [EX, (1, i2)X;(k,i1)| < Co(l — k)70 < Co(l — k)T by (3.20), so the

boundedness of f,.(-) and (3.3) implies that

’Ll m’L2

Y YYY Y !aaj;?;“ ol 12)X; 0 11)| < oo.

Jijo=111,i2=1 j1=1 jo=11=k+1
Taking this into account and recall from (2.7) that lim._.o P(af = s;,j,|0f = s4,5,) =0

for 1 <y # iy <ly, k <, it follows that

Mip My T/e

0
lim E‘ Z YN N aijzak;f (af = Sipjlag = sijy) I (af, = siy5)

Jijo=11<i1#i2<lp j1=1 jo=11=k+1

XEX]'O (l, iQ)Xj(k?, 21) =0.

Therefore,
T/e
lli%E tr [fzz 25, O, lzk;rl EX(l,a (k,ak)]

m; T/€

0
Yy Y Y g;gg; = sala = s

Jjo=1 i=1 j1,ja=11=k+1
xI(aj, = sij, ) EXGy (1,) X;(k, 1) | = 0.
(3.54)
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Again, because of (2.7), lim..o > 7" | P(af = sij,|af = sij,) = 1. Thus,

m;  T/e

. D*f(z5,i . . . .
lim E’ Z Z Yo D S P(af = siplag = sy (g = sig) EXGy(L6) X (k, 0)

e—0 0207, 0z,
Jujo=1 i=1 ji,jo=11=k+1 J

N Z Z Z 8@252 = 1) EX;,(1,4) X;(k,i)| = 0.

7.00=1 =1 I=k+1

(3.55)
By (3.54), (3.55), and the stationarity,
T/e
lim 5t [fzz ) Y EX(La) (k,ai)]
l k+1
Zk? . . .
— =1)EFX,; (1,1)X,;(0
Jjozllzllzl 3z]02j0 Z) JO( 7Z> J( 7Z)
o (3.56)
= tim B|r| 2.5, @) >0 BiX(Lap)X (k)|
l=k+1
lo [e’e)
S [ forli) S EXL i)X’(O,i)]I(ai - z')( — 0.
i=1 =1
Similarly,
lo
lim B[t | .- (25, a0 EEX (k, @) X (ks 7) | =3 [ fox (35, ) BX(0,0)X7(0,0)| 1 = )| = 0.
=1
(3.57)

Therefore, (3.52) follows from (3.6), (3.7), (3.50), (3.55), (3.57), and the fact EX({,7)X’(0,7) =
EX(0,4)X'(1,1).
Next, by the mixing inequality (3.3) and the moment condition (3.2), the same

argument as above yields

sup  E|L°f%(z;, ag, k)| < oc. (3.58)

0<k<T/e,e
Hence, by (3.49), (3.52), and (3.58), conditions (c)(1), (¢)(2'), (¢)(3), and (c)(4)

in Proposition 3.2 are satisfied. On the other hand, by virtue of Propositions 3.4 and
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3.9, the conditions (a) and (b) are fulfilled. So the proof of the theorem follows by

Proposition 3.2 and the Remark 3.3. O

Remark 3.12. As given in Remark 2.2 (iii), @°(-) converges weakly to a(-), a Markov

chain generated by Q. Define a stochastic process

(1) = /0 o (@(s))dw(s), (3.59)

where w(+) is a standard Brownian motion and o(i)o’(i) = A(7) with A(-) is given
in (3.7). Then for each i = 1...,ly, for any f(-,7) that is a real-valued function
with bounded derivatives up to second order and with Lipschitz continuous second
derivatives, f(z(t),a(t)) — fg Lf(Z(s),a@(s))ds is a martingale. Therefore, (Z(-),a(-))
is a solution of the martingale problem associated with operator £. In view of Propo-
sition 3.9, the uniqueness of the martingale problem with operator £ implies that

(Z(+),@(+)) has same distribution as that of (z(-),a(-)).

3.3 Ramifications

In this section, we obtain further results and ramifications as a consequence of the
previous sections. These results are in the light of reduction of computational com-
plexity. It indicates that we can aggregate the Markovian states in an appropriate
way so that the aggregated process is much easier to deal with. For the original
sequence, we have to deal with | M| sequences {X ([, s;;)}, whereas in the aggregated
process, we need only examine | M| sequences.

Label the state space M as M = {s11,...,Stm, } U+ U {Si1,- -, Stgm, }- Let
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{(X(k,a),a € M) : k € Z} be a wide-sense stationary sequence of RMI*_valued
random variables on (€2, F, P). Thus, compared to Section 2, we have a total of | M|

sequences to deal with. We replace (A2) by the following condition.

(A2’) The sequence {(X (k,a),a € M) : k € Z} is independent of the Markov process
{a3}, and is ¢-mixing with mixing measure denoted by ¢(-). Moreover, assume
that there exists § > 0 and a constant C' that does not depend on k and « such

that
EX(k,a)=0, E|X(k o) <C, VE>1 ae M, (3.60)
and (3.3) holds.

Aggregating the Markov states in each M; into one state leads to the definition of

the following centered and scaled sequences associated with the aggregated Markov

states:
k—1 lo m;
= VEN SOS T X(Usi)l(af = sy) — VL@ = 1)), F(t) =% t€ [ehyek +e).
=0 i=1 j=1

(3.61)
Using the techniques presented in the last section, we can establish the following

results. The detailed proof is omitted.

Theorem 3.13. Assume (A1) and (A2’). The process (Z5(),@°(+)) converges weakly
to (z(+),a@(+)) such that the limit is the solution of the martingale problem with operator

gien by

d d

;ZZaﬂm Of(, Z)+§f(x,-)(z'), i=1,2,...,0,  (3.62)

o~ 81731(?x32
]1 ]2
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where A(i) = (@2(3)) and
i { (1 —v")EX(0,s5:5)X'(0, si)
+ Z I/ijl/)ij’ij(k‘) [EX(O, Sij>X/(kZ, Sij) + EX(IC, Sl‘j)X/(O, Sz’j)} }

DY { 2 [Vijlel’ijz(k) [EX(0, 51,) X" (k, 533,) + EX (K, 513,) X (0, 5, )]
1<j1<g2<m; k=1
+ VR () [EX (0, 555,) X' (K, 815,) + EX (K, 515,) X (0, %)}]
- yijl VijQ [EX(O? Sijl)X/(()? Sij2) + EX(07 sijz)X/(()? Sijl):| }

(3.63)

Remark 3.14. As a special case, we consider a Markov chain «; with transition
probability matrix given by P. = P+ ¢e(@), where P is irreducible and @ is a generator
of a continuous-time Markov chain. That is, the states of the Markov chain belong
to one weakly irreducible class. Assume that M = {1,2,...,m} and for each k > 0,
i€ M, X(k,i) € R? and is wide-sense stationary mixing. This is a consequence of

the main result. Define

S
—

7: = /e X(1 =i)—uv], Z°(t)=2Z, telek,ck+e), (3.64)
l i=1

Il
=)

where v = (vy,...,v,) is the stationary distribution associated with the transition
matrix P. Then it can be shown that under conditions (A1) and (A2’) with the mod-

ification mentioned above, ZE() converges weakly to Z (+), a d-dimensional Brownian
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motion with mean zero and covariance Xt where

%= i[ vi) EX(0,4)X'(0,d +Zw“ )[EX(0,4)X (k»i)—i-EX(k,z')X’(O,i)H
T2 {Z [mw JEX(0,)X'(k,j) + EX(k,)X'(0,4)]

+ v (k) [EX(0, )X (k, i) + EX (k)X (0, j)]]

— v [EX(0,i)X"(0,5) + EX(0,7)X"(0,4)] }

(3.65)
In addition to the process (2%(t),a°(t)), we may define
k=1l m k-1
Z=VEDY YD X(Lsi)I(of =si) =vEY X(lLof), () =%, t€lekck+e),
1=0 i=1 j=1 1=0
k—1 l() ]mi
T=VEY DD Xlksy @ = i), T() =7, t€ [ehock+2),
1=0 i=1 j=1
(3.66)

where [t/e| denotes the integer part of the real number ¢/c.

Remark 3.15. Under the conditions of Theorem 3.13, we establish the following

results.

(i) (2°(-),a°(+)) converges weakly to (Z(-),a(-)) such that the limit is the solution

of the martingale problem with operator given by

d d

1ZZW2 afﬂcZ)+@f(ac,-)(z'), i=1,2,...,l, (3.67)

2 8:ch Oxz
J1=1j2=1
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where
Al = (@ (1)
- ZVijEX«), i) X' (0, s45) Z Zym( W2 | )yt l]z( ))

Jj=1 J1,J2=1 k=1
X |:EX(O, Sij1)X,<k7 Sijg) + EX(]{?, SijQ)X/(07 Siji )] .
(3.68)

(ii) (z5(+),a°(+)) converges weakly to (Z(-),@(+)) such that the limit is the solution

of the martingale problem with operator given by

d d

;ZZWUQ af“)+@f(x,-)(z'), i=1,2,...,lp (3.69)

895]1 Oz
Jj1=172=1

A(i) = (@2 (i)) = EX(0,i)X (0,) + ;o [EX k)X (0,i) + EX(0, @)X'(l{:,i)],
k=1
(3.70)

X(k,i) = Y7 X(k, sij)v" and the matrix @ is given in (2.3).

These results illustrate the aggregation and associated limit results from a slightly

different angle.

Example 3.16. a, Let € > 0 and aj, be a time-homogeneous Markov chain with the

state space M = MiUMy = {11, $S12}U{s21, S22} and transition matrix P. = P+e@Q

with
53 00 -3 1 1 1
13200 1 -3 1 1
P = diag[P', P = | * * . Q=

(ew]
[aw]

@)
@)
NN N
ot Nlo
—_
—_
—_
w
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(PY)F = staF 5 ar (P = i+4(3’7)k %—4(_37)k
% o 3% % + 3% % - 4.(—17)k z§1 + 4-(—17)k
By (2.3) and (2.6),
s s 00
oo [ 2], e | om0
2 2 0 0 Py i
0 0 o 10ar

Let {(X(k,1), X(k,2)) : k > 0} and {(X (k. 511), X (k, $12), X (, $21), X (E, $22)) : k >

0} be two sequences of m-dependent, wide-sense stationary random variables in R?

satisfying the conditions (A2) and (A2’) respectively. Denote

[t/e]-1 2 2

DI W BN

i=1 j=1

[t/e] -1

= /e Z X (7, d;), (af = sij)—l/ijf(ézf =1)].

(+), @*(+)) respectively converge

2(+),a%(+)) and (z°

weakly to (z(-),a(:)) and (2(-),a(-)) such that the limits are the solutions of the

Then, by Theorems 3.10 and 3.13, (

martingale problems with operators respectively given by

NG, _
ZZ w52 2T B, ),
Jl J2

UG — .
ZZ w2() 210D | G0,
]1 1j2=1

where A(i) = (a?72(i)) =

EX(0,i)X'(0,)43%

L [EX (k) X'(0,0)+EX(0,i) X' (k, )]
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and A(i) = (@"72(4)), i = 1,2 with

-~ 2
A1) = SB[X(0,51)X(0, 511) + X (0, 512)X'(0, 512)

—X(O, Sll)X/(O, 812) — X(O, Slg)X,(O, 811)

o2
£ 37 S BX(0,510) Xk s11) + Xk, 510) X0, 511)
k=1

+X(0, Slg)X,(k?, 812) + X(k’, S12 X,(O 812) X(O, Sll)X/(k?, 812)

3
—F |:X(O, Sgl)X/<O, 821) -+ X(O, SQQ)XI(O, S99

)
— X (k, $12)X'(0, s11) — X (0, s12) X" (k, s11) — X (k, 511)X"(0, 512) |,
16 )

A(2) =
—X(O, Sgl)X/(O, 822) — X(O, SQQ)X (O, 821)

X(O, SQl)X,(k’, 821) + X(k’, SQl)X,(O, 321)

+
-
[u—
(@)

+X(0, SQQ)X/<k, 822) + X(k, SQQ)X/(O, 822) — X(O, Szl)X/(k', 822)
—X(IC, SQQ)X/(O, 821) — X(O, SQQ)X/(k7 821) — X(k, Sgl)X/(O, 822) .

b, Let o be a time-homogeneous Markov chain with the state space M = {1, 2}

11
and transition matrix P. = P + eQ = CREH -3 . Then v = (3, 32).
ve) s
2 2
By (2.6), ¥(k) = 3'4: 3'fk . Let {(X(k,1),X(k,2)) : £k > 0} be a sequence
34k 34F

of m-dependent, wide-sense stationary random variables in R satisfying conditions

(A2). Denote Z5(t) = \/ngLi/osj—l S22 X(Li)I(as = i) — v). By Remark 4.2,

~

Z%() converges weakly to Z (), a d-dimensional Brownian motion with mean zero

and covariance >t where

Y= gE[X(O 1)X (0,1) + X(0,2)X'(0,2) — X(0,1)X"(0,2) — X(0,2)X"(0,1)]

+ Z 9 4k E[X(0,1)X'(k,1) + X (k,1)X'(0,1) + X(0,2)X'(k, 2) + X (k,2)X'(0, 2)

—X(0,1)X"(k, 2) — X (k, 2)X"(0,1) — X(0,2)X"(k, 1) — X (k, 1)X"(0,2)].
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3.4 Proof of Proposition 3.11

The proof is divided into several steps. Each step is formulated as a claim.
Step 1: supg<y<r/e EIf5 (25, @5, €k)| — 0 fori=1,... 4.
(1) supg<p<r/e Elfi (25, @, ek)| — 0. By Cauchy-Schwartz inequality and the

boundedness of the first derivative of f,
T/e

BIf (25, @, 2k)| < VEE||f-(+4,a1) |\2Ek (i@

T/e T/e

< \/ECE‘ S EX(La;
=k

d TJe

<VECD Y EIEIX; ().

=1 1=k

E Xl @

7j=1

(3.71)

By the independence of {X;(k,4)} and {af},
lo
EIBLX;(1a5)| = B| S Bi(X,(,0)1(@; = i)
izl
—E Z B (X, 0)1(@; = z’)’f,ﬁf v )

:EZE LD FE E(I(a) =14)|F)

(3.72)

= ZE\E (0|7 Bl B(I@ =)l F))]
<ZE]E S D|F)

Note that £X;(l,7) = 0, so by the inequality (2.17) with p =146 and ¢ = 1%;‘5,

B|E(X;(L,)|F5)| < 260 — k)77 | X;(1,0) 145 < Ol — k) 7. (3.73)

Next, from (3.71), (3.72), and (3.73), we have

d T/E lo o0

Bl fi (25,05, ¢k)| < vEC D NS ol — k)T < VECY 6(n) T = CVe. (3.74)

j=1 I=k i=1 n=0
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The last identity follows from the assumptions (A2). Since the inequality (3.74) holds
for all k with 0 <k < T/e, we get supg<<7/. E|fi(2, @, k)| — 0 as desired.
(2) supocperye £1f5 (25, 5, k)| — 0 as € — 0.

For 7,50 =1,...,d we have

T/e TJe

S (BN ) — X () X, ()|
p=k l=p+1
Tje T/e Iy

_‘ZZZZ[< i(1,11) X5y (pyiz) [ (@] = i1) (@, = ia) ‘]—“X\/}—a>

p=k l=p+1i1=112=1
=B (X (0,i0) X, (pri2) (@ = i) (@, = i2)| 7 )]

T/e T/e g

Iy ZZ[ (3600 X0 0. 2)| ) = B (002) X, (0. )]

p=k l=p+1i1=11i2=1

xE(I(‘f —i)I(@ = ig)’f,ﬁ‘s)

T/e T/e g

( l 21 Jo(pa 22) fk ) - EXj(lvil)on(p, i2) .

p=k l=p+1i1=112=1

(3.75)

. e : . _ _ 146
Since [ > p > k, by the mixing inequality (2.17) with p =1 +6 and ¢ = ~°,

B| (X (0 i2) X (0, i2) |7 ) = EXG(011) X, (b, 2)

= B|B(BOGU)IF) X . 12)| Y ) = B(BOG00)|F) X0 (p. 1)) |
< 20(p — K| B, (100)| ) X (9 )

(3.76)

.. . . . o o 2(1+5)

Next, by the mixing inequality (2.16) with p = 2(1+9), ¢ = J755,
IE(X; (1 i)|FY) = EXG( i) sy < 20(0 = p) (| X5(1 1) l2q1+6) (3.77)

[ .
< 2¢( = p) =1 X; (1 i) [l2(14)-

We have used the fact m < 1(;;22) in the last inequality. Note that EX;(l,4;) = 0,
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so by (3.76), Cauchy-Schwartz inequality and (3.77) we obtain

B B(X;(0,i1) X (p, 2)
< 26(p — k)75 | EQG (L i) F) a0 1 X0 (2, i2) 219
< 4(p — k)75 6(1 — p) T 1551, i) l26) | X0 (9, 82) 2140
< Colp— k) g(l — p)Ts.

FY) = EXj{0 1) X (s i2)

(3.78)

The constant C' in the last inequality does not depend on [, p, 11,9, j, jo because of

(3.2). Since > 7, ¢(k)™ < oo, it follows from (3.75) and (3.78) that

T/e T/e

B3 ST (B a) X o @) — B X (L6 X, (0.5 |
p=k l=p+1
Tle T/e Iy
< Z Z Z ZE‘E( l 21 jo p,lg )./Tk ) — EXj(l,il)XjO(p,Z'Q)‘
p=Fk l=p+1i1=112=1 (379)
T/e T/e I

<Cy N ZZ‘N’ k)T (1 — p) T

p=k l=p+1i1=1142=1

< Olﬁ(i_ojqzs(l)l%) (qué(p)lia) <C

By the boundedness of f,.(-,-), (3.79) implies

sup E|f5(z, o, k)| =0(¢) = 0ase — 0.
0<k<T/e

(3) supg<k<r/e Elf5(25, @i, €k)| — 0 as e — 0. This can be done by using the
argument of Step 1 (2).
(4) supo<p<rse E1fi(25, 0, k)| — 0 as ¢ — 0. The assertion is directly implied

by the boundedness of f and the virtue of (2.8).

Step 2: Claim: (3.46) and (3.47) hold. This step is divided into four sub-steps as

follow.
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(1) Claim:
T/e
5£8f1 (zi,@i,ek =€ Z Ek fzz(zka ak) (k‘,@Z)—\/EfZ(ZZ,EZ)X(k,Ei)—I-BZ’?)
I=k+1
(3.80)
where ¢ satisfies (3.47) with ¢ = 3. We have
eL° [T (25, @y, ek) = Epfi (2510, Qs ek + €) — 1 (2, 0, k)
T/e
= Ve > B[ (£ 80) — LG a0) ) X (a0 |
S e (3.81)
Ve Y B (£ T — £GE ) X (L3
I=k+1

_\/gfz<zliv ai)‘){(kv 52)
To proceed, we evaluate first two terms in the last equation of (3.81). First, since

13 3 €
2p41 1s Fp-measurable, we have

B[ (£:Ghr @) = a0 30) ) X (L) |
= B[ (7., k) = Telehin o)) X (1.a7)]

mls m12 mll

J— € _ 15 _ e __
Y Y Y S 10 = s s = s = )

i3=1 j3=112=1jo=141=1j1=1

% <7 (Zli—&-l» Sinja) — 7 (ZZ‘H’ Siljl)) ¢ 13)]

Mg Mg miq

- Z Z Z Z Z Z P al = Sigjs ‘ak-H - Sl2J2> (ai—&-l = Sigjo |ai = Si1j1)

13=1j3=11i2=1j2=141=1j1=1

) (0 = siag) (T2 s iaia) = Fo (s i) ) B(X ()| 7).
(3.82)

Observe that if i1 = iy then fo(2{.1,8i5) — f. (2541, Sij,) = 0. In case iy # ia, by
noting that P. = P+¢e(@), we get P(Oz,€+1 Sinjo !&k siljl) < C¥¢, where the constant

C could be chosen as the maximum of the absolute values of all entries of ). Taking
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this and the boundedness of f_(-,-) into account, it follows from (3.82) that

‘Eli[<f2(zli+1aai+1) - fz(Zlf:Jrl’ai))X(l’alE)] ‘ = Csﬁj zd: ‘E(Xj(l’i‘?’)‘]:’f) ‘

is=1 j=1

(3.83)

Thus, by inequality (3.73), we have

T/e
VEE| 37 B |(fo(chans i) — S ) ) X0 a0)] |
l=k+1
T/e o

<evel ZZE|E (1,3)FY)| (3.84)

I=k+1 i=1 j=1
T/e
5

< eVEClhd Y 6(l— k)T < eVeClyd Y ¢(n)T™ < ev/EC.
n=1

I=k+1

Next, note that all norms in R? are equivalent, so, since the second derivatives of f
are bounded and Lipschitz continuous, for z,2’ € R? and i = 1,2,..., 1y, |f..(2,1) —
f22(2',1)]o < min{C,Cl|z — 2/|;}. Here, for a matrix A = (a;;), | - | is taken to
be |A|o = max;;|a;;| and |z|; is the usual 1-norm, |z|; = Z?:l |z;|. Noting that

Zi — 2 = VeX(k,ag), by a Taylor expansion,

T/e T/e

VE Y B[ (i ad) — L @) ) X0a)] — 0 BX 0 aD) Lo @) X (k,a7)
I=k+1 I=k+1 y
T/e
= [(£eh00,a0) = Lo a0)) = VEX (k@) fe () [ VE Y BiX (L
I=k+1
lo T/e
<5CZZ]XI€21 |1 min{1, \/_]szl\}z |E lig)‘f,f)ll
11=11i= 1 I=k+1
1o T/e
<55/4CZZ|X (ki) Y |E(X(L )| 7)),
i1=112=1 I=k+1
lo T/e
+€CZZ|X k Zl |1 |X(k‘ 21 |1 > € 1/4 Z ‘E l 22)|f§)|1
i1=112=1 I=k+1

(3.85)
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By Holder inequality, for j,j0 = 1,...,d and 71,15 = 1,..., o,
E‘Xj(k‘,il)E(Xyo (1, iz }]‘—X)‘ < [|X;(k, i ||2(1+5>||E( jo(l @2 ‘fX)HQ(H&)
) .
< Col = k)3 |15 (R, i)l 2050 [1X50 (E 22) ll2+0)

< Co(l — k)T,
(3.86)

We have used the inequality (3.77) in the second inequality together with the fact

that ||.X;(k,41)] 2045 and || X}, (1, i2)||2(116) are bounded in the last one. Therefore,
1426

o T/e
5/4CEZZ|X (ki) ) [BE(X (i) 7|,
1= 122001 I=k+1 (387)

< MO Y o(n) T < O,
Similarly, by Holder inequality, for j,70 = 1,...,d and 1,15 = 1,. .., o,

B| Xk, i) L(1X (ki) > &) B (X1 22) | 7|

< 1X;(k, i) laas || L (1X (K, i1) [0 > e/ HWHE ja (L i2)| F2) qum

SOaL—)%*(mumgh>g4yf (3.88)

)

< Co(l — k)™ 4(1+6)EZ’ (k,i)| < Co(l — k )%gﬁ.

J1=1

We have used the Chebyshev’s inequality in the third line above. Therefore,

lo T/e
C’EZZ]X (ki) I(1X (ki) > ) Y |E(X (L) 7Y,
i1=11i9=1 - I=k+1 (389)
< Cg”r(lis) Z ¢(n)$ < 081+74(1i‘5).
n=1

By (3.85), (3.87), and (3.89), we have

T/e

ENVE D B[ (£Ghnan) - L aD) X (1a)]
l=k+1
/e . . (3.90)
—¢ Z E;X'(1,a5) fo. (25, @) X (k, @)
l=k+1

< C(ag + 51+ﬁ).
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Thus (3.80) and (3.47) for i = 3 follows from (3.81), (3.84) and (3.90).

(2) Claim:
T/e
SL°f5 (25, Thoek) = —& D tr| fa(oh @O EEX (L)) X (k. ) |
I=k+1
T/e
et fea(ef, @) 0 BEX (@)X (k)| + e,
I=k+1
(3.91)
where ¢ satisfies (3.47) with i = 4.
We have
eLE f5 (25, oy, €k)
= Elifé(zli—&-l:ai—i-l? ek + 6) - f2 (ZliaaZNgk)
T/e TJe
— eBjtr| ([ (i, 0f) = LG ad) D0 D0 (B X(La) X (v, @)
p=k+11=p+1
~Bin X (@)X (b)) |
T/e TJe
+5tr[(fzz(zli+1704k) fe2 ) Z Z [Ben X (L)X (p,a)
p=k+11=p+1
— B X (L)X (.3
T/e
—e 3 | Lo @) BEX (L) X (k) |
I=k+1
T/e
et £ m0) D BEX(L @)X (k).
I=k+1

(3.92)

To proceed, we evaluate the first two terms in the last equation of (3.92). Similar to
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(3.82), for k < p <1< T/e, we have

€E]itr [(fzz(zli—&-lv O‘i—i—l) - fzz(zli—&-h &i)) [EZ—HX(Z a(lg)X (p7 p) Ek+1X(la ala))(,(pa a;)”

lo M™Mig g ™Mig Mig  lgp My

5 3 ) 335 3 3 ST

i4=1ja=1143=1 jz=119=1 jo=111=1 j1=1
XP<O‘E+1 = 5i2j2‘ai = Siljl)P(a; = Si3j3’ai+1 = 3i2j2)P(ai = Si4j4|a; = Sisjs)

Xtr[(fzz<zli+17 Si2j2) - fzz(zli+17 Siljl)) [E(X(l’ i4)X,(p, 23)“715() - EX(lv i4)X/(p, 23)}} :
(3.93)

The same argument as what follows (3.82) gives
‘Elitr[ ?zz(zli-&-l? O‘i—l—l) - ]EZZ(ZZ-H? ai)) [EZ+1X(Z>E?)X/(p>a;) - Eli-i-lX(l’ala)X,(paa;)]] ‘

< 820 Z Z |E l 24 jo p, 13 ‘./Tk) EXj(l,i4)XjO<p,Z‘3)}.

13,84=1 7,j0=1

(3.94)
Similar to (3.79) in Step 1 (2), we get
T/e TJe
> ) BIE(X;(1Lia) X, (pis)| FY) — EXG(1,14) X0 (p,is)| < C. (3.95)
p=k+1Il=p+1
Therefore, by (3.94) and (3.95),
T/e TJe
E‘gEiitr[(fzz(zli+1aaZ+1) Fea( 2k+1=ak Z Z Ek+1 (l al)X'(p,a;)
p=k+1l=p+1
—Ep (X (LT X (p, @ H < Ced?ly = Ce”
(3.96)

Next, note that by boundedness and Lipschitz condition of f..(), |f..(25 1, 05) —

fzz(z,i, a5 )|oo < Cmin{l, /e| X (k,a5)]1}, where |Alo = max; ; |a;;| for A = (a;;) and
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2|1 = |21| + | 22| + - - + |z4] for z € RE. Thus,

Bletr[(£ee(hns 0f) = Fos(3£, 1)
T/e TJe
<33 [E;X(z,af)xf(p,a;)_E,§+1X(z,a§>x’(p,a;)}”
p k+1i=p+1
T/e TJe

<5CZ Z S {min{l,\/aX(k,z'l)yl}

J,jo=111,i2,i3=1 p=k+1 l=p+1

x) (X (113) X, (0. 12) | ) — EX (L)X (p.)] |
T/e TJe

Y Y Y S VA

Jrjo=111,i2,i3=1 p=k+1 l=p+1

X\ [E(X;(1,i5) X (p, i) | Fi ) — EX;(1,i3) Xy (p, ia) ]
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(3.97)

We have just used Holder inequality in the last inequality with p = 1+5 ,q=149. By
using (2.16) with p = 14§ and ¢ = <2, instead of (2.17) in (3.76), similar argument

0 (3.77), (3.78) and (3.79) yields

T/e TJe
>3 |G X i) | FY) - EXo i) X ()] | <O (3.98)
p=k+11l=p+1 1+

where C' does not depend on ¢ and k. Since ||min{1, /2| X (k,i1)|1}| s — 0 as
B

e — 0, it follows from (3.97) and (3.98) that

sup E Str[(?ZZ<ZE+1, 042) - fzz(zli7 Oéi))

0<k<T/e
T/e TJe
< >3 [EXWADX (0@ - B X(La)X (p,a3)] || = o)
p=k+1l=p+1

Thus, (3.91) and (3.47) with ¢ = 4 are implied by (3.92), (3.96), and (3.99).

The following statement is obtained by the same argument as in Step 2 (2).
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(3) The following assertion holds:

— € —€ £ —¢ =€
g‘csfg('zli? A, gk) = _§X/(k:7 ak)fzz<zk7 ak)X(k7 ak)
- B (3.100)
+5tr | foa (2, TR ERX (@) X (b, )| + €
where ¢° satisfies (3.47) with i = 5.
Finally, by direct computation we obtain the following result.

(4) eLof5(25, a5, ek) = —e(x§ — Xo)QF(25) + €7 where e° satisfies (3.47) with

1 = 6. This concludes the proof of the proposition. ]
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4 Strong Approximation

4.1 Formulation

Suppose that (2, F, P) is a probability space. We may assume without loss of general-
ity that the probability space accommodates all the random variables and processes of
our interest. Throughout this chapter, we use C' to denote a generic positive constant
with the convention CC' = C and C' + C' = C used.

Let ¢ > 0 and o} be a time-homogeneous Markov chain on (€2, F, P) with state

space M = {1,2,...,m} and transition matrix
Pf=P+eQ), (4.1)

where P = (p*) is a transition probability matrix and Q = (¢%) is a generator of
a continuous-time Markov chain (i.e., p > 0 and 27:1 p¥ =1;q¥ > 0fori # j
and Z;"’:l q” = 0 for each 7). Suppose that P is irreducible and aperiodic with the
stationary distribution denoted by v = (v1,1,...,1,) € R™™. Denote by p; the

£

probability vector p; = (P(a5, = 1),- -, P(af =m)) € R™™. Assume that the initial
probability p§ is independent of €, i.e., p§ = po = (g, P2, ..., PI).

For each i € M, let {X(k,i)} be a wide-sense stationary sequence of real-
valued random variables on (2, F, P) such that {(X(k,1), X(k,2),..., X(k,m)) : k €
Z} is an R™-valued wide-sense stationary sequence. We assume that the sequence

{(X(k,1),X(k,2),...,X(k,m)) : k € Z} is independent of the Markov process {a}}

and is ¢-mixing.
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Denote

X(k) =) wviX(k,i), (4.2)
i=1
where for each i € M, {X(k,i)} is independent of af. That is, X (k) can be viewed
as an average of {X(k,7): ¢ € M} with respect to the stationary measure v. It can
be seen (see Remark 4.2) that {X(k,af)} is ¢-mixing. Thus it is ergodic, and as a
result,

|t/e] -1 lt/e]-1 m

62 (k,af) — _5221{0‘ —i} X(k,i) >0 as ¢ =0

in probability and also with probability one, where | z| denotes the integer part of the
real number z. Such a result is of interest to many applications in discrete optimiza-
tion, manufacturing, and wireless communication; see [26, 28] and references therein.
The practical implication is that we can “replace” the complex stochastic process by
its limit or average in an appropriate sense. How close is this approximation? With

more effort, we can further show that

lt/e]~1
= Z (k,a5) — X (k)] converges weakly to a Brownian motion B(-),

(4.3)
with appropriate covariance as ¢ — 0. What can we say about the rate of con-
vergence of the process X¢(-)? What is the almost sure behavior of the underlying
process? These questions are our focus in this chapter. We are interested in the al-
most sure behavior of the sequence X¢(t) defined in (4.3). We aim to find the strong

approximation of (4.3).
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Denote
FX =o{(X(k,1),X(k,2),...,X(k,m)): k<n},
dx(n) = sup ¢(U(X(k,i) k< NyieM),o(X(1,i):1>N+nic M)).

Nez
We pose the following conditions.

(A) — P isirreducible and aperiodic.
— {a4} is independent of { X (k,i) : k € Z,i € M}.
— {(X(k, 1), X(k,2)...,X(k,m)) : k € Z} is an R™-valued wide-sense sta-
tionary, ¢-mixing sequence with mean 0 and mixing measure given by

dx(n) < C/n3i+H) for some positive constants C' and 3.
— sup,,; B|X (k,1)|* < oc.

Remark 4.1. The proof of our main result is based on the mixing property of the
sequences {a5}. Under the conditions of Lemma 2.3, the finite state space, and
the transition probability (4.1), for sufficiently small e, the {a} are ¢-mixing with
exponential mixing rates. In fact, by virtue of [5, Equation (2.2), p.173] and the
ergodicity of P, there exists a number ny such that all entries of P™ are positive.
Thus, by the continuity with respect to e, for € > 0 small enough, all entries of (P)™
are bounded below by a positive number not depending on €. Denote the bound by q.
This implies that P is ergodic with the unique ergodic distribution v* = (v5,...,v%).
By using the result in [5, equation (2.2), p.173], [p>(n) — vi| < (1 — mq)%fl,
Vi,j = 1,...,m, where p>“(n) = P(a = jla§ = 7). From this, we can show that
{a5} is mixing with exponential rate. Moreover, if ¢,-(n) is the mixing measure of

af, then there is a positive number Ay < 1 such that ¢,<(n) < Aj.
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Remark 4.2. By [6, Theorem 1, p.4] and the independence of {X(k,4)} and {a},
the sequence {[[{az=iy — vi]X(k,7)} is ¢-mixing with the mixing measure ¢°(n) <
dx(n) + Pas(n). In addition, by Remark 4.1 and condition (A), there is a constant C'
independent of e such that ¢*(n) < C/ n3(+8) Therefore, without lost of generality,

we can suppress the superscript € in the mixing function ¢°(n).

4.2 Strong Approximation

This section is devoted to obtaining strong approximation results. We use the idea
of a step-by-step approximation, which is inspired by the approach used in [27].
Nevertheless, the actual techniques are quite different since continuous-time Markov
chains are considered in [27], whereas in our case, discrete-time sequences are treated.
Moreover, in addition to the modulating Markov chain, there are a number of random
sequences { X (k,7) : i € M} as well. To obtain the desired result, we use a blocking
technique, which is originally appeared in [23]. This approach enables us to effectively
“partition” the sequences. Recall the definition of W(k) = (¢;;(k)) € R™*™ given by

(2.11). We are in a position to present the main result.

4.2.1 Main Results

Theorem 4.3. Assume that condition (A) holds. Then there exist a constant 6 > 0

and a (possibly non-standard) Brownian motion W(t) with EW(t) =0 and E[/VI7(1€)]2 =
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ot where

f: [EX 0,201 — v;) + Qi EX(0,0)X (k, i)vithi(k)

i=1 k=1

+ Y {QZ[WU VEX(0,1)X (k. ) + vitb5(k) EX (k. 1) X (0, )]

1<i<j<m
(4.4)

such that

sup ‘Xs(t) W)

0<t<T

Remark 4.4. (i) Equation (4.5) is understood to be in the sense that

SUPo<t<T ‘Xs(t) - W(t)

lim =0 a.s.

€H0+ 69

It will be seen in the proof that we can select any positive number 6 such that
0 < 0 < min{1/8,3/4}, where (3 is given in condition (A). For instance, we can
choose 0 < 0 < 1/8 if § = 1/2. In this case, the condition for mixing rate is

¢x(n) < Cn~2 for some constant C. Then

sup | X°(t) — W(t)| = o(c'/%) aus.

0<t<T
Due to the modulating Markov chains and the mixing processes used, the rate is slower
than the classical rate for a single i.i.d. sequence with zero mean and bounded fourth
moments which is o(¢'/*) obtained directly by using the usual Skorohod embedding
method. This is expected because of a family of random sequences is considered and
they are correlated by the Markov chain. This also hints the rate of the Markov

modulated sequence to be a product of rate of convergence of the scaled occupation
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meausre for the Markov chain of (see [28, Chapter 4]) and that of the sequence
{X(k,i)} for a fixed i € M.

(ii) If one deals with a single mixing process, and if one is only interested in getting
error bounds for a fixed ¢, then much sharper results are possible. We refer the reader
to [17] for a discussion of the related results. The difficulty of our problem is: The
sequences under consideration, in particular, the mixing rates depend not only on n
but also on €. Thus effectively, we have to deal with “double arrays” rather than a
“single” sequence. This makes the estimates much more difficult resulting in lower

rate of convergence compared to the classical results for a single sequence.

Proof of Theorem 4.3. To facilitate the presentation, the proof is divided into four

steps.

Step 1. Approximate X¢(¢) by a martingale M_(t) defined in (4.6). The main result
of this step is given in Proposition 4.5.

Choose [ > 1, which will be used in the subsequent development. For each ¢ we
divide the series >, 3" [I(a5 = i) — 1] X(j,7) into several blocks with the size of

each block being approximately e /', Define

[n/el/t] -1 m
Za,n:\/g Z Z[I(ajzz)_yz]X(‘%Z)a nZ ]-7

j=ln-1)/e1/1} i=1

ffb:fF:/El/lJ71VfL)fL/€1/ZJ717 nZ ]_

It is clear that Z.,, is ﬁg—measurable. Define Y, ; = Z.; and

2n—1
Yon =Y [BE(Zj|F5) — BE(Z4|F; )], n>2.

j=n
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Then Y., is also ]?g—measurable. Moreover, E(Yanu?ﬁ_l) =0 for all n > 2. Define

Moy =30 Yej,n>1,  MAt)=M_e0-nn 0<t<T. (4.6)

We can show that (ngn,j-:j) is a martingale. To proceed, approximate X¢(t) by

M_(t). The result on uniform approximation is presented next.

Proposition 4.5. If 0 < i — =, then

4l’

sup |M.(t) — X°(t)| = o(?) a.s. (4.7)

0<t<T

Proof of Proposition 4.5. For each n > 2,

n n 2n—1 n—1
Mo = YV = Y 2t Y BN = Y sy + Zeay i )
j=1 j=1 j=n+1 7=l

Therefore,

2(t/et=D/t| 1

MEth/E(l_l)/lJ = Xg LLt/E(l—l)/lJJ + Z E<Z€’j‘ﬁl_€t/8(l71>/lj)

M j=Le/et=0/1 41
[t/et=D/ -1

- Z E(Ze,Qj + Zeoj1 ’-7?]5) .

=1

(4.8)

This yields that

sup |M.(t) — X°(t)| = sup ‘Me,Lt/e(l—l)/lJ — Xe |t/e]

0<t<T 0<t<T

2(t/et—D/| 1

+ sup Z E<Z€:j’ﬁft/a(l*1)/lj)‘

<t<T
0SS jolget-niy

< sup ‘X LLt/E(l—l)/lJJ _Xs,Lt/éj
oe<T ! ST am

[t/e0-/1] 1
+ sup Z E(Zs,Zj + Ze,2j+1|fj€) ‘

0<t<T

(4.9)



29

To estimate the left-hand side, by virtue of (4.9), it suffices to examine each term on
the right-hand side. The estimates of these terms are presented in Proposition 4.6.
The result is stated next, and its proof is relegated to Section 4.3 to maintain the

continuity of the flow of presentation.

Proposition 4.6. There exists a constant C' independent of € such that

(i)
2|t/et-1/t|—1
P( sup Z E<Ze,j|fft/5<lfl)/lj>‘ 2 50) < 051+%_4ea (4.10)
o<t<T |
j=lt/et-/1 41
(i)
Lt/et=D/1| -1
P( sup ’ Z E(Zs,Qj + Zeoji1

0<t<T —
7=1

J%])‘ > €0> < Cer?, (4.11)

(iii)

P< max )XE Ltt/s(zq)/zw — Xe /)| 2 80> < 0817%749. (4.12)
. 71

0<t<T
Now we can complete the proof of Proposition 4.5. It follows from (4.9), (4.10),

(4.11), and (4.12) that

P( sup ‘Me,tt/e(l_l)/” — X |t/e)

0<t<T

> 6")

0
€
< P< sup )X [t/e(=1)/1 _Xa,Lt/aJ > _>
0<t<T E’L i/ J 3
2(t/e-D/t|—1 89
+P< sup Z E<Z€,j|fft/5(l*1)/lj>‘ 2 g) (4.13)
0<t<T | —
j=1t/et=D/]+1
Lt/et=1/1 -1 20
+P( s B(Zepj + Zeps ﬁ¢>‘>—)
ogltlgT ]Zl €,2j 5,2j+1| j =73
< C(al’%*‘w felti4f 4 e%”) < Ol 4,
f<i—L thenf=1-1-40>0,and
P( sup ‘Me,Lt/s(l—l)/lj - Xe,l_t/ej Z €9> S Oéﬁ. (414)
0<t<T
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Let £, = n~2? Then from (4.14),

_ 0
52 P( g, [V vy = Kewt] 2 0) < o0
The Borel-Cantelli lemma implies that
sup ‘Man,tt/#*””] — Xo len| <O as.

0<t<T
According to the choice of ¢, and (4.8), (4.7) follows. O
In view of Proposition 4.5, to prove (4.5), it suffices to show that there exists a

standard Brownian motion W (¢) such that

sup |M.(t) — W(at)| = o(c?) as. (4.15)

0<t<T

for some 6 > 0 with o defined in (4.4).

Note that M (t) = M.(ke""D/") if k < %57 < k+ 1. Hence

sup |M(t) —W(ot)] <  max ‘Me(ke(l_l)/l) — W(Uk‘e(l_l)/l)‘

+ sup sup ‘W(akg(l_l)/l) — W(ot)|.
0<k< | —qyyp ) ke D/t<t<(k41)elt=1/!

(4.16)
The estimate of the first term on the left-hand side of (4.16) is obtained in step 3,
whereas the last term in (4.16) is dealt with in step 4. We next give the formula of o

and prepare for step 3.

Step 2. Preliminary estimates. The following lemma gives the representation of o.

Its proof is deferred until Section 4.
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Proposition 4.7. If 5 < B = min{1, 8} then there exists a constant C' such that for

eachn > 1,

n

(0§ = i) — X (k1) T2 <Cletn), (4.17)

k=1 =1

1
d
n

2

where o* is given by (4.4).

Recall that M. (ke®D/Yy = M., and (M., F£) is a martingale. By virtue of the
martingale version of the Skorohod representation theorem (see [11, Theorem A.1,

p.269]), there exist nonnegative random variables 7. such that

{Ma(kg(l—l)/l%/{; =1,..., {ﬁ”

T
B 1—1)/1 - C .
= {M/ (5( / (7-671 +Tep e+ Te,k)) k=1, L;(lfl)/lJ } in distribution,
(4.18)

with W(-) being a standard Brownian motion.
Now, let Fy = o(Yeq1, Yoo, ..., Yor). Let G§ be the trivial o-field and let G; be
the o-field generated by F¢ and o(W(t) : 0 <t < =D/ES™F 7 ). Again, from [11,

Theorem A.1, p.269]), we have 7. is G;-measurable. Moreover,
BV ] = EY2, for k> 1, (4.19)
and

(0

g,i,l) - E(ng ,§i1>, fork=1,..., Lﬁj (4.20)

We have the following estimates. The proofs are given in Section 4.3.

Proposition 4.8. (i) If 0 < 0 < § — 5, then

k
(I=1)/1 L . - 0
5 [ B | o) s
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(i) If 0 < 6 < 3 — 5, then

21’

max ‘ zk: [ 2= B(YZ|F; )} ‘ =o()  as.

0<k<|T/et=1/t]

J=1
(i) If 0 < 6 < L, then
k
V2 _ 727 = ofe?
O<k<gl/g?((l 1)/lJ ;[ €, 5]] 0(8 ) Q.S
(v) If0 < 1 — &, then
k
1§k§f¥/a;}(<lfl)/lj Zl[ £,J £,J 0(8 ) a.S

(v) Let B =min{B,1}. If 6 < 2, then

k
max ‘ Z EZEQJ — keU=D/52)

1<k<|T/e=1/1)

where o is defined by (4.4).

(4.22)

(4.23)

(4.24)

(4.25)

Step 3. Estimate | M, (ke=9/!) —W (oke=1/1)|. The result is stated in the following

proposition.

Proposition 4.9. For any 0 < 0 < mln{4 417 41 gl}

max ‘Ms(kg(l’l)/’) — W (ke V| = o(<%)
1<k<| 21377

(4.26)
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Proof. From (4.20) and the triangle inequality,

=1/ S=1)/152
max T.
0<k<|T/el-D/1] ’ Z ed
k
(=171 o 1oe
= nggf;l?g({lfl)/lj € ; [TaJ E(Tg,]|gj_1):| ‘

k k
+ ma ‘ Y2 — E(Y2|Fe ”—l— ma; ‘
0<k<LT/s)((l 1)/ZJ Z ( | J 1> 0<k<LT/E)(<l 1)/ZJ Z

i=1 [ =1
|

k
+ ‘ EZ2 _ kU152
0<I<:<|_T/a(l /1| Z ; €. g

(4.27)

+ max
1<k<|T/et=1)/1]

)

By (4.27), (4.21), (4.22), (4.23), (4.24), and (4.25), for 0 < § < min{3 — &, 2., 7}

with 3 = min{f3, 1},
=o(”) as. (4.28)

zuzZT S=1)/1 52

Thus, it follows from (4.28) and [4, Theorem 1.1.1] that

max
0<k<|T/e-D/1]

sup

W(é?(lfl)/l (Teq + -+ Te,k)> - W(k&?(l’l)/lﬁ)

0<k<|T/e=D/1] (4.29)
1 .
< sup sup |W(s+h) ‘ = ( 012 10g1/? (—)) a.s.

0<s<02T 0<h<e? €
Since min{3 — L, 4,2} = lmin{} — &, L, 7} the proof follows from (4.29) and
(418). O
Step 4. Estimate |W (cke=D/1) — W (ot)].
Proposition 4.10. For any 0 < T, we have

sup sup W (oke"=9/Y — W (at)| = o(%). (4.30)

0<k<| | keU=D/l<t< (k+1)et=1)/1

T
c(I=1)/1
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Proof. Using [4, Theorem 1.1.1],

sup sup W (oke'=D/Y — W (at)
0<k<| (lfl)/lj ke(=1)/1<t< (k41)e(t-D/1
lim - 73 =1 as.
=0 (205(5—1)/1 log(a—lg—(l—l)/l))
This implies (4.30). O

Completion of the Proof of Theorem 4.3. Put ) = min{] — ., %,%} By

Proposition 4.9, for 6 < %0
max M (kDY — W (gke=0/) ’ = o(?) as. (4.31)

T

On the other hand, by Proposition 4.10, for 6 < * 21 ,

sup sup
0§k§L€<lﬂ)/lJ ke(=1/1<t< (k+1)e(t=1/1

W (oke@0/1) — W(t)‘ = o(<"). (4.32)

Therefore, by (4.16), for 0 < § < min{%, =1}, we have

sup ’Mg(t) - W(at)) = o(e?). (4.33)

0<t<T

— L by Proposition 4.5, for § < %

[0} 1
Since 2 <3 4l,

sup ‘Me(t) —Xs(t)‘ = o(<") as. (4.34)

0<t<T

By (4.33) and (4.34), for 0 < 6§ < min{%, =1},

sup ‘Xf(t) - W(at)‘ = o(<"). (4.35)
0<t<T
Choose | = 2, then % = min{Z, 4} min{i, 2} < =1 = 1. Hence, (4.35) holds true

for 0 < 6 < min{%, 2}. The theorem is thus proved for W(t) = W(ot). O
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4.2.2 Examples

Example 4.11. For the purpose of demonstration, only a very simple example (a
one dimensional parameter optimization problem) is considered. Suppose that one is
interested in finding the minima of a function J(-) : R — R, in which only the noisy
corrupted observations or measurements V.J(6,,) + X,, are available for each n, where
X, = X(n,a5) — X (n) represents the noise, and {X(n,a)} and X (n) are as defined
in the beginning of Section 2.2. Not only does the measurement noise include the
usual noise processes, but also there is a switching process representing the random
environment resulting in the regime-switching from one discrete state to another.
To carry out the desired optimization task, we use stochastic approximation meth-

ods. This amount to construct a recursive algorithm of the form
Opi1 =06, —eVJ(0,) +eX,.

Note that for simplicity, we have assumed that V.J(©)+noise is available. If we can
observe only function values with noise, then a noisy finite difference method is needed
for the gradient approximation.

Define ©°(t) = ©,, for t € [ne,ne + ¢). Suppose that there is a unique O* (a
unique minimizer of J(-)) such that VJ(©*) = 0. Then with the mixing condition
proposed together with the Markov chain «,, it can be shown that ©°(- +t.) — ©*
as ¢ — 0 in probability, where t. — co as € — 0.

To analyze the rate of convergence, suppose that VJ(©) = H(O© — 0*) + O(|© —

©*?) and H < 0. Note a particular case is that J is quadratic in ©, and V.J is linear



66

in ©. Define u,, = (0, — ©*)/y/e. Then under suitable conditions, it can be shown
(see [16, Chapter 10]) that there is an N, such that E|u,|* = O(e) for n > N.. Then

it can be shown that

[t/e] -1 lt/e] -1
Ut/e | _\/_ Z [t/sj 1- kX +83/2 Z (1_8H)Lt/sjflfk0<|uk|2>.
k=0
Recall that X¢(t) = /e > ;. t/aj ' Xi. Then by Theorem 4.3, SUpPg<ip | X°(1) — W(tﬂ =
o(e?). Clearly, the dominating part of u;| is
[t/e]

Ult/e)—1 —\/_Z H)WETR

Define
lt/e]—1
Us(t) = X°(t) —eH Y (1—eH)WI7F X5 (ek).
k=1

Roughly, by Theorem 4.3, X¢(:) can be replaced by B(:) with an additional error
of the order o(¢?). Thus Theorem 4.3 will help us to obtain further analyze the

asymptotics of U(+).

Example 4.12. As alluded to in the introduction, to reflect the feature of random
environment, random processes X¢(t) is used frequently. Often, one wishes to find

the excursion probability

P( sup X°(t) > a) for some a > 0. (4.36)

0<t<T
Such an estimate is not all simple due to the complex structure of the processes.
However, Theorem 4.3 provides us with a viable alternative, namely, to use X*(t) =

W(t) + o(c?) a.s. Thus with an error of the order o(g’), the calculation of (4.36)
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reduces to the use of the excursion of a Brownian motion. First,

N 9 [
P(sup W(t) > a) =4/ —/ exp(—2?/2T)dx.
0<t<T Tl J,

The last part of the above equation follows from [13, p. 346]. Then Theorem 4.3 tells

use that there is a function k(¢) satisfying x(g) = o(g?) such that

P(sup X*(t) > a)

0<t<T

= P(sup W(t) > a— r(e))

0<t<T

_ \/WZT ( / T / ;(E))exp(_ﬁ/QT)dx
_ \/% / " exp(—a2/2T)dx + o).

4.3 Proofs of Technical Results

This section is divided into three subsections. Each subsection provides the proof
of one proposition. Within a subsection, we organize the results into a number of

lemmas if it is needed.

4.3.1 Proof of Proposition 4.6
As a preparation, we first prove some lemmas.

Lemma 4.13. Let {U,,n > 1} be a ¢-mizing sequence, n, N positive integers, 0 <
ki < ky < --- < ky integers. Denote Si(1) = Zfi,;_l U; for k,o > 1. Assume that

there exists a positive number n, 0 < n < 1, an integer p, 1 < p < n and a number

A > 0 such that

#(p) + max max P(‘Skj(n) — Skj(L)‘ > A) <.

1<j<N p<i<n -
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Then for any a,b > 0, we have

P( max max Sk()‘ 2&+A+b>

1<]<N 1<L<n

1 b
< (n)| > B 7).
“1-n ZIP<‘SkJ<n)‘ - a) * 1 —nP<1gl]a%}1(V0<I?<%LX 1 Uyl 2 D — 1)
j:
(4.37)
Proof of Lemma 4.13. For 1 </ <n,1 <j < N, denote Tj = maxi<,<p |k, (1)|,

Ej: {maxlgquk <G+A+b§7}} and

E’;:Ejﬂ{max

1<k<t

Sk, (k:)‘ <atA+b< ‘skj(b)(}.

Then

Sk;()‘ >a+A+b>

< 1<<n

b

P( X max
<

i{P(Ejm{’Sk( |>a}> ZP(ELmﬂSk() kj@)\zAM})}

a (4.38)
We have
nllP(E; {8k, () — i, ()] = A+ 1))
< nzp;lP<E§ﬂ (1S4 +p—1) = S, 0] = 1)
+n_zp;_lP<E§ﬂ{|Skj(n) — Sk (t+p—1)| 2 A})
+ 5 P (B0 (1500 - 5,01 = 4+ ) (439)
<3 P50 g il = )
ffp )(P(ISk, () = Sk, e+ = D] > 4) + ()

P(E N {max max |Uj, +L|_p—}>—|—nP(E)

1<j<N 0<t<n—1
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Thus,
P< max max |Si, (¢ )‘ > a—l—A—l—b)
1SN 1<isn
b
< > >
> P15 001 2 ) + P e el 2 525)
—|—77P< max max |S, (¢ )‘ > a+A—|—b>.
1<j<N 1<i<n

This proves the lemma. O

The following Lemma follows directly from [17, Lemma 2.2.5]

Lemma 4.14. Let {U,,n > 1} be a mizing sequence such that EUZ™ < C and
¢(n) < € for some constant C' and § > 0. Denote S, = Y51 Uj, then there is a
constant C not depending on n such that E|S,|?1+) < Cnl*.

By assumption (A) and Remark 4.2, the mixing sequence U; = > ", [I(a5 =

i) — v3) X (j,1) satisfies all conditions of Lemma 4.14 with § = 1 and C does not

depend on €. Thus, the lemma yields the following result.

Corollary 4.15. There exists a constant C' that does not depend on € and n such that
E|Z.a|' < CE00 0 E|Z., )P < ce M (4.41)

Lemma 4.16. For any n > 0,

2n—1

B > B(Z.4\F)

j=n+1

g Ce?, (4.42)

where C' 1s a constant independent of € and n.

Proof of Lemma 4.16. By the independence between {af} and {X(k,i) : i =

1,...,m;k € Z}, and (2.12), there exists a constant C' independent of € such that for
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=F [I(af-z)—m] Fe )E X(j,1)
[ J

SC(é—l—)\] 7] ><

(4.43)
Therefore, there exists a constant C' independent of € such that
9n—1 L2n l N A
B Y Bz,\F)| =28 Z ZE i) = X (3,0)|75)
j=n—+1 j= Ll/lJ =1
v A
coem| Y03 (e I o iy, )|
Jj= |_1/1J i=1 )

2n—1
-1 o,

<056E‘ > Y B GOIFES,, )\‘

Jj= L1/1J i=1
L2”1/11J Lo .
2 Jj— 1+1
+Ce E‘ SN BX ()| wJ)”
J:L o1 lJ i=1

(4.44)
We have used the elementary inequality (a+b)* < 8(a*+b?) for a,b € R in the second

inequality of (4.44). By the Holder inequality, for 1 < n < T'/e(=D/1,
A

SBl Y Z\E(X(j,wf;mr

i_n | =1
J |_€1/1J 3

(4.45)

|2l

<l (3 Seleouoityf) <o

Also by the Holder inequality,

2n—1
7;/ZJ 1 m

4
2B Y SN B A, )|

Jj= |_1/1J i=1
L2n 1J 1 L2n71 1

21/1 m c1/1
E )\.7 I_ o1

zJ+1) < Z i>\J‘—Lf/lj+1E‘E(X(j,i)|j:ffn J>‘4> < e,
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where C' is a constant independent of ¢ and n. Thus, (4.42) follows from (4.44),

(4.45), and (4.46). O

Remark 4.17. (i) As a direct consequence of (4.42), there is a constant C' independent

of € and n such that
2n—1

E’ S E(Z.,|F)

j=n+1

< ce. (4.47)

(ii) Similar to the proof of Lemma 4.16, we can show that

[2n+1)/21/1 | —1
7|

<CVE Y (e A (aag)

k=] (2n—1)/eV/!]

E‘E< s2n+Z€2n+1

Proof of Proposition 4.6. (i) By Chebyshev inequality and (4.42) we have

2t/e0-D/1| 1

P( sup ‘ Z E(Zaﬁj|’%ft/a(l*1)/lj)’ Z 50)

<t<T
e GG

2k—1
N4
:P< sup E E(Zs,j|.7:,§) 2849)
0<k<|T/et=0] Ty

[T/ oy (4.49)

<X Bl 3 B(z00%)|

j=k+1
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(ii) By the Chebyshev inequality and (4.48),

[t/ /1] 1

P( swp | E(Zagj + Zg,gj+1|f;‘>’ > 59)

0<t<T —
8/et=D/1] 1
<€’9E{ su ’ E(Z8 i+ Lo .7::5>}
— OStET g 727 :2J+1 ’ ]
[t/et=1/1|—1
<ef E‘E(Z T ﬁ?)‘
JZ:; €,2] 5,2g+1| j (45())

LT/ 0/~ [(25+1) /11| -1

<cer? M 3 (5 n AHJ/&”U)

j=1 k=[(2j—1)/e'/!]
< Cetf(C 4 Yo A0
j=1

Hence, (4.11) is proved.

(iii) To proceed, we use Lemma 4.13 to carry out certain estimates. To apply
the lemma, denote U; = /2> " [I(af = i) — 1] X(j,i), A = % n = LWJ + 1,
N = L(FLWZJ and k, = L 1/1J for . = 0,...,N. Then {U,} is a ¢-mixing sequence
with the ¢° defined in Remark 4.1. Note that sup;; E|X (j,7)|* < 0o, so there exists
a constant C' such that E|U;|* < Ce? for each j = 1,2,... By Chebyshev inequality,

[T'/e] |T /|
P( max [U;| =) < 3 P(|t5] 2 ") < D = E[U| < ce . (451)

0<5<|T/e] =0 =0

For k, 1 =1,2,..., denote

Z Uj = +/e Z Z i) — vi] X (4, 9).

By Lemma 4.14, E]S,ij(n)|4 < Cn?e?. Since n = {ﬁj + 1, by Chebyshev inequality,

(}Sk | %) < 816_49E|S;j(n)’4 < 2401
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Similarly, for « =1,2,...,n,
P([S5, () = 5, (0)] >

This implies that there exists a constant C' independent of ¢, 6,1 such that

)
max max P(’SZ]_ (n) — Sij(b)‘ > %) < 052—49—%_

1<j<SN I<u<n

Hence, if 2 — 460 — % > (), we can choose ¢ small enough so that

0 1
max max P(|S,§j(n) - S,ij(a)’ > %) < 1

1<j<N 1<i<n

By Remark 4.1, ¢°(p) < 1/4 for some fixed large integer p independent of €. Therefore,

the condition of Lemma 4.13 is satisfied with p, n = % and k,, N, n, A are defined

above. Hence, according to Lemma 4.13 with n = %,

P( max max
T - 1
1<k<| Ty ) 1< A 41

T
Byl 0

<2 ; P(Silm([ﬁjj%)‘ >2)

0
€

+2P< max max U _x .. Z—)

1<k<LE(l_T1)/lJ1<j<L511/lJ+1| le/zjﬂ} 3(p—1)

€ . 6
Slef/zJ(])’ > € >

| 7]
2 > P
k=1

T
2 LWJ 0527407% -+ 2081749

_4p—1
Cel™07.

S+ 1)| 2 5) o2, 102 557

1<<| L]

IN

IN

(4.52)

In (4.52), we have used (4.51) in the third inequality. Therefore,

> 59) < Cel—4-1
0<t<T - -

P( max )X [e/eU=1)/1 | — Xe,Lt/EJ
o [ ]

This gives (4.12). O



74

4.3.2 Proof of Proposition 4.7

To prove Proposition 4.7, we need the following lemma.

Lemma 4.18. Let {(X(k,1),...,X(k,m)) : k > 1} be wide-sense stationary, ¢-
mizing sequence in R™. Assume that there exists a constant C' such that ¢(n) <
Cn= 348 for allm > 1 and that EX(k,i) =0, E|X(k,i)[* <1Vk>1,i=1,...,m

Then there exists a constant C such that for eachn > 1,1 <1i,5 < m,

nZ]EX (1,1) X (k,7)] < Cn'7". (4.53)

k>n

Proof of Lemma 4.18. By means of the mixing inequality (2.15) with p = %, q=4,

< 2¢3/4(k‘ — DXL, 0)[|ayal| X (K, 5)]]4 (4.54)
It follows that

nZ|EX1@ k‘j|<C’nZkJ (48 < opt=>.

k>n k>n
This implies (4.53). O

Now we are in a position to prove Proposition 4.7.
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Proof of Proposition 4.7. We have

SB[ 303 = i) - v (k)]
_ %ig[iu(a; — i) — v X (k, z)]2
_|_z Z E{ [i[[(ai =1) — Vl]X(k,Z)} [i[[(& =7J)— V]]X(p7]>:|}

Step a. Compute I(n,e). For each i € M denote

n

Ii(n,e) = %ZE[[(a; =) — P EX (k,i)?

+% S E[U(ai = i) — v][I(a5 = i) — ul]]E[XUf )X (p, )]

(4.56)
Then I(n,¢) = Y7, Ii(n, ). Since EX2(k,i) = EX2(0,i) ¥k > 0, by (2.14),
[n,e) = vl — v EX(0,i)2 + O(c + %). (4.57)
By (2.13) and the stationarity of the sequence {X (n, 1)},
Pn,e) =2 1<§< [al(p — K)s + O + N EIX(0,)X(p — ki), (4.58)
Since Y° M < o; ar]:d EX(0,0)X(q,9) = O(g~5) (by (4.54)),
- Z O(e + A)E[X(0,0)X (p — kyi)] = % | BX(0,3)X(q, ) :zjoos + 3]
- %Z 07 ) (0~ 9)00) + O))]
= O(qs+ %).
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We have used the fact that 2211 ¢ '"# < oo in the last identity. Next, for the first

term on the right-hand side of (4.58), we have

% Z $ii(p — k)i EIX(0,4) X (p — k. )]

N Wwii(k)uiE[X(oJ)X(k,i)]
=1 - (4.60)
=2 (k) E[X(0,0) X (k, )] = 2> (k)i E[X(0,) X (k. 1)]
-3 2D kymot ),
k=1

Note that v; < 1 and ;;(n) is uniformly bounded, so by Lemma 4.18,

Y bak)BIX(0,0) X (k, )] = O(n™7).

On the other hand, by the uniform boundedness of 1;;(k) again,

(

O(n™1), if 6>1
< 2(k +
(+ )1/1“( k)rO(k™17) Z@bu O(n~tlogn), ifB=1
k=1
O(n="?), if 3<1.
(4.61)

In view of (4.60) and (4.61), for 3 < min{1, 3},

SN

Y Gulp—REX(0,0)X (p—k, )] = 2 va(k)mE[X(0,)X (k, )] +O(n~").

(4.62)

By (4.58), (4.59), and (4.62),

Pn,e) =2 i (R, E[X(0,1)X (k,i)] + O(e +n~ ).
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This equation, (4.56), (4.57), and 3 < 1 yield
Li(n,e) = [l — ] EX(0,0)* + 2 ) (k) E[X(0,4) X (k,4)] + O( + n 7).
Therefore,

= [VZ [ — ] EX(0,4) +2Z¢” v E[X(0,9) X (k,9)]] + O(c +nP).
i=1 k=1

(4.63)

Step b. Compute J(n,¢e). Denote

Jij(n,€) = %E[(Zn:[f(ai = i) = X () (S0 = ) - 1 X)) |

k=1 p=1

Then J(n,e) = 32 icjcm Jij(n,€). We can write Jij(n,e) = Ji(n,e) + Ji(n,e) +

Jii(n, €), where

Jig<n,s>=§l<§< E((1(0f = i) — ) ({0 = ) — 1) | EIX (k) X (0. ),
Jfn,e) - %WZ;E[M — i) - ) (100 = )~ ) EIX (. )X 9, )]
T (n.¢) ZE B) ) (I0 = ) — 1) | EIX (k)X (k. )]
Similar to step a,
(n,e _zzyﬂpm 0,9)X (k, )] + Oe +n7?),
T3 (n,e _22%%1 k,1)X(0,5)] + O(e +n77),

Ji(n,e) = =20 B[X(0,1)X(0,)] + O(e + n71).

Therefore,

J<n7€> - Z {22 [Vﬂ/}zj(k)EX(Ov Z>X<k7]) + quvbjz(k)EX(k’l)X(Q])

1<i<j<m U k=1
_2yiVjEX(0> Z)X(Oaj)} + 0(5 + n_B)
(4.64)
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From (4.63), (4.64), and (4.55), we obtain (4.17). Note that all the constants involved

in O(-) depend only on 3 and the constant given by (4.53). Thus the proposition is

proved. O

4.3.3 Proof of Proposition 4.8

We first establish three lemmas. The first lemma is a consequence of Lemma 4.13;

see also [22]. The proof is omitted.

Lemma 4.19. Let {Uy, k > 1} be a ¢p-mizing sequence with 0 < n < 1. Suppose that

there exist an integer p with 1 < p <n and a number A > 0 such that

é(p )+maxP<\S —S|>A><n

p<li<n
Then, for any a > 0 and b > 0, we have

P(maX|S|>a+A+b>

1<6i<

<1—P(|S | >a)+1—P<max\U\ >L>

1<i<n 1

Lemma 4.20. There exists a constant C' such that for all 6 > 0,

P( max
0<G<|T/et=1/1]

Z2,—EZ2;| > ¢

€,J

9) < Cel—1-20.

Proof of Lemma 4.20. According to (4.41), EZ}; < Ce*~7. Thus,

(/<0-1)
2 2 0 2 o
P(OSJSLIZIFI/?L&}(%—D/ZJ deg = Bdeg| 2 ¢ ) = j;o P( eg — B2 2 ¢ )

|T/20-D/)

zje-n

J=0

The proof is completed. O

2
<e® S B2 - BZ

1
< M Bzl <cei

(4.65)

(4.66)

(4.67)

(4.68)
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Lemma 4.21. Let {V,} be a ¢-mizing sequence satisfying ¢(n) < € and EV,} < C?

for alln > 1. Denote

m-+n
Tu(n) = 32 (= BVY), 7n) = sup [Tu(n)]l,
k=m+1 m
where || - ||2 denotes the Ly norm. Then for each p > 0, there exists a constant

K = K(C, p) such that 7(n) < Ky/n(log 2n)3+p

Proof of Lemma 4.21. The proof here is similar to that of [17, Theorem 9.1.1].

Choose d = |2n / (log2n) 2o |. By the triangle inequality,
1T ()2 < || T ( ) + T2 J+d( U, + 27() + 27 (). (4.69)

By the definition of 7(n),

n

17 (150) + T a5 )1 < 272150 + 2B | T (15 ) Tonriz a1

ZJ)] (4.70)

Since ET,,(|%]) = ETrmt(n/2)+a([2]) = 0, by the mixing inequality (2.15),

‘E[Tm(LgJ)Tmﬂ J+a( H < 2¢/p(d)|| T ( Dol T2 J+d( DIl @)
Since
m+2|n/2|+d
Tncizieal Dl =1 > (V=B
k=m+|n/2]4+d+1
m+2{n/2|+d m+2{n/2|+d 1
< Y w-el,- X (Bv-(EW)?)
k=m+|n/2]+d+1 k=m+|n/2]+d+1
m+2{n/2|+d 1 n
< > (W) =cl3)

k=m+|n/2]+d+1

(4.72)
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from (4.71) we have

E[Tu(L5) Tz a5 )] | < 2v60@C |5 |7(15 ) (4.73)

By (4.69), (4.70), and (4.73),

ITm(mll2 < 27(d) +271) + |27(15)) + 4V/e(@C | 5 [7(15 )|
< 27(d) + 27(1) + |27 (15)) + 40\/% EEDIN
< 97(d) + 27(1) + VIF(|5)) + C % 2]
< 27(d) 4+ 27(1) + V27 L%J) - C(login)2+2p§n
o~ 2n _ _ 50 ~(log2n)tte
(| o] #2700 VB

Thus,
T ()] < 2?({2—"J> +27(1) + VIF(|2)) + o3/ 1082 s
" N (log 2n)2+2p 2 2

By induction, we can show from (4.74) that there exists a constant K such that
~ 3+p
7(n) < Kv/n(log2n)™"".

The proof is completed. O

Proof of Proposition 4.8. The proof is divided into several steps. (i) Note that

{7y — B(751G5_1) + j = 1,2,...} is a martingale difference sequence. Thus, by
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Burkholder’s inequality,

k
YT [y = BlrslG )] 2 <)

J=1

k
< 520—71_9)E< max ’ Z [TEJ - E(r€7j|gj_1)]
7j=1

P( max
0<k<|T/e(t=1/1]

0<k<|T/e(t=D/1]

. \_T/e(l 1>/lj ) (475)
< 082(7’9)E< >, [rs,j - E(Ts,jlgffﬁ} )
=1
LT;E(Z 1)/lJ LT E(l 1)/lJ

< 0y (p Z s’ + B Z B0, ).

By Jensen’s inequality, E|7'E,j|2 > E’E(T&j\g;fl) . Thus, by (4.19) and (4.75),

(-1 €
P<o<k<fzr}/a;}({ll)/lj ‘ Z [TE] T€]|g] ! ” 2 € >

|T/et=D/1) |T/e(-1/1) (4.76)

4
< 0572922E Z ‘5(171)/17.53,‘ < 40 29E Z sz,j

Recall that

2n—1 _ 2n—1 _

Yon="Zen+ Y B(Z4|F) = Y E(Zej|Fisy)

j=n-+1 =

So, by the Holder inequality,
2n—1

EYen|' < C(E|Zeul + E| Z (2.4 F5)

j=n+1

+E‘ZE 207 )l

), (4.77)

where C' = 3? is independent of .

By virtue of (4.42),

2n—1 2n—1

E‘ S E(Z.,0F) +E)ZE z 7| < ce

j=n+1

In addition, by (4.41), E|Z.,[* < Ce21~1). Hence, from (4.77) we have E‘er1

Ce2(-1 , where C' is a constant independent of . This implies that

vy (7002,
C=ME 3 |vy[ <ce@p Y S0h g (4
=1 =
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Noting ! > 3, if § < $—;, then 1-26—1 > 0. Thus, similar to (4.14) by Borel-Cantelli
lemma, we obtain (4.21).

(ii) (4.22) can be proved by the similar argument to (i).

(iii) Denote Y, = Y., — Zc». Then

2n—1 2n—1
Yo, = Y B(ZeglF) = Y B(ZejlFy)
j=n+1 Jj=n
and
k k k
n=1 n=1 n=1
Thus,

k

n=1

max
0<k<|T/e(-1/1]

k k
= o)’ Y Zen .
_OSkSLI;li}((I‘”/’J ;( ) Oékﬁg}/ae)((l—l)/q ; EM=Es (4.79)
|T/e=D/) |T/<=D/1]
< D 0L+ Y YiZe
n=1 n=1
In view of (4.47),
2n—1 2n—1 9
E’ S B(z,F)| <c-, E) ZE (2,17 )| < ce.
j=n+1
Therefore,
2n—1 2n—1 " 9
T=B| Y B(Z|F) - Y B2\ Fi)| < Ce,
j=n+1 j=n
and
|7/t
B e (4.80)
n=1
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Next, by (4.41), EZ2, < Ce=D/t Thus, the Cauchy-Schwartz inequality yields

(/0= |7/e0-11) . (/0D
> ENnZal< X (BpLf) EZ)tse 3 W —ceh
n=1 n=1 n=1
(4.81)
Then (4.79), (4.80), (4.81), and the Chebyshev inequality lead to
k
P( ) 2 — 22| > 9)
k
<eE| v, - 22,]]
(/e (/et-01)
<om[ Y prfaz Y 1zl
n=1 n=1
< Cezi?

The bound in (4.82) and the Borel-Cantelli lemma imply that for § < .,
k

20

=o(s?) as.

0<k< T/s(l D/t
Thus (4.23) is proved.
(iv) Similar to the proofs of (i)-(iii), to prove (4.24), our main task is to estimate

the following probability

P( max
1<k<|T /=171

> [Zij - EZf,j]

Jj=1

> 59>. (4.83)

Observe that this probability is the left-hand side of (4.66) with Uy = U, = Zf’k —
EZZ%, Sk = Sep = S Uesyn=|T/e"D/ and A = a = b =&/3. By virtue of
Lemma 4.19 with p = 2 and n = 1/2, to estimate (4.83) it requires to verify (4.65)
and estimate the right-hand side of (4.66).

Since {U. : k > 1} is defined based on blocks of the sequence {[/(af = i) —

v;] X (k, i)} with block size approximately [1/e'/!] | it is also a mixing sequence with
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the mixing measure ¢f, smaller than that of the sequence {[/(a§ = i) — v;] X (k,4)}.
More precisely, ¢f; (k) < ¢°(k(| 7] —1)). By Remark 4.2, ¢5,(2) < 1/4 for & small
enough.

To complete verifying (4.65), we will use the notations in Lemmas 4.19 and 4.21

to prove that for sufficiently small ¢ > 0,

> <o (4.84)

max | P(‘SLT/EU—I)/ZJ - Sz

2<i<| T /et=1/1

Denote Vi, = Vo = 720D Z 5, T,(i) = Sp 0t (VE = EV2), 7(i) = sup,, [| T (4) 2
for m > 0 and i,k > 1. By (4.41), EV;} < C for some constant C' independent of ¢.
On the other hand, the mixing condition in Lemma 4.21 follows by assumption (A),
the remark after Lemma 4.19 and the fact that {V;} and {Uy} have the same mixing
measure. Thus, according to Lemma 4.21, for any p > 0, there exists a constant
K = K(C, p) such that

7(n) < Kv/n(log 2n)***. (4.85)

By noting that S, — S; = 61’%7}(16 — 1), Chebyshev inequality and (4.85) with n =

| T/e=D/1] yield,

€
P(‘S oy =82 %)
295?/%71)/“ |T/e=1/1) Z 3

—20 o
§2§igfilpl/%§—1>/zj Je E‘SLT/eU—l)/lJ Sz

T
< 9 W2t max E‘Ti ({ J — @>
1<i<|T/eU=1/1] cl=1)/1

<0e2 1% max (| L | 1)
1<i< | T/e0=1)/1] cl=1/1

1| [1oe (2 e )]
< e L(Z—l)/z log {2 RO

= Ce'" 17 (log )0t

2

2

(4.86)
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Thus, (4.84) holds for 1 — 1 —260 > 0 and sufficiently small positive . Since ¢f(2) < 1
for € small enough, (4.84) yields
5(2) + P(‘S S| > ‘59) <1 (4.87)
v 2§i§f£/z%—1)/zj [T/e=D7) 1'=3) -2 '

i.e., (4.65) holds for {Uf} with n = |T/e"V/|, A =a =b=¢/3, p =2 and
n=1/2.

Next, in view of Lemma 4.19 with above notations of {U;}, n, A, a, b, p, and 7,

k
P( (22, - B22 ]| = <)
ngggﬂl?;}({l—l)/lj Z €,J gl = €
(/<0 0 0
< 72— B73,]| 2 %) +2P( 7,-E22| > ).
_2P<’ ; |: €,j si|| = 3 + Ogjgiir“l/as)(%_l)/lj &,j il = 3
(4.88)
Similar to (4.86),
[T/e- A )
€ _1_
Pl X |2 -Bz)|25) ot aoge ™. (489)
j=1
From (4.67),
60 1
P( max |22, — EZ%| > —) < ol (4.90)
o<j<|T/et-nry 1S T3
Thus, by (4.88), (4.89), and (4.90), we obtain
i 1
2 _ o2 0 1-1-20 6+2p
P(ngﬁ%-w ‘ Z [Z&j EZ&]] > e ) < O P (loge) . (4.91)

7=1
By using the Borel-Cantelli lemma as in the proof of Proposition 4.5 we obtain (4.24)

1 1
for«9<§—a.

(v) By virtue of (4.17) with n = £'/!, for all 3 < min{1, 3} there exists a constant
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C' that does not depend on € and k such that for all £ > 1,

5 2 _
gl/lE[ 3 Yl = i) - X (. i)] — o2 < O + 7. (4.92)
i=ltr) =t
Thus, by (4.92) and the formula of Z_ x,
\_Elk/lj_l m 9
’EZaQ,k _ E(5—1)/102’ _ 5(l—1)/l‘E[€1/l Z [I(af = i) — w]X(j, z)] _ 02‘
j=14] =1
171
< Cel=D/ (g 4 O/,
(4.93)
Since the constant C' is independent of k,
: (/20D
E72 _ pet-D/152] < ‘EZ2 (-2
1§k§LHT12}<<l*1>/lJ JZ1 ej — K€ o’ < ; ek T € o (4.04)

< Cle+ 55/1).

This proves (4.25). O
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5 Further Remarks

This work has been devoted to limit results of a class of suitably scaled random
processes modulated by a Markov chain with finite state space. The original processes
are in discrete time. The limit, however, are continuous-time processes. Under simple
conditions, it is demonstrated in Chapter 3 that the limits are switching diffusions.
The main techniques used are weak convergence methods.

Chapter 4 has focused on strong approximation of a suitably scaled sequence of
processes modulated by a Markov chain with the assumption that the Markov chain
is ergodic. Corresponding to a weak convergence result of the centered and scaled
sequence, it ascertains the rate of convergence by means of strong approximation. It
also provides insight for application in networks and systems involving such sequences.
Note that in this chapter, { X (k,7)} is assumed to be a wide-sense stationary sequence.
This condition can be relaxed; non-stationary sequences (e.g., non-stationary mixing
sequences) may be treated, but more work is needed in this direction. The crucial
point is to have sufficiently fast mixing rate.

For future study, Markov chains including transient states can be considered. For
such cases, we will only aggregate states in each recurrent class and leave the transient
states alone. Essentially the same techniques enable us to reach similar conclusions.
Another worthwhile direction is to examine the convergence rates. Furthermore, one
may consider large deviation type estimates and study the associated empirical mea-

sure processes, which are motivated by system identification and tracking randomly
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varying processes under binary-valued and quantized data.

It is conceivable the results obtained here will be useful for carrying out control
and optimization tasks for Markov modulated sequences. Future work may also
be directed to system identifications when the observation sequence is modeled by

Markov modulated processes.



1]

89

REFERENCES

G. Barone-Adesi and R. Whaley, Efficient analytic approximation of American

option values, J. Finance, 42 (1987), 301-320.

H. Brunnel and B. Kim, Discrete-Time Models for Communication Systems In-

cluding ATM, Kluwer, Boston, 1993.

P.J. Courtois, Decomposability: Queueing and Computer System Applications,

Academic Press, New York, NY, 1977.

M. Csorgo and P. Révész, Strong approrimations in probability and statistics,
Probability and Mathematical Statistics. Academic Press Inc. [Harcourt Brace

Jovanovich Publisher|, New York, NY, 1981.

J.L. Doob, Stochastics Processes, J. Wiley, New York, NY, 1953.

P. Doukhan, Mizing: Properties and Examples, Lecturer Notes in Statistics

Vol.85, Springer, New York, NY, 1994.

S.N. Ethier and T.G. Kurtz, Markov Processes: Characterization and Conver-

gence, J. Wiley, New York, NY, 1986.

J.D. Hamilton and R. Susmel, Autoregressive conditional heteroskedasticity and

changes in regime, J. Econometrics, 64, 307-333, 1994.

J.P. Hespanha, Stochastic Hybrid Systems: Application to Communication Net-

works, Springer, Berlin, 2004.



[10]

[11]

[12]

[14]

[15]

[16]

[18]

90

J.P. Hespanha, A model for stochastic hybrid systems with application to com-

munication networks, Nonlinear Anal., 62 (2005), 1353-1383.

P. Hall and C.C. Heyde, Martingale Limit Theory and Its Application, Academic

Press, New York, 1980.

F.C. Hoppensteadt and W.L. Miranker, Multitime methods for systems of dif-

ference equations, Studies Appl. Math. 56 (1977), 273-289.

S. Karlin and H.M. Taylor, A First Course in Stochastic Processes, 2nd Edition,

Academic Press, New York, NY, 1975.

V. Korolykuk and A. Swishchuk, Evolution of Systems in Random Media, CRC

Press, Boca Raton, 1995.

H.J. Kushner, Approximation and Weak Convergence Methods for Random Pro-
cesses, with applications to Stochastic Systems Theory, MIT Press, Cambridge,

MA, 1984.

H. J. Kushner and G. Yin, Stochastic Approximation and Recursive Algorithms

and Applications, Springer, 2nd Ed., New York, 2003.

2.Y. Liu and C.R. Lu, Limit Theory for Mizing Dependent Random Variables,

Science Press, Kluwer Academic, New York, Dordrecht, 1996.

X. Mao and C. Yuan, Stochastic Differential Equations with Markovian Switch-

1ng, Imperical College Press, London, 2006.



[19]

[20]

[21]

[22]

[23]

[25]

[26]

91

W.A. Massey and W. Whitt, Uniform acceleration expansions for Markov chains

with time-varying rates, Ann. Appl. Probab., 8 (1998), 1130-1155.

M. Miyazawa and H. Takagi, Advances in discrete time queues, Queueing Sys-

tems: Theory and Applications, 18 (1994).

G.C. Papanicolaou, D. Stroock, and S.R.S. Varadhan, Martingale approach to
some limit theorems, in Proc. 1976 Duke Univ. Conf. on Turbulence, Durham,

NC, 1976.

M. Peligrad, An invariance principle for ¢-mixing sequences, Ann. Probab., 13

(1985), 1304-1313.

W. Philipp and W. Stout, Almost sure invariance principles for partial sums of
weakly dependent random variables, Mem. Amer. Math. Soc., 2 (1975), issue 2,

no. 161.

H.A. Simon and A. Ando, Aggregation of variables in dynamic systems, Econo-

metrica, 29 (1961), 111-138.

M. Woodward, Communication and Coputer Networks: Modelling with Discrete-

Time Queues, California IEEE Computer Society Press, Los Alamitos, CA, 1994.

G. Yin, V. Krishnamurthy, and C. Ion, Regime switching stochastic approxi-
mation algorithms with application to adaptive discrete stochastic optimization,

SIAM J. Optim., 14 (2004), 1187-1215.



92

[27] G. Yin and H. Zhang, Singularly perturbed Markov chains: Limit results and

applications, Ann. Appl. Probab., 17 (2007), 207-229.

28] G. Yin and Q. Zhang, Discrete-time Markov Chains: Two-time-scale Methods

and Applications, Springer, New York. 2005.

[29] G. Yin and X.Y. Zhou, Markowitz’s mean-variance portfolio selection with
regime switching: from discrete-time models to their continuous-time limits,

IEEE Trans. Automat. Control, 49 (2004), 349-360.

[30] G. Yin, C. Zhu, Hybrid Switching Diffusions: Properties and Applications,

Springer, New York, 2010.



93

ABSTRACT

ASYMPTOTIC PROPERTIES OF MARKOV MODULATED SEQUENCES
WITH FAST AND SLOW TIME SCALES

by
SON LUU NGUYEN

December 2010

Advisor: Dr. G. George Yin
Major: Mathematics (Applied)

Degree: Doctor of Philosophy

In this dissertation we investigate asymptotic properties of Markov modulated
random processes having two-time scales. The model contains a number of mixing
sequences modulated by a randomly switching process that is a discrete-time Markov
chain. The motivation of our study stems from applications in manufacturing systems,
communication networks, and economic systems, in which regime-switching models
are used.

This dissertation focuses on asymptotic properties of the Markov modulated pro-
cesses under suitable scaling. Our main effort is devoted to obtaining weak conver-

gence and strong approximation results.



94

AUTOBIOGRAPHICAL STATEMENT
SON LUU NGUYEN

Education

e Ph.D. in Applied Mathematics, December 2010 (expected)
Wayne State University, Detroit, Michigan

e M.A. in Mathematical Statistics, May, 2010
Wayne State University, Detroit, Michigan

e B.S. in Mathematics, June 2002
Hanoi University of Sciences, Vietnam

Awards

1. Outstanding Research Award, Department of Mathematics, Wayne State Uni-
versity, April 2009.

2. Paul Weiss Award in Recognition of Outstanding Achievement in the Ph.D.
Program, Department of Mathematics, Wayne State University, April 2009 and
April 2010.

3. The Karl W. and Helen L. Folley Endowed Mathematics Scholarship, Depart-
ment of Mathematics, Wayne State University, April 2008.

4. Graduate Student Professional Travel Award, Department of Mathematics,
Wayne State University, May 2007 and July 2008.

5. The Thomas C. Rumble Fellowship, Department of Mathematics, Wayne State
University, August 2005 — May 2006.

List of Publications

1. G. Yin, S.L. Nguyen, L.Y. Wang, and C. Xu, Time-inhomogeneous Markov
chains and ergodicity arising from nonlinear dynamic systems and optimization.
Progress in nonlinear analysis research, Nova Sci. Publ., New York, 5-19, 2009.

2. S.L. Nguyen and G. Yin, Asymptotic properties of hybrid random processes
modulated by Markov chains, to appear in Nonlinear Analysis: Theory, Meth-
ods and Applications, 71 (2009), e1638-¢1648.

3. S.L. Nguyen and G. Yin, Asymptotic properties of Markov modulated random
sequences with fast and slow time scales, to appear in Stochastics.

4. S.L. Nguyen and G. Yin, Weak convergence of Markov modulated random se-
quences, to appear in Stochastics.

5. S.L. Nguyen and G. Yin, Almost sure error bounds for numerical solutions of
stochastic differential equations, submitted.



	Wayne State University
	DigitalCommons@WayneState
	1-1-2010

	Asymptotic Properties Of Markov Modulated Sequences With Fast And Slow Time Scales
	Son Luu Nguyen
	Recommended Citation



